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Preface

First we provide a treatment of Sobolev inequalities in various settings:
the FEuclidean case, the Riemannian case and especially the Ricci flow
case. Then, we discuss several applications and ramifications. These
include heat kernel estimates, Perelman’s W entropies and Sobolev in-
equality with surgeries, and the proof of Hamilton’s little loop conjec-
ture with surgeries, i.e. strong noncollapsing property of 3 dimensional
Ricci flow. Finally, using these tools, we present a unified approach to
the Poincaré conjecture, which seems to clarify and simplify Perelman’s
original proof. The work is based on Perelman’s papers [P1], [P2], [P3],
and the works Chow etc. [Cetc], Chow, Lu and Ni [CLN], Cao and
Zhu [CZ], Kleiner and Lott [KL], Morgan and Tian [MT], Tao [Tao]
and earlier work of Hamilton’s. The first half of the book is aimed at
graduate students and the second half is intended for researchers.
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Chapter 1

Introduction

The book is centered around Sobolev inequalities and their applications
to analysis on manifolds, and in particular to Ricci flow. There are two
objectives. One is to serve as an introduction to the field of analysis
on Riemann manifolds. The other is to use the tools of Sobolev imbed-
ding and heat kernel estimates to study Ricci flows, especially in the
case with surgeries, a research field that has attracted much attention.
Rather than making a comprehensive presentation, the aim is to present
key ideas, to explain the hard proofs and most important applications
in a succinct, accessible and unified manner.

Roughly speaking, a Sobolev inequality states that if the derivative
of a function is integrable in certain sense (LP, etc.), then the func-
tion itself has better integrability. It lies in the foundation of modern
analysis. For example, Sobolev imbedding is an essential tool in study-
ing partial differential equations since the goal of solving a differential
equation is to integrate out the derivatives to recover the unknown func-
tion. On the other hand, a Sobolev inequality will also yield interesting
partial differential equations via minimizing the Sobolev constants. It
can also reveal useful information on the underlying space or manifold.
This last property is the focus of this book.

The book is divided into three parts. Chapter 2 is the first part,
where we will present basic materials on Sobolev inequalities in the
Euclidean case. These include the standard W1?(R®) imbedding into
L"/("=p)  Orlicz and C'® spaces, when p € [1,n), p=mn and p > n re-
spectively. We will also present the Poincaré inequality and Log Sobolev
inequality. All these materials can be found in standard books, such
as [GT], [Maz], [Ad], [LL]. The prerequisite for this part is graduate
Real Analysis.
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The second part consists of Chapters 3-4. Here we discuss Sobolev
imbedding on compact or noncompact Riemann manifolds with fixed
metrics. The main theme is to prove several close relatives of the
Sobolev imbedding. These include log Sobolev inequality, certain heat
kernel estimates, Poincaré inequality and doubling condition, Harnack
inequalities, etc. We will also show that the validity of certain Sobolev
inequalities imply such geometric properties as volume noncollapsing,
isoperimetric inequalities. Much of the material in this part is taken
from [Heb2] and [Sal]. The reader needs some basic knowledge of Rie-
mann geometry. In Chapter 3, a very brief summary of the most rele-
vant results in basic Riemann geometry is provided.

The third part starts from Chapter 5, where we outline a few basic
results of R. Hamilton’s Ricci flow. Starting from Chapter 6, we turn
to some recent research on the Poincaré conjecture.

From Perelman’s original papers [P1], [P2], [P3] and the works by
Cao and Zhu [CZ], Kleiner and Lott [KL] and Morgan and Tian [MT],
and Tao [Tao2], [Taol, it is clear that the bulk of the proof of the
Poincaré conjecture is consisted of two items. One is the proof of local
noncollapsing with or without surgeries, and the other is the classifica-
tion of backward limits of ancient k solutions. After these are done, by
a clever blow-up argument, also due to Perelman, one can show that
regions where the Ricci flow is close to forming singularity have simple
topological structure, i.e. canonical neighborhoods. Then one proceeds
to prove that the singular region can be removed by finite number of
surgeries in finite time. When the initial manifold is simply connected,
the Ricci flow becomes extinct in finite time [P3] (see also [CM]). Thus
the manifold is diffeomorphic to S3, as conjectured by Poincaré.

Besides the results and techniques by R. Hamilton, the main new
tools Perelman used in carrying out the proof are several monotone
quantities along Ricci flow. These include the W entropy, reduced vol-
ume and the associated reduced distance. In [P1], Perelman first used
his W entropy to prove local noncollapsing for smooth Ricci flows, i.e.
the little loop conjecture by Hamilton. This result is a major break-
through for the theory of Ricci flow. However he then turned com-
pletely to the reduced volume (distance) to prove the classification and
a weaker form of noncollapsing with surgeries. The W entropy is not
used anymore. The reduced distance is a distance in space time, which
is suitably weighted by the scalar curvature. Even though it is not
smooth or positive in general, Perelman shows that the reduced dis-
tance miraculously satisfies certain differential equalities and inequal-
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ities in the weak sense. But a rigorous proof of these is lengthy and
intensive.

The main aim for the third part of the book is to show that the W
entropy and its monotonicity actually imply certain uniform Sobolev
inequalities along Ricci flows, which have many ramifications. One of
them is the aforementioned local noncollapsing result with or without
surgeries. Another one is the classification of the backward limits of
ancient k solutions. This enables one to give a proof of the Poincaré
conjecture using techniques unified around W entropy, Sobolev imbed-
ding and related heat kernel estimate. This method allows one to bypass
reduced distance and volume which are central to Perelman’s original
proof. The reduced distance, being neither smooth nor positive in gen-
eral, is one reason for the complexity of the original proof. The proof
presented here, within Perelman’s framework, seems more accessible to
wider audience since the techniques involving Sobolev inequalities and
heat kernel estimates are familiar to many mathematicians. Much of
the highly intensive analysis involving reduced distance and volume is
now replaced by the study of the W entropy and the related uniform
Sobolev inequalities and heat kernel estimates. These results have inde-
pendent interest since they are instrumental to analysis on manifolds.
Besides, due to the relative simplicity and versatility, we believe the
current technique can lead to better understanding of other problems
for Ricci flow. One such result is the proof of Hamilton’s little loop con-
jecture with surgeries in Chapter 8. Some applications are also found
by several authors for Kéahler Ricci flow, as indicated in Section 6.2.

We should mention that the reduced distance and volume are still
needed so far for the proof of the geometrization conjecture. Actually,
they are needed, but only in the proof of Perelman’s no collapsing
Theorem II with surgeries, i.e. Proposition 6.3 (a) in [P2]. A short
proof of the nonsurgery version is given in Section 6.3.

Let us briefly describe the content of Chapters 6-9. In Chapter 6,
we show that Perelman’s W entropy is just the formula in a log Sobolev
inequality and the monotonicity of a family of W entropies implies cer-
tain uniform Sobolev inequalities along a smooth Ricci flow. By earlier
result of Carron [Ca] and Akutagawa [Ak], local noncollapsing of Ricci
flow follows as a corollary. In Section 6.3, we also report two new results
which are not directly related to the proof of Poincaré conjecture. One
is a uniform Sobolev inequality with critical exponents. The other is a
localized uniform Sobolev inequality which implies the smooth version
of Perelman’s no local collapsing theorem II [P1] as a special case. These
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results are not published elsewhere. The content in Sections 6.4 and 6.5
are taken from the papers [KZ] and [Z1] respectively. The former is a
differential Harnack inequality for all positive solutions of the conjugate
heat equation. The later is certain upper bound for the fundamental
solution of the conjugate heat equations.

In Chapter 7, we present Perelman’s classification of backward lim-
its of ancient x solutions and the canonical neighborhood property for
3 dimensional Ricci flow.

The main goal of Section 7.2 is to establish certain Gaussian type
upper bound for the heat kernel (fundamental solutions) of the conju-
gate heat equation associated with 3 dimensional ancient « solutions to
the Ricci flow. As an application, in Section 7.3, using the W entropy
associated with the heat kernel, we give a different and shorter proof of
Perelman’s classification of backward limits of these ancient solutions.
The question of whether or not the classification can also be done in
this way has been raised in [Tao] e.g.

In Chapter 8, using the idea of Sobolev imbedding developed in
Chapter 6 and being inspired by the last section of [P2] and [KL], we
prove a uniform Sobolev inequality which is independent of the number
of surgeries. As one application, a strong finite time x noncollapsing
result for Ricci flow with surgeries is proven. This gives the first proof
of Hamilton’s little loop conjecture with surgeries in 3 dimension case.
We mention that the smooth version of the little loop conjecture is
proven by Perelman [P1] using the monotonicity of his W entropy. The
main work in the surgery case involves the analysis of eigenvalues of
the minimizer equation of the W entropy over a horn like manifold. As
a result it is shown that the best constant of the associated log Sobolev
inequalities differ at most by the change in volume if the underlying
manifold undergoes surgeries (cut and paste). The proof, without using
reduced distance or volume, is short and seems more accessible. Its
main advantage over the weaker x noncollapsing proved by Perelman is
that the relevant geometric information concentrates only on one time
slice, thus avoiding the complication associated with surgeries which
can happen shortly before this time slice. This chapter is based on [Z4].

In Chapter 9, with the help of strong x noncollapsing, we will give
a detailed proof of Perelman’s existence theorem of Ricci flow with
surgeries. Something new about this chapter is the proof of Lemma
9.1.1, which describes the evolution of regions near surgery caps. This
lemma is a key step in proving there are finitely many surgeries in finite
time. Here we provide a proof which is considerably different from the
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one outlined in [P2], Lemma 4.5. The reason is that we are unable to
follow the original proof by Perelman, which seems to require a little
more justification. The proof also allows one to bypass sophisticated
uniqueness theorems for noncompact Ricci flows.

This result, together with the finite time extinction theorem in [P3]
or [CM] imply the Poincaré conjecture.

As described above, some of the materials in the book are not di-
rectly related to the proof of the Poincaré conjecture. As an experienced
worker solely interested in the Poincaré conjecture, one can start with
Section 5.4, then go to Sections 6.1 and 6.2, and then read Chapters 7,
8 and 9.

Due to limited space and time, we will only provide in detail those
results or proofs that are different from Perelman’s original one. These
include the proof of strong x noncollapsing with surgeries, backward
limit of x solutions and the proof of the canonical neighborhood prop-
erty with surgeries. Those parts which are more or less the same as the
original ones are only sketched or referred to other sources.

Owing to the vastness and depth of the topic, some necessary se-
lections of the material is necessary. This selection only reflects the
current personal preference and limited knowledge and is in no way a
snub to the materials that are left out. At the beginning of each sec-
tion, some basic background material will be sketched with little or no
proof. However standard references will be given. Coming to the proofs,
we will strive to present the main ideas. Sometimes this is done at the
price of sacrificing generality. The reader is led to references for further
development and generalizations. Due to my limited knowledge and
time constraint, the book contains many imperfections and omission.
It is hoped that improvements will be made constantly. The author
also welcomes all constructive suggestions and corrections, which can
be sent to gizhang@math.ucr.edu.

To close the introduction, we list a number of notations to be used
throughout the book. More notations will be introduced in each chapter
or section.

R or R™: Euclidean space of dimension 1 or n; M or M: a Riemann
manifold; g or g;;: the Riemann metric; Ric or R;;: the Ricci curvature;
Rm: the full curvature tensor; R: the scalar curvature.

V: covariant derivative or gradient; A: Laplace operator; Hess: Hes-
sian; V2, or V%j, or V;V;: second covariant derivative.

dx, dg, dp or du(g),dg(x,t) etc.: volume element; d(x,y): distance;
d(z,y,t),d(x,y,g(t)): distance with respect to metric g(t); B(z,r):
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geodesic ball of radius r centered at x; B(z,r,t) or B(z,r g(t)):
geodesic ball of radius r centered at x, with respect to metric
g(t); |B(x,r)|: volume of the ball B(x,r) under a given metric;
|B(x,7,g(t))|n: volume of the ball under the metric h.



Chapter 2

Sobolev inequalities in the
Euclidean space

In this chapter we will define the Sobolev space W*P?(D) where D is
a domain in R"™ and prove a basic imbedding theorem. Here k is a
positive integer and p > 1. We will also present the closely related
Poincaré inequality.

2.1 Weak derivatives and Sobolev space W*?(D),
D cCR"

Let v be an locally integrable function in D, a domain in R". Let
a = (aq,...,ay) be a n-tuple of nonnegative integers. The symbol D
denotes the differential operator dg! ...dg".

Definition 2.1.1 A function v € L} (D) is called the a-th weak
derivative of u if

| vodo = (1) / D" gz
D D
for all ¢ € C§°(D). Here |a| = aq + -+ + .

Definition 2.1.2 For p > 1 and k a nonnegative integer, we define
the Sobolev space

WkP(D) = LP(D) N {u | D € LP(D), |a| < k},
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with the norm

1/p
Jull = el = ( / zmgkwaumx) |

The space Wok’p(D) is defined as the closure of C§°(D) under the
above norm.

In general, a function in W*P(D) may not be smooth or even con-
tinuous. For example u(x) = In(1/|z|) is in W12(B(0,1)) where B(0, 1)
is the ball of radius 1, centered at the origin in R3. Therefore, in study-
ing these weakly differentiable functions, it is important to know that
these functions can be approximated by smooth functions.

The first approximation result says that any L? function is the L
limit of a sequence of smooth functions.

Proposition 2.1.1 Let u € LP(R"), 1 < p < oo. For any, ¢ > 0,
define

n

o) = ne * u() = / ne(e — y)u(y)dy,

where . = € "n(-/€). Here the function n is a nonnegative function in
C3°(B(0,1)) such that [g, n(x)dz = 1.
Then u. € C*(R"™) N LP(R™) and ||uc — ul|, — 0 when € — 0.

PrOOF. The derivative only hits the smooth function 7. Hence u, is
smooth. By Holder’s inequality

@< [ o= vay) e ([t~ y>ru<y>\pdy)l/p.

Integrating the p-th power of the above inequality and noting the total
integral of n. is 1, we know that

[uellp < [lullp-

Hence u. € C*°(R"™) N LP(R").
Next pick a continuous, compactly supported function w such that
|lu — w||, < d, an arbitrary positive number. Then

we(@) —w(z)| < / ne(z — y)|w(y) — w(z)ldy
e "o w(z) —w(y)|dy.
Il /B | wle) )y

IN
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Since w is continuous and compactly supported, we know that
[we —wllp <8
when € is sufficiently small. Therefore
[ue—ullp < [lu—w|[p+|lwe—wllp+we—uellp < 2[u—wllp+[lwe—w], < 30.

O

Remark 2.1.1 One can choose
@) =ce VIR gl <1y p@) =0, 2| > 1L

Here c is the constant such that the total integral of n is 1.

The next proposition says that a function in W*P?(D) can be ap-
proximated in the W*P norm by functions which are smooth in the
interior of D. Note that here the norm is stronger than the L? norm in
the previous proposition.

Proposition 2.1.2 The space {u € C*®(D) | |ju||rp < oo} is dense in
WhP(D).

PROOF. In order to prove the proposition, we need to recall a standard
result called the partition of unity (for a proof, see [Zi] p53 e.g.)

Let J be a collection of open subsets of R™ whose union contains a
set D. There is a sequence of nonnegative functions {¢;} in C5°(R")
such that 0 < ¢; <1 and

(i) for each ¢; there is a U € J such that suppp; C U,

(ii) for any compact K C D, there are only finitely many functions
in {¢;}, whose supports intersect with K,

(111) Li>10i(x) =1 for each x € D.

Now we come back to the proof of the proposition. Let €;, i =
1,2,..., be a sequence of open subsets of D, whose union is D. The
collection {; — €;_1} is an open cover for D. Let {¢;} be a partition
of unity, subordinating to this cover. We can make the support of ¢;
to be contained in €; — Q;_1.

Let v € WFP(D), € > 0. For each i > 1, by the last proposition,
we can find ¢; > 0 such that supp(p;u)e, C Q; — Qi1 and [|(du)., —
piul|kp < €27% Define

v = Ni>1(piu)e, -
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Then v € C*°(D) since for each x € D the above is actually a finite
sum. By Minkowski inequality

= v[kp < Siz1ll(@i)e, — dittllip < Tiz1€27" =e.
O

Remark 2.1.2 In general functions in WHP(D) can not be approxi-
mated by functions in C*°(D). More conditions on the domain D have
to be imposed. See [Ad], Theorem 3.18 e.g.

2.2 Main imbedding theorem for W,”(D)

Theorem 2.2.1 (Sobolev Imbedding) Let Q@ be a domain in R,
then,

L%(Q), 1<p<mn
WP () — { LP(Q), p=n,0(t) =exp([t|P/PV) -1, Q bounded,
Cl_%(Q), p > n.
(2.2.1)
Furthermore, there exists a constant C = C, ,y such that, for any
ue WyP(Q),

2.2.2
supg [u] < CIQV"12| Dull,, p > n. (222)

{uuunp/(n_p) < C|Dull, p<m;
Remark 2.2.1 For the case n = p, LY (Q) is usually called an Or-
licz space, where o(t) = exp([t[P/®P=1)) — 1. A function u in this space
satisfies fQ[eXp(|u(:E)|p/(p_1)) — 1]dz < o0.
We divide the proof of the theorem into three parts. The first one
is:
The case 1 < p < n.

PrROOF. We first establish the estimate for C2(€2) functions when p =
1: WOI’I(Q) — Ln-1(Q). Denote any = = (x1,x2,...,2,) € R". Then
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for any i,1 <1i < n,

Xq
= / Qu(T1y .y Tie1, Sy Tig 1y ey Ty) dS
—00

“+oo
= u(m)ﬁ/ |0iu(Xyy oo Tt Ty Tty - T)| dy

—0o0

1/(n—1)
= Ju(a)|" < (H/ |8u|dx2> .

Here and later 0; = 0,,. Now we integrate the above inequality suc-
cessively over each z;, © = 1,...,n, and apply the generalized Holder
inequality with exponents p; = ps = ... = p,—1 = n — 1. In order to
illustrate the idea, we carry out the calculation in detail for n = 3.
Integrating with respect to x1, we obtain,

1/2

/ u(z)[3? dzy < </ lﬁlu(xl,xg,xg)]dm) .
R R

[/ |Oau( 331,332,333)!d332]

1/2
|83u $1,:E2,:E3)|dl‘3:|> dl‘l

(
Je
( |01 u xl,xg,x3)|d:n1>l/2-
(k
(
[J /]

1/2
/ ]Z?Qu a;l,azg,xg)]dazld@) .

1/2
/ |83u $1,$2,$3)|d$1dl‘3>

12 [ g=.

11
where we used [ f2 g2 <
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Integrating the last inequality over xo, we have

| [ @) s,
R /R
1/2
S(//\32U(w1,x2,x3)\dx1dx2> .
RJR
1/2
</ [/ |Ovu (1, w2, 23)| d1] [/ / \83u(x1,x2,g;3)ydg;ldx3]> dzs
R /R rJR
1/2
S(//|52U(3731,332,:133)|al:131al332> .
R /R
1/2
<//\31U(x1,x2,x3)\dx1dx2> .
R /R
1/2
(///Iasu(w1,w2,a:3)|dxld:ngdxg,) .
RJRJR

Further, integrating the above over 3, we deduce

1/2
‘U(x)’3/2 dr < </ / / ’8311’('%171'271'3)’dxld%gd.%’g) .
R? R /R /R
1/2
</ [//|82U($1,$2,$3)|d$1d3:2}
R /R /R

1/2
X [/ / |81u($1,x2,3:3)|d3:1d$2] dl’g) .
RJR
Therefore

1/2
/3|u(:n)|3/2d:p§ <///|83U(!E1,ZE2,£E3)|dﬂ:ldajgd:Eg)
R~ R/RJ/R
1/2
’(///’a2u(9€1,962,x3)!da:ldxgdx3>
R/RJR
1/2
‘(///|51U($1,332,3:3)|d:nld:ngda:g,)
3/2
</// ‘31u]+]52u\+]83u\ dxldajgda:3>
|O1ul? + |82u|2 + |B5ul? 5/2
///\/ dxidxodxs

53 </R3 ]Vu(x)\dx)g

IN

IN
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) .. 1
where we have used the inequalities (abc)s < “+§+C < 4/ “2“;,,2“2.

Thus,
lullaje = (/R ()32 dm>§ < % </R |Vu(x)|dx> .

In general, it holds, by induction,

1
n n 1 n
u|| o < O;ul dx g—/ Oyuldr < Vu
[Jul| = <i|:|1/ﬂl ! ) - 9;:1’ ! \F” 1

1
lull 225 < —=[IVulls. (2.2.3)

ie.

Thus we have proved the theorem for p = 1.

For other values of p, we proceed as follows. Replace u in (2.2.3) by
the power |u|?, we get for v > 1,

i -1
v L v
Pl 2, < = [ =V da
v -1 . p
<Py IVl i = 2.
(2.2.4)
Therefore, for p < n, we may choose ~ to satisfy
-1 1
n—1 p—1 n—p
Consequently,
lull 22 < —= || Dull,.

\/_

This proves the theorem for p € [1,np/(n — p)) when u is a C*
function. The case for general u follows from Proposition 2.1.2. O

Proof of the theorem for the case p = n.
The proof is due to Yudovich [Yu] and Trudinger [Tr1].
We will need some lemmas.

Lemma 2.2.1 Suppose u € Wol’l(Q), then,

= nwn / Z — y)diuly )dy a.e. in (£2).

\fc -yl

where wy, s the volume of the unit ball in R™.



14 Chapter 2. Sobolev inequalities in the Euclidean space

PROOF. Suppose that u € C}(Q) and extend u to be zero outside Q.
Then for any w € S"™1, |w| = 1, we have

u(z) = — /OOO Oru(x + rw) dr. (2.2.5)

Also notice u(x) = annfs"*l u(x) dw, substituting into (2.2.5), we
have,

u(x) = niun /5n1 <— /000 Oru(x + rw) d7‘> dw. (2.2.6)

Denote y = z + 7w, then r = |z — y|, w = é:gv

n

Oru(x +rw) = Z

i

(yi — x3)0zu(y)
lz—yl

Plugging into (2.2.6),

u(z) = _nin /Q <Z (yi — wi)aiu(y)) dy

7 eyl (2.2.7)
1 z—1y)V
_ / (z—y) Z(y) dy.
nwn Jo |$ - y|
O

Remark 2.2.2 There is an alternative way to derive the above for-
mula. For an integrable and smooth function f, the integral fQF(y —
x)f(y)dy is called the Newtonian potential with density f. Here I' =
M—Zﬁ 18 the fundamental solution of the Laplacian. Using integration

by parts, the equality Au = Au yields,

u(z) = - /Q Py — 2)Auly) dy = /Q V, Ty — 2)Vuly)dy.

Lemma 2.2.2 Let Q be a bounded domain in R", € (0, 1] and define
the operator V,, on L*(Q) by the Riesz potential

V) () = /Q & — "D f(y) dy.
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Then the operator V,, maps LP() continuously into LI(Q2) for any
p € [1,q] and q satisfying

1 1
0<d=46(p,q)=—-—-<p.
p q

Furthermore, for any f € LP(Q),

Wuflo< (5=5) w1201,

Before the proof of the lemma, we need to cite Young’s inequality for
integration. For more information on Young’s inequality, see an updated
discussion involving best constant in Lieb and Loss [LL].

Proposition 2.2.1 Let f € LY(R") and k € L"(R"™) with % +1>1,
then the function

(ks f)(x) = - k(z —y)f(y)dy
is defined for almost all x and

1 1 1
k < ||&||» h —=—-4+=--1
G Flllg < kISl where = =2+ 2

Remark 2.2.3 In a special case, r = ¢, p = 1, then we can prove
|(Exf)lqg < IEllgllfll1 as a consequence of Minkowski integral inequality:
for any 1 < g < oo,

1

U </‘k<x‘y>’dy>qdfﬂr §/</V€(w—y)!qdaz>% a.

Denote |f(y)|dy = dw(y), then,

1

oo e < [ [lre—pioac)” oty
[ (fr-ome o < (o)
< [([wte=ira) 151 d

< / 1K1 7 @) dy = K]]Il
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Remark 2.2.4 For a more special case, p = q = 2, r = 1, we can
prove directly ||k * fll2 < [|k|l2 || f]]1 by the following two ways:

o [([revswm) e
< [ ([ W w11 1wl o
< [ (1 w1t [ 111 an) do
<l 1] W11 dy) o
<17l 1] P dollriay

< IIFIE 115113

@[ ([ nswa) s i
/(/%x— )lde) 1) dy
_<Sup/|k‘x— |dm>/|f )| dy

g(%Nwam)wm

< |kll2 ¢llz I fll~ for¥ ¢ € L*(R™)
=kl < 1Kl £

PrOOF. (for Lemma 2.2.2) Denote
h=|z—y[ D,

Choose r > 1 such that

1 1 1 1 1 1
-—=14+-—- = -+ —-=1+-
r qQ p rop q
Then,
rp=1)

£ = (1R17 1715 ) 1075 L1
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o 4t (341 )z 21, B b3 b D=1
Now we can either use Holder inequality (essentially reproving

Young’s inequality) or just apply Young’s inequality to deal with

[h o fllg-
(i) Apply Holder inequality with three components (g, p%l, %) sat-

iofvine L p—1 — 1, p=1 1_1y_
1sfy1nga+ > +(5—q+ > —i—(p q)—l.Thus,

fre-virwias ([ oo \f(y)\’é)‘%zz)é
(o) ”

- ( / (|f<y>|p5>§dy>6.
Therefore,

I £l =1 f 1 =) swlanty < ( 15 \pdy>q6
/(/ "=y |f (WP dy) - /h" dy)q(pf:l)d;p
<15 sup ([ 10 =) 5 [ [0 =)l ayas
p/ e

1)

e 1 - sup / W (@ — ) dy)

< /1% - su

q(p—1) +1

= 757 -sup / W (e —y)dy) "
e

1 1
= I£15- (B (because pas+ ) =pd =g -2+ 0= g)

ie.
17 fllg < [fllp - WAl
(74) Alternatively, applying directly Young’s inequality, noting % =

1,1
Ty~ 1, we also have

WVouflla = b % fllg = | /Q b dyllg < Bl 1S 1L

To finish the proof of the lemma, it suffices to show [A|, <

1-6
<i;j5) wp " |Q|F9. We consider the symmetrization of the domain
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Q). Let Br(x) be the ball centered at = with radius R and with the
same volume as Q, i.e. |Q = |Bgr(z)| = w,R". Then |Q — Br(x)| =
|Br(z) — Q|. Using the fact that

|z — gy =1 < R =1 for y € Q — Br(z), 0 < p < 1;
lz —y|"r=D) > Rrre=) for y € Br(z)(NQ, 0 < p < 1.
We have

/hr(w—y) dy:/ |z — y|r =D dy+/ W (x —y)dy
Q Q- Br(x) Br(x) N

S/ Rnr(ﬂ_l) dy+/ hr(x—y) dy
Q—Brg(z) Br(z)N

< Rnr(u—l)m_ BR(a:)| +/ hr(x—y) dy
Br(z) N

= Rnr(ﬂ—1)|BR(x) _ Q‘ +/ hr(:L' - y) dy
Br(z)N

< / o =y dy + / o — | dy
Br(z)-Q Br(z)NQ

Iy
Br(z)

Il = [ 1@ =way < | ey

/ / Py e 1dwdr
Sn—1

< %RN(W ) (because / dw = nwy,)
Tlu - Sn 1
wn(l 1)

“rp—r+1

1 r(1-9)
< < > w;;(l—u) |Q|T’(u—6)
r(n—96)

l.e.

|Qrrmrtt (because || = |Bg(z)| = w,R")

1
(because 1 — 0 = o= r(l1—0)=1).

Therefore,

1-0
- - 1
Al < <—1 6> wi=r |QH0 since 1-0 =
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Remark 2.2.5 We have seen that for a domain 2, the ball Br(0) with
|Br(0)| = |Q] is called a symmetric rearrangement of Q0. Similarly, for
an integrable function f : R™ — R, wvanishing sufficiently fast near
infinity, one can define its symmetric decreasing rearrangement f* in
the following manner. Let D be a measurable set with finite measure.
We denote by D* the symmetric rearrangement of D, centered at 0. Let
XD be the characteristic function of D. Then we define its symmetric
decreasing rearrangement by

XD = XD*-

For f, its symmetric decreasing rearrangement is defined by

fwx)zlé Xy >0y dt-

As an example, let us just mention the Riesz-Rearrangement in-
equality. Given three nonnegative functions f,g,h € CS°(R™) , there
holds:

I(f,9.h) = - f(@)g(@ = y)h(y) duedy
< mtfwwﬂw—yMWwdwaIUifﬁﬂ
where f*,g*, h* are the symmetric rearrangement for f,g,h respec-

tively.

For a proof of this inequality, one can consult the book [LL]. There
are many interesting properties involving symmetric rearrangement.
Some of them are useful in finding the best constant of Sobolev in-
equalities. See Section 2./ for a brief discussion of this topic.

Lemma 2.2.3 Let f € LP(Q) and g(z) = Vif = [olz —
P

1
y\"(E_l)f(y) dy. Then there exists constants ci,co depending only on
n and p such that,

!

P
g / p

exp | ——— dr < ¢y |Q], p' = ——

/Q (Clupr) p—1

PRrROOF. Apply the previous lemma by taking u =
have

%, for any ¢ > p, we

1

Q

1
11 \"#te 1l
ol = IV, 7l < (a1 =S+ 2) 7w g,

_a -4 1 1
= / g%z < ¢ wn P 1| F]4 (because 0 < 1— - + — < 1)
Q p q
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Now for any ¢ > p—1 = p/q = qupl > p, we can replace ¢ in the
previous inequality by p'q,

[ lat e < o) a1 10 (2258)
where we have usedp'q—7+1 —pq(l—ﬁ)—i—l =q+1.
We continue to take ¢ = [p],[p+ 1],...,k,... in the above inequality,
for any k > [p],

/Q 9Pk de < (k) (B kwnllF1E) 19

Then by the Taylor expansion of the exponential function,

/

P
/ exp(clupr) e

[p]—1 'k p'k
-/ X5 <61||f||p> wr | > 7 <c1ufup> e

k=0 k=[p]
= (I) + (I1)

To deal with the first part (1), we can use Holder inequality to increase
the power of the function to be at least [p], the other term is the
fractional power of ||, which is dominated by |Q2|. The key issue is to
handle the second part (7).

From inequality (2.2.8), for k > [p],

’ k
1 g )pk N s
— | —— de < (p'k)— . Q.
L Gi) = owy @)

By Stirling’s formula, %\/277/4; ~ ek for large k, then,

o’ e w k
[ () = ovm (2
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We can choose sufficiently large ¢; such that 6‘”/% < 1, so the series will
C

converge uniformly, and part (/1) will be dom%nated by some constant
c2|€?|. Thus we complete the proof. O

Now we prove the main imbedding theorem for the borderline case
p = n. It shows that WOI"(Q) — L1(Q) is almost, but not quite L>°(£2).
One example is © = Inln |z] in B(0,e) C R™, n > 2. For clarity, we
single out this borderline case as a new theorem.

Theorem 2.2.2 Let u € Wol’"(Q), then there exists constants c¢; and
¢y depending only on n such that,

/ep< [u >nnlda:<c]Q\
xp [ —=—— < 2|9
Q [Vl

PROOF. Recall from (2.2.7),

nwy, |z —y|"

1 1
< _ n(ﬁ—l)
> @) € == [ o= y"GYVuly)dy
1 1
= L vivul (u=).
nw, n n

For any q > n,

1-6
1 1-6 1—1 1_s
= lullyg £ —V1[Vul)[lq < <1 ) wp " QT Vulln, < oo
nw, n = -9

n

n

Further, p=n, p' = by the previous lemma,

n—1°
/ exp <¢> o dzx < / exp <M> - dx < co|Q.
Q allVulln -~ Ja nwn c1 [ Vull, N
This establishes the theorem in the critical case p = n. ]

Proof of the theorem for case p > n.

This is due to C. Morrey.

Lemma 2.2.4 Suppose Q C R" is convex and u € WH2(Q). Then

ar 1—
ux—qu—/x—y " |Vu(y)|dy.
) ol < o [ o=yl [Vuts)

Here ug is the average of u in Q) and d is the diameter of §2.
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ProOOF. This is similar to the proof of Lemma 2.2.1. We just observe
that, for x,y € Q,

|z—y|
u(z) —u(y) = —/0 ’ Oru(z + rw)dr,

where w = (y — x)/|y — z|. Integrating over w € S"~! the lemma
follows. O

The proof of the theorem in case p > n can then be carried out in
a few lines. Let u € Wol’p(Q), p > n. For any ball B = B(x¢, R), with
zo € Q and R > 0, when necessary, we extend u to B(xg, R) by setting
u = 0 outside of 2. By the last lemma

) = iy < e [l V)l
By Holder’s inequality
o (r-1)/p
o)~y < o ([ =yl )
< ROV,

Hence, for all z,y € Br, we have
lu(z) — uly)| < CppR' =P ||Vl

This completes the proof of Theorem 2.2.1. O

The imbedding in the borderline case p = n can be improved. In
the paper [Mo2], J. Moser proved the following theorem.

Theorem 2.2.3 Let a be any positive number less than or equal to
n|S*1 V(=1 " For each bounded domain Q C R™, there exists a posi-
tive constant ¢ = c¢(n,«) such that

[ exp (allut@l/IVal, /) ds < o)

for all uw € C§°(Q).
On the other hand, if o > n|S™ 1|V =1 then

sup{/Q exp (a\u(az)]"“"‘”) dx |u € C3°(Q), || Vull, = 1} = 0.
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Another inequality of similar spirit is the Onofri’s inequality ( [On]):

Theorem 2.2.4 For each u € C*°(S?), there holds

1 2 1 2
— Ydu < — 2u)d
477/326 M_eXp<47r/Sz(Nu‘ + 2u) u)

with equality if and only if €2g has constant curvature. Here g is the
standard metric on S? and dy is the standard volume form on S2.

These borderline embedding results and their generalizations to var-
ious settings have found applications in such fields as conformal geom-
etry and complex geometry. We refer the reader to the papers [DiTi],
[LZ], [Ru2] and [Ru3] for some recent developments. The last three pa-
pers also contain new and simpler proofs of results such as Theorem
2.2.4.

2.3 Poincaré inequality and log Sobolev in-
equality

Next we present a weighted Poincaré inequality which looks similar
to but weaker than the Sobolev inequality. It seems weaker because
there is no gain in the integrability of a function over the integrability
of its gradient. However, as we shall see in the next chapter, even a
non-weighted Poincaré inequality actually implies a Sobolev inequality
under the doubling condition of the metric balls of the ambient space.
This result is due to Saloff-Coste and Grigor’yan [Sal2], [Gr2].

Theorem 2.3.1 Let n be a nonnegative, continuous function in R".
Suppose n has compact support €1, fQ ndx = 1, and the super level set
{n > k} is convex for all k > 0. Write r as the diameter of Q and L =
Jqundz. Then for all u € W'P(Q), p > 1, there exists C = C(n) > 0
such that

/ i — LiPndz < C(n)|lnllecr™? / VulPyd.

PRrROOF. By Jensen’s inequality

p

[u-rpnie= [ \ )~ uwtas| nwyie

< / / () — u(y)Pn(z)n(y)dydz.

(2.3.1)
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Pick z,y € Q, then |z —y| < r and

p

1
ju() — ()P = /0 Va(z + sy — 2)) - (y — 2)ds

1
< rp/ |Vu(x + s(y — x))|Pds.
0

In the convexity assumption on 7, we take k& = min{n(x),n(y)}.
Thus z,y are in the super level set {n > k}. Hence, for any s € [0, 1],
x + s(y — x) is also in the super level set. Therefore

n(z + s(y — =) = min{n(z),n(y)}.
Hence

1
[u(z)—u(y)[P <rP /0 \Vu(z+s(y—a))Py(a+s(y—z))ds [min{n(z),n(y)}] ="

It shows
1
[u(z)—u(y)[Pn(z)n(y) < r? Supn/o [Vu(z+s(y—z))Pn(z+s(y—z))ds.

Now we set z = y — x. Integrating the above inequality with respect to
x and y, we obtain

[ [ 1@~ uw)nteynt)dody
<rPsupn /01 /lzISr/ |Vu(z + sz)|Pn(x + sz)dzdzds
§rpsupn/zST/|VU(:E)|pn(x)dxdz

= C(n)r"*? Supn/ |Vu(z)[Pn(x)de.

The proof is finished by substituting this to the right-hand side of
(2.3.1). O

The following log Sobolev inequality is another inequality which
appears weaker than the Sobolev inequality.

Theorem 2.3.2 For all v € WY2(R™) such that ||v]s = 1 and all
e > 0, there exists a constant ¢ = c(n) such that

/112 Inv? du < € / \Vol2dp — glne2 + ¢(n).
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One can find in [Gro| the original proof of the theorem. A short
proof of this theorem from the standard Sobolev inequality is presented
in Theorem 4.2.1 below. On the other hand, this log Sobolev inequality
actually implies the standard Sobolev inequality. We will come back to
this fact in Chapter 4.

2.4 Best constants and extremals of Sobolev
inequalities

The Sobolev inequality: for u € WP(R"), 1 < p < n,

Hanp/(n—p) < C’(n,p)HVqu
can be rephrased as
inf{[|Vullp | |ullnp/n-p) =1L, u € WP(R™M} = C Yn,p) > 0. (2.4.1)

Two important questions thus arise. Question 1: What is the infimum?
Question 2: Is the infimum reached by certain function(s)?
The questions was addressed by Talenti [Tal]. He showed that

B YN A A R R N 7)) N OB
C(n,p) =='/? 12<n_p> [I‘(n/p)r(l-i-n—(n/p)) '

The basic idea is to show that the extremal is reached by a radially
symmetric function and then work on the resulting ordinary differential
equation. Indeed, let u € W1P(R™) and u* be the symmetric decreasing
rearrangement. Then, for all p € [0, c0),

IVullp = [Vullp, Nully = l[u”]lp-

Therefore, if the infimum is reached by a function wu, then u must be
radially symmetric with respect to some point. The remaining task is to
find such an extremal function. We refer the details to the paper [Tal].

Let us finish this section with a little discussion about the minimizer
equation. The derivative (at u) of the functional I(u) = [|Vu|?dz is a
linear functional

DI(¢) = %\t:o / |V (u + to)|*de = / 2VuV édx
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¢ € WH2(R™); and that for the functional J(u) = fu2"/("_2)d$ is

DJ(6) = 2" / w2/ (0=2) g

T n—2
The Lagrange multiplier method tells us that
DI(¢) = cDJ(¢)

at a minimum u, for all ¢ € W2(R™). That is

/ IVuVodr = cnzf 5 / w2/ (=2) 34

Hence u satisfies the equation:

Au +  t2/(=2) ¢

Here X is a positive constant.

In the 1980s and 1990s, a few authors finally proved that all positive
solutions to this equation is radial around some point. See [GNN] for a
proof with some extra conditions and [ChLi] for a short proof without
extra conditions. In two dimension case, a similar result also holds for
the corresponding minimizer equation ( [ChLi]). The proofs rely on
the so-called moving plane method which is a clever application of the
maximum principle for linear elliptic equations.

One can also ask similar questions about best constant and nature
of extremal functions for the borderline case p = n. The understanding
is much less satisfactory though. An interesting partial result can be
found in [CC].



Chapter 3

Basics of Riemann
geometry

3.1 Riemann manifolds, connections, Riemann
metric

Riemann geometry is a vast area of mathematics, which can only be
properly covered by numerous books. Many books of different levels and
types have been written about Riemann, and more generally differen-
tial geometry. A quick search for the book title “Riemannian geometry”
in Mathscinet turns up 80 results, and for the title “Differential geom-
etry”, 497 results.

The purpose of this chapter is merely to introduce some basic no-
tations and concepts most closely related to the main theme: the study
of Ricci flow. Let us just mention a few recent books and the most
relevant references therein as main references for this section: [BSSG],
[CwLx], [Cha2], [GHL], [Jo], [Pet], [SY].

A topological manifold is a Hausdorff topological space such that
each point in the space is contained in an open set which is homeomor-
phic to some open set in R”, the n dimensional Euclidean space.

Definition 3.1.1 (Smooth manifold) A smooth or C*° manifold M is
a topological manifold with a collection of smooth local charts in the
following sense.

(i) Each chart is a pair (U, ¢) where U is an open set in M and ¢
18 a homeomorphism from U to an open set in R™.

(ii) The union of the open sets U of all the charts in the collection
s M.

27
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(iii) For any two charts (U, ¢;), i = 1,2, the function below is C°.
P10 ¢y do(Ur NU2) — o1 (U NUR).

(iv) The collection of the charts is maximal with the above proper-
ties.

The maximal collection of charts in the definition is called a differ-
ential structure.

Definition 3.1.2 (atlas and orientable manifold)

An atlas for a smooth manifold M is a family of charts {(U;, ¢;) |1 €
I} such that {U; |i € I} is an open cover of M. Here I is some set for
indices.

An atlas {(Ui, ¢i) |i € I} for a smooth manifold M is called oriented
if all chart transition functions ¢; o gbj_l 1,7 € I, have positive definite
functional determinant.

A smooth manifold is called orientable if it possesses an oriented
atlas.

Definition 3.1.3 (Tangent space) Let M be a smooth manifold and
c: R — M a smooth curve such that c(0) = m, a point on M. Let
U be a neighborhood of m and f : U — R be a smooth function. The
tangent vector of ¢ at m is the operator of directional differentiation
along ¢ at m, called D or c'(t), defined by

De(f) = %f(c(t))\tzo.

The linear space of all tangent vectors at m is called the tangent
space at m and is denoted by T,,,(M) or T,, M.

Definition 3.1.4 (a canonical basis for T,,(M)) Let (U, ¢) be a local
chart around m € M. The tangent vector % € T,,(M) is defined as

0 0
oz’ f= oz’

(f © qb_l)(xl’ s 7xn)|¢(m)7

for all f € C(U). Here fo¢~! is a smooth function whose domain is

in R" and (x',...,2") is the Euclidean coordinate in R™.

The tangent vectors {2, i = 1,...n} is a canonical basis for

61‘1'7
T,y (M).
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Definition 3.1.5 (tangent bundle) For a smooth manifold M, the set
T(M) = UpemTm(M) = {(m,v) I/m € M,v € T,,(M)},

equipped with the following structure of 2n dimensional smooth mani-
fold, is called the tangent bundle of M.

Let (U, ) be a local chart around m € M. For v € T,,(M), we
define the mapping

Y(v) = (d(m), ¢«(v)).
Here ¢.(v) is the tangent vector in R™ defined by

¢« (v)(h) =v(ho@), forall he C*R").

The pair
(UmEUTm(M)v ¢)
is a local chart of T(M).

Remark 3.1.1 By definition, for the local basis {%}, we have

0 0

0
ozt )(h) = oxt

0 -
[(hogoo™l) = o (h).

¢*( - 833‘2

(hog)

Here the last term is just partial derivative in the x* direction in R™.
Hence, in the canonical local coordinates for T,,(M) and R™, the map-
ping 1 takes the form

0

¢(m,ai%‘m) = (¢(m),a1,...,ay).

Definition 3.1.6 (cotangent bundle) For a smooth manifold M and
m € M, the dual space of T,,(M), denoted by T,,(M)* is called the

cotangent space at m. It is the space of all bounded linear functionals
on Tp,(M). The set

TM)" = UnemTm(M)" = {(m,n) [m € M,y € T(M)"},

equipped with the following structure of 2n dimensional smooth mani-
fold, is called the cotangent bundle of M.

Let (U, ¢) be a local chart around m € M. For n € T,,(M)*, we
define the mapping
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Here ¢*(n) is the cotangent vector in R™ defined by

¢*(n)(d«(v)) =n(v), forall v e Tn(M).
The pair
(UmEUTm(M)*a 1/})

is a local chart of T'(M)*.
A canonical local coordinates for Ty, (M)* is {dx'} where

J

which is 1 if i = 7 and 0 otherwise.

Definition 3.1.7 ((p,q) tensor) Let M be a smooth manifold and m €
M. A p times covariant and q times contravariant tensor, or (p,q)
tensor in short, is a (p,q) linear form (bounded linear functional) on

Ton(M) X ... X Ty (M) X T, (M) X ..o x T (M)*.

The space of all the above (p,q) tensors is denoted by Ty (T, (M)).
A canonical local coordinates for Tg(T,,(M)) is

. . o o
{daz”@...@dw”’@—.@...@ } .
OxI1 Oxda [. . . .
215--5tpyJ15--+50q

Here ® is the tensor product defined generally by

u®v(z,y) = u(x)v(y)

where x,y are elements of vector spaces V- and W respectively, and u,v
are elements of the dual spaces V* and W* respectively.

The disjoint union of all Tg (T, (M)), m € M, denoted by T)} (M),
equipped with the natural smooth manifold structure defined in the same
way as for tangent or cotangent bundles, is called Ty tensor bundle.

A smooth section of Tg(M) is called a tensor field.

Remark 3.1.2 Let (U, ¢) and (U,v) be two local charts of M asso-
ciated with the local coordinates {x'} and {y'} respectively. Let n be a
(p,q) tensor field on U represented locally by

L ) b o
_ Jledg g z _ -
n=T, A @ @dar @ oon @@ o
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0
ayjl 8yﬁq

n=T"Tdy" ®. . @dy"®

Then

G _ plidg 02FOxkr gyt oy
i1..0p T ki..kp ayil ayif’ orh T 3$lq’

Let ¢ be a C' map from one smooth manifold M to another N.
The next definition introduces the derivative of ¢ and the induced map
between vector fields or tensors on these manifolds.

Definition 3.1.8 (derivative of a map, push forward, pull back, dif-
ferential of a diffeomorphism)

1. The derivative of ¢ at m € M, denoted by Dp(m) or ¢, is the
linear map between T, M and Ty, )N, given by

Do(m)(X)f = X(f o ¢)

for all X € T,,M and all smooth f defined in a neighborhood of ¢(m).
Do(m)(X) is called the push forward of X by ¢.
2. ¢* : T)(Ty(m)N) — T(T,,M), the pull back by ¢ on (p,0) ten-
sors, is the linear map given by,

(@B X1, .., Xp) = B(du X1, -, 02 X))

for all B € TIS)(T(z,(m)N) and X; € T,,M, 1 =1,...,p.

3. Suppose further that ¢ is a diffeomorphism. Then ¢* : Ty )N —
T,nM is defined to be ¢, 1. i.e. *(Y) = ¢, (Y) for Y € Tym)N.

In general, ¢* : Ty (Tymy)N) — T3(T,,M), the pull back or differ-
ential of ¢ on (p,q) tensors, is defined by items 2 and 3 with the rule
b (@ ® ) = ¢*(a) ® 6°(6).

The next three definitions introduce the concepts of differential
forms which are anti-symmetric (skew symmetric) covariant tensors,
and exterior derivatives on these tensors. The space of differential forms
is then equipped with interesting algebraic structures. On the other
hand, these concepts also have their origin in the theory of integration.
Let us recall the Green’s integration theorem for a bounded, smooth
domain D on R2.

Let P,Q be two smooth functions on D. Then

/ (Pdz + Qdy) = / (0.Q — 9, P)ddy.
oD D
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The quantities Pdx + Qdy, (0,Q — 0y P)dxdy can be regarded as a
differential 1 form and a differential 2 form on R?2, which will be defined
below. Moreover the later can be thought of as the exterior derivative
of the former.

Using differential forms is the most convenient way to a coordinate-
free definition of integration which is crucial for analysis on manifolds.

Definition 3.1.9 (antisymmetrization operator, exterior product) Let
V' be a vector space and V* be its dual, the space of bounded linear
functionals on' V. Let k be a positive integer. For an element f € QFV*,
we define an antisymmetric multilinear functional

1 .
(Antf)(vlv s 7Uk) = EEPSZgn(p)f(Up(lﬁ s 7Up(k))

where the sum is over all permutations p of {v1,... v} C V.
The space of all antisymmetric elements in QFV* is denoted by
ARV,
The exterior product of f € N'V* with g € NNV* is an element in
NIV defined by
(i +5)!

fAg= i Ant(f @ g).

Examples. 1). If f,g € V*, then for u,v € V, it holds
(f ANg)(u,v) = f(u)g(v) — f(v)g(u).

(2) Let dx!,... dx™ be a basis for V*. Given w' = aé-dmj eV
1=1,2,...n, then

wl/\.../\w”:det(aé)dznl/\.../\dx”. (3.1.1)

For the proof, just notice that
wh AL AW" :ajl-l...agildmjl Ao Adaim,
By antisymmetry
wh AL A" :sign(jl,...,jn)ajl-l...a;-‘ndazl/\.../\da;"
= det(a;-)dml Ao ANdx”.
(3) Let w',...,w* € V* and vy,..., v, €V, then
wh AL AW (v, o) = det(w' (v))).

The proof is an easy exercise of induction.
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Exercise 3.1.1 Prove the above statement (3).

Definition 3.1.10 (differential forms, vector fields) A section of the
cotangent bundle T(M)* over a smooth manifold M is a continuous
map f: M — T(M)* such that 7w(f(m)) = m for all m in M. Here m
is the projection map from T(M)* to M, which sends all elements in
T (M) to m.

A smooth function on M is called a O form.

A section of the cotangent bundle T'(M)* is called a one form.

A section of the tangent bundle T (M) is called a vector field.

Let q be a positive integer, a section of NYT(M)*, the fiber bundle
of skew-symmetric q-linear functionals on T (M), is called a q form.

A canonical local coordinates for N9T(M)* is

{dz"™ AL ANda' | iy < ... <)

The theory of differential forms was developed by E. Cartan. It
provides an approach to differentiation and integration, which is inde-
pendent of coordinates.

Definition 3.1.11 (exterior differentiation) The exterior derivative is
a linear mapping from ANIT(M)* to AT (M)*, defined inductively in
the following manner.

Let f € C*(M), then, for all vector field X on M,

Let n € NYT(M)* be given in a local chart (U, ¢) as
n= Ei1<...<iq"7i1...iqd$i1 A...Ndxh.

Then ' '
dn = 2i1<...<iqdm1...iq ANdz™ A ..o dxte.

Remark 3.1.3 It is easy to see that in local coordinates (U, @) with
¢ = (z',...,2"), it holds

of . .
df = axidx’ (3.1.2)
where g xfl is given in Definition 3.1.3.

Next we explain how to integrate differential forms on differential
manifolds. We emphasize that this concept of integration is well defined
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even if the manifold is not equipped with a metric. At this moment in-
tegration is regarded as a linear functional on the space of smooth func-
tions. After we provide the manifold with a metric, say a Riemannian
one, then we will choose special forms so that the resulting integra-
tion is compatible with the metric. These special forms are referred as
volume forms.

Definition 3.1.12 (integration of differential forms)

Let M be a smooth, orientable manifold and (U,¢), ¢p(m) =
(zt(m),...,2"(m)), m € U, be a local chart. Let w be a n-form on
M and there exists a smooth function f on U such that

wly = fdet AL A da™.

Here da;i(%) = 5;, i.e. {dz'} is the canonical basis for the cotangent
space.
We define

/w:/ foo tdzt .. dz".
U #(U)

Let {(U;, ¢i)} be a family of local charts for M such that {(U;, h;)}
18 a partition of unity for M, then we define

M M U;

Remark 3.1.4 One needs to prove that the above integration is inde-
pendent of the choice of local charts, or the partition of unity. This is
where we are using antisymmetry of forms. Let (U, ), ¥ = (y',,,,y")
be another local chart. These y* are smooth functions on M. Therefore
the local formula (3.1.2) tells us

do’ = dy’.

oy’

.9t Oxloy—1
Here again 97 Means —g

on M but not as functions on ¥(U) C R™. More precisely, for m € M

. However they are regarded as functions

ox’
oyl

- &Ei o ¢—1

o |0 v =p

p

m

Hence the n form in the definition can be written as

ox"

Byin

ozt

Jn
Oyt dy’™.

dy’t A LA

wly = f
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According to (3.1.1), we have

Ox
0yJ

7

wly = fdet(=—=)dy* A ... A dy".

By definition, in the local chart (U,),

oxt
w= oy tdet(==)dy" ... dy".
/U /w(mf (8y3) y y

Now we have returned to the usual change of variable formula in the
Euclidean setting. There is one subtle change of notion though. Here

the function det(g—Z;) is regarded as a function on Y(U) C R™ via

the definition g—;; = 89”2;571. If we write y = (y*,...,y") and x =
(x',...,2"), then it is clear that
y=1vo0¢ ' (z)
since ¢~ 1 (x) and ¥~ (y) are the same point in M. Therefore,
oz’
w = fovtdet Nyt ... dy™
/U S(U) (3?43)
3 &Ei o1 "
Y(U) Y
(note x=d¢ov ' (y))
-1 O n
= fod™ (y)det(z-)dy" ... dy
Y(U) Yy
- fo o N x))dat .. da"
o(U)

(Jacobi formula, Euclidean case)
:/ fdxt AL A da™.
U

From here one can prove that the integral thus defined is independent
of the choice of the local charts (coordinates). We leave the details as

Exercise 3.1.2 Prove that integration thus defined is independent of
the choice of local charts for the manifold.

The next concept is called covariant derivative of a vector field, or
more generally a tensor field. It is a generalization of directional deriva-
tive in the Euclidean case. The covariant derivative of a tensor field is
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also a tensor field which must satisfy the change of coordinates formula
in Remark 3.1.2. Simply using the Euclidean directional derivative for-
mula in the manifold case will not produce a tensor.

Definition 3.1.13 (covariant derivative, connections) Let T'(M) be
the space of differentiable vector fields on a smooth manifold M, and
let T(M) be the tangent bundle. A connection V is a map

V : T(M) x T'(M) — T(M)

satisfying

(i) For m e M, X € T,,(M), Y € T'(M), it holds V(X,Y) €
T, (M),

(ii) V is linear,

(iii) For any differentiable function f: M — R, it holds

V(X, 1Y) = X(f)Y + fV(X,Y).

(iv) For any X,Y € (M), if X is of class C* and Y is of class
Ck+1. for a positive integer k, then V(X,Y) is class C*.

The covariant deriwative of Y with respect to X, denoted by VxY,
is V(X,Y).

Let n be a differentiable one form, the covariant derivative of n with
respect to X is defined as

(Vxn)(Y) = X(n(Y)) = n(VxY)

for all differentiable vector field Y .

(v) In general, let T be a (p,q) differentiable tensor field, and let
X1,...X, and n1,...,1mq be differentiable vector fields and one form
respectively. The covariant derivative of T with respect to X is defined

by

(VxT)(Xl,...Xp,T]l,... ,T]q) = X(T(Xl,...Xp,T]l,...,T]q))
—T(VxXl,XQ,...Xp,T]l,...,T]q)) — ...

_T(X17X27 .. 'X;Dvnl)' .- 777q—17vX77l1))‘

Let T be a (p,q) differentiable tensor field, then VT can be regarded
as a (p+1,q) tensor field via the above formula i.e.

(VT)(X,Xl, .. .Xp,?’ll,. .o ,T]q) = (VxT)(Xl,. . .Xp,?’ll,. .. ,T]q).
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Remark 3.1.5 The motivation behind the above definition is the
Leibnitz rule for differentiation. The term X (T(X1,... Xp,m1,...,7q))
1s mothing but the directional derivative of the scalar function
T(X1,...Xp,m,...,n) in the direction of X.

Definition 3.1.14 (Riemann manifold) A Riemann manifold is a
smooth manifold with a Riemann metric, a smooth, positive definite,
symmetric (2,0) tensor field. The Riemann metric is also called an
inner product for vector fields.

Theorem 3.1.1 (The fundamental theorem of Riemann geometry)
There is a unique Riemann connection V satisfying the following con-
ditions.

(i) V is a connection defined in Definition 3.1.13.

(ii) V is torsion free, i.e. for all differentiable X,Y € T'(M),

VxY — VyX = [X,Y].

(i1i) Let g be the Riemann metric. For all differentiable X,Y,Z €
(M),
Z(9(X,Y)) = g(VzX,Y) + g(X,VzY).

Condition (iii) means that g is parallel, i.e. the covariant derivative
of g with respect to any tangent vector is 0. This is clear from the last
formula in Definition 3.1.13, by taking T = g.

Proof of the theorem. Let X,Y,Z € T(M). By condition (iii),

X(g(YV,2)) =9(VxY,Z)+ g(Y,Vx Z),
Y(9(Z2,X)) =9(VyZ,X)+ g(Z,VyX),
Z(g(X,Y)) =g(VzX,Y)+g(X,VzY).

Adding the first two identities and subtracting the last one, we deduce,
after using condition (ii)

29(VxY, Z) = X(9(Y, 2)) + Y (9(Z, X)) = Z(9(X,Y))
—l—g([X, Y],Z) - g([X7 Z]7Y) - g([Y7 Z]vX)

Hence the covariant derivative is uniquely determined by g. O

It is often convenient to perform covariant differentiation on local
coordinate systems. In the following we list some useful formulas con-
cerning covariant derivatives in local systems.
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Proposition 3.1.1 (local formulas for Riemann connection, the
Christoffel symbols) Let (U, ¢) be a local chart around a point m € M

and %, i=1,...n, be a local basis for T,(M). Then
0 , 0
Vit aak Uik
where )
G = 59“@'%1 + Okg1j — 019k (3.1.3)

is called the Christoffel symbols. Here 0jgr = %gkl, ete. Also (g%) is
the inverse of (gi)-

LetT = ﬂil_ii'iiqdzn” ®...0dz"® 831 ®...Q 8qu be a smooth (p, q)
tensor. Then

VojoucT =T0 " da @ ... @ da™ @ S e ® %, (3.1.4)
where
. J1--Jq o o
i = e ST T P TR,

ProOOF. The above formula for Christoffel symbols is a direct conse-
quence of the fundamental theorem of Riemann geometry. One just
needs to observe that the Lie bracket

o 0
927 5 =
Formula (3.1.4) follows from item v) in Definition 3.1.13 O

Remark 3.1.6 The notation ﬂjllziqk stands for the {i1...1p,J1...jq}
component of the tensor Vy g,xT'. It does not mean the derivative of the
corresponding component of the tensor T with respect to x*. However
in local orthonormal coordinates (Definition 3.4.6 below), F;k =0 at
the origin. Therefore at this one point, these two quantities are equal.

Diffeomorphisms and vector fields are important objects in differ-
ential geometry and topology. A smooth vector field X on a manifold
M generates a one parameter family of diffeomorphisms ¢; via the
differential equation

doe(p)
dt

= X(¢:(p)), peM. (3.1.5)
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Here, as usual %}EM is regarded as the tangent vector of the curve ¢ =
c(t) = ¢¢(p) at the point ¢¢(p). Naturally one would like to understand
how does a vector or tensor field change under ¢;. This is described by
a differential operator for tensor fields, called the Lie derivative.

We have

Definition 3.1.15 (Lie derivative) Let « be a smooth tensor field on
M. The Lie derivative of o with respect to X is the tensor field
Ppa—a  dopa

Lxa =1 = .
R S R dh {,_y

Here %}fp) = X(¢:(p)), t >0, ¢po(p) =p € M. ¢, is the differential of
oy, acting on the tensor field o, defined in Definition 3.1.8.

A simple and useful observation is the following

Proposition 3.1.2 Let ¢; and ns be the one parameter family of dif-
feomorphisms generated by smooth vector fields X and Y respectively,
1.e. forp,q € M,

W) _ xpp). Py (),

Then s = ¢rons o ¢_y is the one parameter family of diffeomorphisms
generated by ()Y .

PRrROOF. Pick a smooth function f € C°°(M). Using (3.1.6) below re-
peatedly, we have, for a point p € M,

dwiip) (f) = %f(%(l?)) = d%f(qﬁt o ns 0 d_i(p))
= (7 0 (6 (0)) = (60 0 61

=Y (ns(d—(p)))(f 0 ).
On the other hand, by Definition 3.1.8,

((90)«Y) (s (P))f = Y (¢t () (0))(f 0 &) = Y (ns(d—:(P)))(f © 1)-

Thus
dips(p)

ds = ((¢t)*Y)(¢s(p))a
which proves the proposition. O
Practical ways of computing Lie derivatives are provided by the
following
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Proposition 3.1.3 (i) for f € C*°(M), Lxf = X(f);
(ii) For a smooth vector field Y, LxY = [X,Y]| = XY - Y X;
(iii) For a (p,0) tensor a,

(LXa)(Xl, v ,Xp)
= X(a(Xl, v ,Xp)) — Zlea(Xl, v 7Xz'—17 [X,Xi],Xi+1, v ,Xp).

(iv) Let Dxa be the covariant derivative of o with respect to X.
Then

(Lxo)(X1,...,Xp)
= (DXQ)(Xlw . 7Xp) + Ef:la(Xlw . 7Xi—17DX¢X7Xi+17 ce 7Xp)'

PROOF. (ii) During the proof we need to use the simple formula for
the tangent of a smooth curve ¢ = ¢(s). For all smooth functions f on

w (s)
de(s d
75 () = - (f(els))- (3.1.6)

Let ¢; and 75 be the one parameter family of diffeomorphisms gen-
erated by X and Y respectively, i.e. for p,q € M,

doy(p) dns(q)

=X =Y (ns(q)).
o (¢¢(p)), o (ns(q))
By the above definition
o 1
LY =lim 2 =Y gy G Y Y
t—0 t t—0 t
= lim 7(¢_t)*y il = —lim 7(@)*}/ il
t—0 t t—0 t

Here we have used Definition 3.1.8 for ¢}: the pull back on vector fields,
and the semigroup property (¢;)~! = ¢_y.

Since p is an arbitrary point on M, we can just prove the result for
s = 0. Using Proposition 3.1.2, we compute, at t = 0, the derivatives

d((¢1):Y)(p)f
dt
d d d d
= d_d_f((bt 7750¢—t(17)) s f(¢t07750¢ ( ))
_ o F(@ronsod-i(p)) — f(ns 0 d_1(p)) + f(ns 0 p—1(p)) — f(ns(p))

ds t—0 t
_ 4 [f(Geons) = fns)] o o-(p) L4 d . fs0d-4(p)) = f(ns(p))

T ds t—0 t ds t—0 t
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Hence, at t = 0,

d((¢1)«Y)(p).f
dt
_ Ay F(@oms) = fs)lp) | d ) f(s 0 0e(p)) = F(ns(p))
dS t—>0 t ds t—0 t
d d
d_dtf(¢ ns(p ))+£af(n50¢-t(p))
=I+1I.

Here we have used the fact that ¢q is the identity map.
By (3.1.6) again, we have, at s =t =0,

d_dtf( <>>=§Sd¢t(m( ))f— X(de(ns(p)) f

= %X s () f =Y |y, ) (X (f)) = Y!p(X(f)).

Similarly, when s =t = 0,

=08 0 0640) = 2 fl,0 0u(p) = — e WD)
=~ SV = ~ SV (o) f = - XY (7).
Therefore

(Lx1)(p) = ~ OO 1 vy

This proves (ii).
The proof of (iii) follows easily from (ii) and Definition 3.1.8 part
3. Indeed, for a point m € M, and ¢t = 0,

digpa(m)(Xy, ..., Xp)]
dt

= Lo m) (6. X1, (). X,)]
d
= (@) (X1, ., X,)]

FE () (X1, X, (602X, X, )
:X(m)(a(Xl,...,Xp))—Ele ( )(Xl,...,Xi_l,LxXi,Xi+1,...,Xp).

(Lxo)(m)(Xy,...,Xp) =

Finally (iv) is a direct consequence of (iii), the formula for covariant
derivatives

X(a(Xl, v ,Xp)) = (DXa)(Xl, ‘e ,Xp)
+ Zlea(m)(Xl, - 7Xi—17 DxXi,Xi+1, - ,Xp)
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and the torsion-free condition
DxX,—Dx, X =X, Xj].

See Definition 3.1.13 and Theorem 3.1.1. O

Sometimes we need to deal with the Lie derivative involving time
dependent vector fields and the associated one parameter family of
diffeomorphisms. For example, such a need arises in the study for Ricci
flow. The following fact will be useful in Section 5.4 where we will
discuss Ricci solitons.

Proposition 3.1.4 Let X = X(t), t > 0, be a family of smooth vector
fields on M, depending smoothly on t. Denote by ¢, the family of
diffeomorphisms associated with X (t). That is

DD X (0)(G(p), 520,
¢s,s(p) =D p € M.

Then the following conclusions are true.
(i) If e is a smooth tensor field on M, then

Phy, Q0 —
Lya = lim —4
O e

(ii) & (3700) = dfo(Lx(1)0)-
Remark 3.1.7 If no confusion arises, one can write ¢ as ¢y.

PROOF. (i) By definition

. Mo —«
Lypo = lim = —
O h1—>H?(l) h

where 7, is the one parameter family of diffeomorphisms generated by

X (t) for the fixed time ¢, i.e. %Uh = X (t)(np). Therefore we just need

to show that . .
lim Py, — MY —0
h—0 h '

This is equivalent to showing that

lim (@bh—i-t,t)*Z - (nh)*Z

h—0 h =0
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for any smooth vector fields Z. Choose a smooth function f on M.
Then

. (Phgt ) Z = (m)+Z . fOobhpre— fomn
o h J = 2(fm h )

Therefore we only have to show

i fobnite— fonn
1m

=0. 1.
JHm W 0 (3.1.7)

By definition, for a point p € M,

d do,s
410 0uap)) = 2otV

f=X®)(¢1s(p)f-

Hence

h
f o dniee(p) = F(p) + /0 X(t 4 1) (r10(0) ol

In the same manner

h
fom®) = Fp) + /0 X(0)(m(p)) fl.

Taking the difference of the last two identities, we deduce

lim fo ¢h+t,t(p) —fo Uh(p)
h—0 h
h

= Jim 5 [ XD G0) X O =0

which proves (3.1.7) and consequently statement (i).

Next we prove (ii).
By the semigroup property ¢ni¢0 = @p4t,t © ¢1,0, there hold

iqs* a = lim ¢2+t,0a o ¢;00[
dt 07 T R0 h
~ lim (Phit 0 Pro) o — dfgor lim Dr0 O Ppyr 0 — Do
h—0 h h—0 h

¢Z+t,ta - o

— diy (Jim 20 — g7 (L)

The last step is by (i). Hence statement (ii) is true. O
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Remark 3.1.8 Let « be a (p,0) tensor field on a Riemann manifold
M. Let X be a vector field on M and ¢ a diffeomorphism on M. Then

¢"(Lxa) = Ly 1y ¢*a.

Exercise 3.1.3 Prove the formula in the remark.

3.2 Second covariant derivatives, commutation
formulas, curvatures

Now we define the second covariant derivative. Let X,Y and Z be
smooth vector fields on M. By definition VZ is a (1,1) tensor field
satisfying

(VZ)(Y)=VyZ.

Hence
Vx[(VZ)(Y)] = Vx(VyZ).

A differentiation should follow the Leibnitz rule. So we require
(Vx(V2)(Y) + (VZ)(VxY) = Vx(Vy2).
ie.
(Vx(V2)(Y) =Vx(VyZ) = (VZ)(VxY) = Vx(VyZ) = Vv Z.
The left-hand side gives rise to the second covariant derivative of a

vector field.

Definition 3.2.1 (second covariant derivative, Hessian of a function)
Let Z be a smooth vector field on M. Then the second covariant deriva-
tive of Z is a (2,1) tensor field, denoted by V>Z, defined by

ViyZ = (Vx(VZ)(Y)=Vx(VyZ) - Vv Z

for all smooth vector fields X and Y .
In general, let T be a smooth (p,q) tensor field, then its second
covariant derivative is a (p+2,q) tensor field, denoted by V*T, defined

by
VAT(X,Y)=ViyT = (Vx(VT))(Y) = Vx(VyT) — Vy, v T
for all smooth vector fields X and Y .

In particular, if T is a smooth, scalar function f, then V2f is called
the Hessian of f.
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Remark 3.2.1 It is important to realize the relation between the sec-
ond covariant derivative V?X’YT and the iterated covariant derivative
Vx(VyT). From the above definition, the two differ by Vy .yT. How-
ever, let {x',... 2"} be an orthonormal coordinate (Definition 3.4.6),
centered at a point p. Denote X; = %. Then, at p, Vx,X; = 0,
1,7 =1,...,n. Hence, V%Q,XJT = Vx,(Vx,T). Sometimes the symbol
T; is used to denote Vx,T. At p, one uses the notation T j; to denote
the second covariant derivative where

Tji=Vi,x,T= (T

)

Notice the reversal of the order of i and j in the notation T ;;, which
means differentiation in =7 direction first and =* direction second.

FEzxzample. For a smooth function f : M — R, its Hessian is the
(2,0) tensor field. In local system {z!,..., 2"},

V2f = fijda’ @ da?

0 (OF ke OF
f’”_&ni <8xj> Fij@xk’

The second covariant derivative of a vector field is not symmetric
with respect to X and Y in general. The amount for which the second
covariant derivative fails to be symmetric is called curvature tensor.

where

Definition 3.2.2 (curvature tensor) The Riemann curvature tensor
is a (3,1) tensor field defined by

R(X,Y)Z =ViyZ—VyxZ
=Vx(VyZ) - Vy(VxZ) - Vixy|Z

for all vector fields X,Y and Z.
Equivalently, the curvature tensor can also be written as a (4,0)
tensor via the definition

R(X,Y,Z, W) =g(R(X,Y)Z,W)=< R(X,Y)Z,W > (3.2.1)
for all smooth vector fields X,Y, Z, W.

Remark 3.2.2 This is NOT the only way to define the (4,0) curvature
tensor. Many authors also use the definition

R(X.,Y,Z,W) = g(R(X, Y)W, 2). (3.2.2)

Note the reversal of the order of W and Z. Thus the (4,0) tensor defined
this way has the opposite sign comparing with (3.2.1).
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Remark 3.2.3 One can switch the covariant and contravariant com-
ponent of a tensor using the Riemann metric in the above manner. In
local coordinates this is amount to lowering or raising the index in a
tensor. Usually there is no need to rename the tensor since the change
will be recorded either by the change of index in the local form or by
the ways the arguments (vector fields or one forms) are arranged.

Remark 3.2.4 In local coordinates {x',...,z"}, we can write the
components of (3,1) curvature tensor as R;-kl which is defined by

o 0 .0 ;0
(@, @)w = Rijrg
Explicitly
Ry = 0il%), — 0Ty + T, T}, — TH T, (3.2.3)
The components of (4,0) curvature tensor defined by (3.2.1) can be
written as R;ji where

o 9,0 0
oxt’ axﬂ)&nk’@ ¢
Note the superscript is lowered into the fourth subscript. In some pa-
pers, such as [Hal], [CZ], it is lowered into the third subscript, which
corresponds to formula (3.2.2). This convention produces a different
sign in computation.

We just saw that the quantity V%{,YZ — V%’ yZ leads to the curva-
ture tensor when Z is a vector field. It would be curious to see what
would emerge when Z is replaced by a (p, q) tensor T'. Indeed there is
the important

Riji =< R(5 >= g Rl (3.2.4)

Proposition 3.2.1 (Ricci identities or commutation formulas) Given
a smooth (p,q) tensor field T and smooth vector fields X and Y, it
holds

ViyT = VixT = Vx(VyT) = Vy(VxT) = Vixy T
In local coordinate system {z',...,x"}, the above becomes

Il Il
Thy ki~ Thy ey

2 ll lq 2 ll lq
—V V kl kp
_ D r l1 l " 11 dp—18lpy1.-lq
- _Eh 1 ijkthl...kh,lrkthl...kp Rzys k1...kp :

In this formula, the notation T, - k 4j €tc. means the {ki...kp;li,... 04}

component of the tensor V2, . T etc., defined in Remark 3.2.1.

Bad’ 8z
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PRrROOF. The first stated formula is an immediate consequence of the
definition of second covariant derivatives for tensor fields (Definition
3.2.1).

To prove the second statement, one notices that T can be written
as the tensor product of p one forms and ¢ vector fields. So only the
proof when T is a one form needs to be sorted out and the rest of the
proof for the general formula follows from the product rule.

Let T be a one form and Z be a vector field. Then T'(Z) is a scalar
function. Therefore, the Lebnitz rule says

X(T(z)) = (VxT)(Z) +T(VxZ),
and
Y(X(T(Z2))) = (Vy(VxT)(Z2) + (VxT)(VyZ) + (VyT)(Vx Z)
+T(Vy(VxZ)).
Exchanging X and Y, the above becomes
X(Y(T(2))) = (Vx(VyT))(Z) + (VyT)(VxZ) + (VxT)(Vy Z)
+T(Vx(VyZ)).
Taking the difference of the last two identities, one obtains
Y(X(T(2))) - X(Y(T(2)))
= (Vy(VxT)(Z) = (Vx(VyT))(Z2) + T(Vy(Vx Z)) = T(Vx(Vy Z)).

Moving the first two terms of the right-hand side to the left, we arrive

at
(Vx(WT)(Z) = (Vy(VxT))(Z) — [X, YT(2))

=T(Vy(VxZ)) = T(Vx(VyZ)).

Since
(X, Y(T(Z2)) = (Vixy1T)(Z) + T(Vixy)Z),

the above becomes

(Vx(VyT)(Z) = (Vy(VxT))(Z) — (VixyT)(2)
=T(Vy(VxZ)) - T(Vx(VyZ) + T(Vixy)Z))

By Definition 3.2.2, this implies

ViyT - VixT)(Z) = ~T(R(X,Y)Z).
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Now let T' =T, dz™, X = %, and Y = % and Z = a%k in a local

coordinate system. Then

(Z) = —Tdz™R(X,Y)Z)

0
!
That is
Ty ji = Thij = —RijxTm-
Here T}, ;; means the k-th component of the tensor V% <1 O

The curvature tensor enjoys certain symmetries and antisymme-
tries. The identities (ii) and (iv) below are usually referred to as the
first and second Bianchi identities.

Proposition 3.2.2 For X,Y,Z,T,U € I'(M), it holds

(i) R(X,Y,Z,T)=—-R(Y,X,Z,T)=—-R(X,Y,T, 2);
(i) R(X,Y,Z,T)+R(Y,Z,X,T)+R(Z X,Y,T) = 0;

(iii) R(X,Y,Z,T)=R(Z,T,X,Y);

(iv) (VxR)Y,Z,T,U)+ (VyR)(Z X, T,U) + (VzR)(X,Y,T,U) = 0,

(permutation of X,Y,Z).

ProOOF. The proof of (i) to (iii) is a simple algebra exercise from the
definition. Therefore we only present proof of iv).

By Definition 3.1.13, VxR, the covariant derivative of the (4,0)
tensor R, is given by

(VxR)(Y,Z,T,U)
=X <RY,Z2)T, U>— < R(Y,Z)T, VxU >
— < R(Y,Z)VxT, U>— < R(VxY,Z)T, U >
— < R(Y,VxZ)T, U >

(3.2.5)

Here and later < -, >= ¢(+,). Since Vxg = 0, we know that
X <RY,Z)T, U >=<Vx(RY,Z)T), U >+ < R(Y,Z)T, VxU > .

Therefore the first two terms on the right-hand side of (3.2.5) merge
into one to give

(VxR)(Y,Z,T,U) =< Vx(R(Y,Z)T), U > — < R(Y, Z)VxT, U >

— < R(VxY,Z)T, U>— < R(Y,VxZ)T, U > .
(3.2.6)
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Performing permutations of X,Y,Z on (3.2.6) yields

(VyR)(Z,X,T,U) =< Vy(R(Z,X)T), U>—- < R(Z,X)VyT, U >
— < R(VyZ,X)T, U>—-<R(ZVyX)T, U >,
(3.2.7)
(VZR)(X,Y,T,U) =< V2(R(X,Y)T), U> — < R(X,Y)VsT, U >
—<R(VzX,Y)T, U >—- < R(X,VzY)T, U >.
(3.2.8)
Adding (3.2.6), (3.2.7) and (3.2.8), we deduce

= T1 — T2 — Tg.
(3.2.9)
Here T} is the sum of the three terms of the form < Vx (R(Y, Z)T), U >,
i.e.
T, =<Vx(RY,Z)T)+Vy(R(Z,X)T) +Vz(R(X,Y)T), U >

=< I1,U >.
(3.2.10)
The term T5 is the sum of the three terms containing the covariant
derivatives of T, i.e.

Ty =< (R(Y,Z)VxT)+ (R(Z,X)VyT) + (R(X,Y)V2T), U >
=< I11,U > .
(3.2.11)
The term T3 is the sum of the terms such that the covariant deriva-
tive only appears inside the arguments of R(,-), i.e.

T3 =< R(VxY,Z)T + R(Z,VyX)T, U >
+ < R(VyZ,X)T + R(X,VzY)T, U > (3.2.12)
+ < R(VzX,Y)T + R(Y,Vx2)T, U > .

Using the torsion-free property for Riemann connections,
R(VxY,Z)T+R(Z,VyX)T = R(VxY —-VyX,Z)T = R([X,Y], Z)T,
etc., we reduce (3.2.12) to

Ty =< R([X,Y], Z)T + R([Y, Z], X)T + R(|Z, X],Y)T,U >

(3.2.13)
=< 111U >.
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If we can show that I = II 4 I then the proof is done. First let
us compute I. From definition of curvature tensor,

R(Y,Z)T =VyVzT —=NVzVyT = Vy zT.
Hence
Vx(R(Y,Z)T) =VxVyVzT —VxV;VyT - VxVyzT.
Similarly
Vy(R(Z,X)T) = VyVzVxT = VyVxV;T = VyV iz x T,

Vz(R(X,Y)T) =VzVxVyT —VzVyVxT —VzVxyT.
Adding the last three identities together and pairing the terms contain-
ing VxT, VyT, and VzT together, we deduce

I=Vx(RY,Z)T)+Vy(R(Z,X)T)+ Vz(R(X,Y)T)
= (VxVy = VyVx)VzT + (VyVyz = VzVy)VxT
+ (VzVx = VxV2)VyT
= VxVy 7T = VyVizxiT = VzVxyT
= R(X,Y)VZT +Vxy)VzT + R(Y, Z)VxT
+ Viy,z21VxT + R(Z, X)VyT + Vizx)VyT
= VxVy 7T —VyVizxiT = VzVixy T

Rearranging the like terms, we have

Vx(R(Y,Z)T) + Vy(R(Z,X)T) + Vz(R(X,Y)T)
=R(X,Y)VzT + R(Y,Z)VxT + R(Z, X)VyT
+(Vixy)Vz = VzVixy)T + (Viy,z)Vx = VxVy,z)T

+ (Vizx)Vy = VyVizx))T
(3.2.14)
By the definition of curvature tensor again, we know that

(Vixy\Vz = VzVixy)T = R([X,Y], 2)T + V|x v, 7T
Similarly
(Viv,21Vx = VxVy,z)T = R([Y, Z], X)T + Vv, 2, xT

(Vizx)Vy = VyVizx)T = R([Z, X],Y)T + V2 x1vT-
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Note that the left-hand side of the last three terms are just the 4th,
5th and 6th term of the right-hand side of (3.2.14). Therefore
I =Vx(R(Y,Z)T) + Vy(R(Z, X)T) + Vz(R(X,Y)T)

=R(X,Y)V4sT + R(Y,Z)VxT + R(Z, X)VyT
+ R(X. Y], 2)T + R([Y, 2], X)T + R([Z, X],Y)T
=I1+1II
where we just used the Jacobi identity [[X,Y],Z] + [[Y,Z], X] +
[Z,X],Y]=0.
By (3.2.15), (3.2.10), (3.2.11), (3.2.13), we know that

T =T+ Ts,

(3.2.15)

which, according to (3.2.9), proves the second Bianchi identity. O

The full curvature tensor is usually not easy to handle, especially in
high dimensions. It is often convenient to deal with the trace, which is a
tensor now called the Ricci curvature (tensor). The Ricci curvature can
be regarded as a (2, 0) tensor whose trace is called the scalar curvature.
The components of the curvature tensor lead to the concept of sectional
curvature. Thus we have

Definition 3.2.3 (Ricci, Scalar and Sectional curvatures) The (2,0)
Ricci curvature tensor is the trace of the curvature tensor, i.e., for
X, Y € T,(M)
Ric(X,Y) =Trace(- — R(-, X)Y) =X R(e;, X, Y, €;)
where {e;} is an orthonormal basis for T,(M).
The scalar curvature R is the trace of the Ricci curvature, i.e.

R =¥7_,Ric(ej, ej).

The plane E C T,(M) spanned by X,Y is called a section of the

tangent space. The sectional curvature with respect to E is
R(X,Y,Y,X)

(X, X)g(Y)Y) — g(X,Y)*
Remark 3.2.5 In local coordinates, the Ricci and scalar curvature are
given by
Rij = Ry = —g" Rij, R =g"Ri; = " ¢" Riji = —g" g" Rirj1.
By (3.2.3),

sec(E) = sec(X,Y) = J

Rij = OpTf; — 0T}, + TF,T%, = THT . (3.2.16)
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Remark 3.2.6 The curvature tensor has a rich structure. For exam-
ple, it can be decomposed into the sum of three parts. The first part is
determined solely by the scalar curvature, the second part by the Ricci
curvature. The last part, called the Weyl tensor, vanishes in dimension
3 and lower. See Chapter 1 of [CLN] e.g. Thus in dimension 3, the full
curvature tensor is determined solely by the Ricci curvature. This fact
makes 3 dimensional Ricci flow quite special.

The following twice contracted the second Bianchi identity and is
particularly useful in the study of Ricci flow. Written in local coordi-
nates, it is

Proposition 3.2.3 -
29” VZRjk = VkR

PROOF. In local coordinates the second Bianchi identity can be written
as
ViRjkim + VjRiiim + Vi Rijim = 0.

Multiplying this by ¢""¢7* and using the fact that the covariant deriva-
tive of the inverse metric is zero, we have
9""Vi(¢" Rigim) + 97V (9" Risitm) + V(g™ ¢ Rijim) = 0.
By definition of Ricci and scalar curvatures,
9" ¢ Rijim = R, P Rjpim = — Rin, 9" Riitm, = — Ry
Hence ' '
gV R, + gﬂVijl — ViR =0.
The identity follows by rearranging the indices. O

3.3 Common differential operators on mani-
folds

In the next paragraph we present the concepts of gradient, divergence
and Laplace operators on Riemann manifolds. These, like in the Eu-
clidean case, are perhaps the three most widely used differential oper-
ators.

First we define the gradient of a differentiable scalar function f :
M — R. This is a confusing notion historically. At first look, it seems
reasonable to define the gradient of f as the covariant derivative of f.
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The covariant derivative of f is a (1,0) tensor, i.e. a 1 form df. So, if
X is a vector field, then

Vxf=X(f)=df(X).

Here Vx stands for covariant derivative and df is regarded as a one
form: linear functionals on the tangent spaces. However in the Eu-
clidean setting, traditionally the gradient of a function is a vector field.
Let us recall that the gradient of a smooth function in R" is defined
by

< gradient f, X >= X(f)

for all smooth vector fields X on R™. Here the brackets <, > stands for
the Euclidean inner product.

Following this Euclidean tradition, one has to transplant df to the
tangent space via the Riemann metric.

Definition 3.3.1 (gradient of a scalar function) The gradient of a
smooth scalar function f : M — R, denoted by V[, is a vector field
((0,1) tensor field), such that

9(Vf, X) = X(f) = df (X)
for all smooth vector field X on M.

Following tradition, most people still use V f to denote the gradient
of f. This should not be confused with covariant derivative.

The following formula for the gradient in local coordinates is
often useful. Let (U,¢) be a local chart for M with ¢(m) =

(xt(m),...,2"(m)), m € U. For a smooth scalar function f on U
L0fos! 0
= 1]7. T, . 1
Vi=g ozl Ozt (3:3.1)

The proof is straightforward from the definition. Indeed, suppose
Vf=cd-2. Let X =122 be any smooth vector field. By definition

Ox Oxt
L 000
Yy R
gijc'l! =1 I
Since I/ is arbitrary, this implies
foop™)

)
gi;C = -
J ol
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Multiplying by ¢*/ on the above equality, and summing up, we deduce

d :gija(fo '_1)

ozl
which gives the local formula.
This local formula sometimes takes a shorter form

Vf=g" 10 (3.3.2)

which is convenient during heavy computations. Obviously f; stands

A(fop—1
for % and 0; for 6?&‘

Definition 3.3.2 (divergence of a tensor)
(i) The divergence of a C' vector field X on a Riemann manifold
is the scalar

div X =trace(VX) =37 19(Ve, X, €;)

where V is the covariant derivative of X, and {e;} is an orthonormal
basis of the tangent space.

(ii) The divergence of a C, (p,q) tensor field T on a Riemann
manifold is a (p,q — 1) tensor given by

(div T)(X1,.... Xp, M. Ng—1) = trace(VT)
= E;‘:lg(veiT(Xl, e ,Xp, m,-.. ,’I’]q_l), ei)

where Ve, T( X1, ..., Xp,m,...,Ng—1) is regarded as a vector field.

Remark 3.3.1 The reason V¢, T(X1,...,Xp,m,...,0g—1) is a vector
field is that V., T is a (p,q) tensor. So it is a linear combination of
the direct sums of p one forms and q vector fields. After acting on p
vector fields and (q — 1) one forms, V., T has only one component left,
a vector field.

The divergence of a vector field takes the following form in local
coordinates:

For a C! vector field X = ¢!

0
Oxt?

(V5 &) (3.3.3)
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Here is a quick proof of this formula. By definition VX is a (1,1)
tensor given by

A SRR N j
VX_<8xj+§rkj> o © da.

The trace of a (1,1) tensor T]Z is just TZZ Therefore
¢
ozt
By the local formula for the Christoffel symbols (3.1.3)

i _ 109 _ 1 0Vyg
W9 gak T g 0aF

divX = — + €°T,.

(3.3.4)

This shows .
gt
oxt

which implies the desired formula.

Next we introduce the Laplace-Beltrami operator on scalar func-
tions on manifolds, which is a generalization of the Laplace operator
on R™. It perhaps is the most important second order operator in ge-
ometric analysis.

NG

divX = VI
v \/‘aaxkj

+¢

Definition 3.3.3 (the Laplace-Beltrami operator of a scalar function)
Let u be a C? scalar function on M. Then the Laplace-Beltrami operator
1s the one defined by

Au = div(Vu).

By the computation of gradient and divergence, in local coordinates,

it holds
1 0

. ou
= —_—— Y— ). 3.3.5
o (vas'os) (33.5)
The Aw is also the trace of the Hessian of u as given in Definition 3.2.1.
Recall that the Hessian of u is a (2,0) tensor given by

Au

(Hess u)(X,Y) = Vxyu = Vx(Vyu) — (VxY)u.

Therefore in the local coordinates (U, ¢) with ¢ = (z!,...,2"),

(Hess u)ij = (Hess u)( 0 9 0 <8u> rk Ou

92 027 = 907 \ ozt ) ~ Vi ggr
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Recall the trace of a (2,0) tensor Tj; is ¢"Ty;. So

al 0 (Ou ou
tr(Hess u) = g [8:& <@> - Fﬁ@] .

To see this being equal to Au, we recall that

9gij l l
a—;,z = gl + gjlig-

This is nothing but the local form of formula (iii) in the fundamental
theorem of Riemann geometry, which means that the metric tensor g
has zero covariant derivative. Since (¢%) is the inverse of (g;;), it holds

9" gn; = 0

Differentiating this identity with respect to z¥, one can show by simple
manipulation of indices that

dg"
Dk
From (3.3.5) and (3.3.4),

= ¢l — 'Y, (3.3.6)

0% 99" Ou o Ou

A == Z]f - k4 Pl -

“=9 0x'0xI + ox* OxJ +g

Taking £ = ¢ in (3.3.6) and summing up, and then substituting the
sum into the above expression for Au, we deduce

82u il -k 8u

0xtOxI g li gak

A = g¥ =tr(Hess u). (3.3.7)

3.4 Geodesics, exponential maps, injectivity
radius, Jacobi fields, index forms

In this section we will define the concept of geodesics. There are two
approaches to this. One is to regard a geodesic as generalization of
straight lines in the Euclidean space in the sense that the tangent vec-
tor of a straight line is a constant, i.e. the derivative of the tangent
vector field along a straight line is zero. The other approach is to view
geodesics as locally distance minimizing curves.
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Definition 3.4.1 (covariant derivative for a vector field along a curve)
Let ¢ = c(t) be a C' curve on M and X = X(c(t)) be a C vector
field along c. Fizing t, let Vi,...,V, be C' wector fields in an open
neighborhood U of ¢(t), such that Vi(p),...,Va(p) form a basis for the
tangent space T,(M) for each p € U. Suppose

Then ) '
VenX(e) = E()Vilet)) + O Ve Vil -

The definition is clearly independent of the choice of the basis V;. If the
tangent vector ¢/(t) for the curve ¢ = ¢(t) can be expanded to a vector
field Y, defined in an open neighborhood of ¢ = ¢(t), then the above
definition for V.4 X (c(t)) coincides with Vy X restricted to ¢ = c(t).
However, this expansion may not always be possible.

Definition 3.4.2 (geodesics) Let (M, g) be a Riemann manifold and
V be the Riemann connection. A parameterized curve ¢ = ¢(t) on M
is a geodesic if V' = 0.

Note that the tangent vector has constant magnitude, i.e. |¢/(t)] =
g(c(t),d(t)) is a constant. Indeed, for f = f(c(t)) = g(c'(t), (1))

% Fe(®) = Vepla(d (£).¢ (1))
= ZQ(VC’(t)C,(t)’C/(t))) =0.

Here we have used the Leibniz rule and the fact that Vg = 0.

Next we present the well-known geodesic equation in local coordi-
nates. Let (U, ¢) be a local chart of M such that ¢ = (¢1, ..., ¢,) being
a local diffeomorphism from U C M to a domain in R™. Let ¢ = ¢(¢)
be a curve in U, then

where (2'(t),...,2"(t)) is the parametric equation for a curve in
»(U) € R™. This image of ¢ = ¢(t) under ¢ is often regarded the same
as ¢ = c(t) itself. Note that 2(t) = ¢;(c(t)). The geodesic equation in
local coordinates is actually a system of equations for z'.
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Let f: U — R be a smooth function. By Definition 3.1.3
d

d)(f) = E(f (@), ..., 2"(t)) Euclidean derivative
= %il(t) Euclidean chain rule
x
of . .
=35t (t). Definition 3.1.4
Therefore 9
'(t) = 2" (t) =—-.
400 = #(0) 5
Now we compute, from the definition of covariant derivative
Ve (t) = Ve (#(0) )
c'(t) — V() o1
d*zi(t) O y 0
= t+a (t)vc’(t)@-

dt? Ozt

If ¢ = ¢(t) is a geodesic, then V) c/(t) = 0. Hence 2 satisfy the
system of equations

d*z’ i da? dx®

By standard theory of ordinary differential equations, this system
always has a local in-time solution. It is also easy to see that a geodesic
is a critical point in for the first variation of the arclength. We will
return to this point in Proposition 3.4.1 below.

In multivariable calculus suitable coordinates such as rectangular
and spherical ones play important roles since they simplify complicated
calculations and expressions. For differential geometry, due to the com-
plexity of objects one is facing, finding suitable local coordinates is even
more important.

First, let us introduce natural local coordinates called the exponen-
tial map, using the geodesics. The geodesic equation given above is a
system of second order, quadratic nonlinear ordinary differential equa-
tions. Since the manifold is smooth, the coefficients of the equation Ffj
are also smooth. By standard theory of ordinary differential equations,
for any point p € M and a vector v € T,M, there exists a unique
geodesic ¢ = ¢(t), t € [0,p] for some ¢y > 0, such that ¢(0) = p and
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' (0) = v. Here tg may depend on p and v. If ¢y < oo, then we consider
the curve
l(t) = C(tot).

Clearly 1(0) = ¢(0) = p and I'(0) = toc/(0) = tov. Also the curve [ is
well defined for ¢ € [0, 1]. Moreover

vl/(t)l/(t) = t%VC,(S)C/(S) =0, s = tot.

Therefore [ is a geodesic, existing at least for the time interval [0, 1]
such that {(0) = p and I’(0) = typv. Note that v is an arbitrary vector in
T,M. From the theory of ordinary differential equations, it is not hard
to prove that there exists an maximal open set D C T,M, satisfying
the following properties.

(a) 0 € D; (b) for each v € D, there exists a unique geodesic [, such
that 1(0) = p and I'(0) = v; (c) exists at least on the time interval [0, 1].

Now we are ready to give

Definition 3.4.3 (exponential map) Give p € M, the exponential map
expy 15 a map from D C T,M to M given by

expp(v) =1(1)
where 1 is the geodesic such that 1(0) = p and I'(0) = v.

Remark 3.4.1 exp, is a local diffeomorphism in a neighborhood of the
zero tangent vector.

By the inverse function theorem, it suffices to prove that, Dexp,,
the deriwative of exp, at 0 € T,M is nonsingular. We will prove that
Dexp, at 0 is actually the identity map.

To prove this fact, let us recall a definition of derivative of a smooth
map, say F, from a smooth manifold My to another smooth mani-
fold Msy. The derivative of F' at my is the linear map from T,,, M; to
Tr(my) M2 such that

v (0) = DF,,,d'(0).
Here a = a(7) is any smooth curve on M such that a(0) = m; and
b= b(7) is the image of a under F, i.e. b(1) = F(a(7)). Note that this
definition is nothing but a restatement of the chain rule.

Now we take My = T,M, My = M and F' = exp, with domain
D C T,M. Pick any v € D, let a = tv. Then b = b(T) = exp,(Tv). By
the above definition

d
Eea;pp(Tv) ‘7:0 = [Dexp,) |Ov.
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From its definition, for T € [0,1],

expy(rv) = e (1)

where ¢ = ¢, (t) is the geodesic such that ¢;(0) = p and .(0) = Tv.
Here the derivative is with respect to t. By uniqueness of local solutions
of the geodesic equation, we know that

cr(t) = U(7t)
where I = I(t) is the geodesic such that 1(0) = p and I'(0) = v. Therefore
expp(Tv) = ¢ (1) = I(7). (3.4.2)

i.e. epr(T?}) is just the geodesic starting from p, with initial tangent
vector equaling v. Hence

Eexpp(ﬂ}) ‘TZO =

which shows v = [Dea;pp]‘ov. Since v is an arbitrary vector in the do-
main D containing 0, we know that [Dexpy)|o is the identity map.

The exponential map exp, is a natural local diffeomorphism be-
tween the tangent space 7,M and the manifold M. Of course we can
not expect exp, to be a global diffeomorphism in general. The next
concept, called injectivity radius, measures to what extent exp, stays
as a diffeomorphism.

Definition 3.4.4 (injectivity radius) The injectivity radius at p € M,
denoted by inj(p), is the radius of the largest open ball in T,M, centered
at 0 (tangent vector), on which exp, is a diffeomorphism.

The infimum of inj(p) for all p € M, which is denoted by Inj(M),
1s called the injectivity radius of the whole manifold M.

A closely related concept is called the conjugate point.

Definition 3.4.5 (conjugate point) Let p € M and exp, : T,M — M
be the exponential map. A point x € M is a conjugate point of p if v is a
singular value of exp,, i.e. there exists v € T,M such that v = expy(v)
and the linear map Dexp,, : T,(T,M) — T, M is singular.

Knowledge of injectivity radius and conjugate points is important
to the understanding of the structure of a manifold and to the study
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of Ricci flow. We will present a few results on the lower bound of
injectivity radius in Section 3.6.

In differential geometry, many objects such as connections, cur-
vatures, etc. involve rather complicated expressions. Therefore, it is
imperative to use efficient local coordinate systems to simplify the no-
tations and computation. One of the most useful coordinate systems is
given by

Definition 3.4.6 (Local orthonormal coordinates) Let p € M and
exp, be the exponential map defined on D C T,M. Let {ey,... ey} be
an orthonormal basis for T,M, i.e. g|,(e;,e;) = 6;j. Given v = y'e; €
T,M, define

J) ="y

Then the map ¢ = J o exp, 1is a local diffeomorphism which maps
U = exp,(D) to R™.

The local chart (U, ¢) is called local orthonormal coordinates around
D.

Remark 3.4.2 Under local orthonormal coordinates, there hold, at the
point p (where y = (y',...,y") =0)

1). g1 = 9(50+ 507) = 0

2). %, = 0.

The proof, though very short, needs certain care about the concepts.
Let f be a smooth function on M. By definition

of _0lfos™Y] _ dlf ocapyo Tl ....y")
oy’ oy’ oy’
_ [f o expp(ylel + -4 y"en)]

oy’ '

So, atp (y=0), we have

Of _ dlf oexpy(se;)] _d expp(se;)]

oy’ ds 0 ds s—0

[ =ef.

Here we just used the definition of the tangent of a curve, i.e. d(s)f =
[foc(s)]'. Since f is arbitrary, we know % = e;, which is the chosen
orthonormal basis for T,M. Hence we have proven that

o 0
gij = g(a—y"’ @) = ;5.
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To prove the second statement, let us pick v = y'e; € T,M. Then
¢ = c(t) = expy(tv) is a local geodesic such that ¢(0) = p and /(0) = v.
The parametric equation for ¢ = c(t) in the local orthonormal system
18

o(c) = p(ce(t)) = Jo ea:p;l(c(t)) =Jo exp;l(ea:pp(tv)) =ty ..., y").
Therefore x° = ty' satisfies the geodesic equation (3.4.1) which implies
Sk(exp(to)y’y" = 0.

Note that this equation does not mean F;k(ea:p(tv)) =01ft #0. This is
because for a different choice of {y'}, the point exp(tv) may be different.
However, the same equation implies F;k(p) = 0 by taking t = 0 and
arbitrary y*. This proves the second claim.

After all these equations and computations about geodesics, let us
take a more intuitive view of geodesics, i.e. as local distance minimizing
curves. We recall the concept of length of a curve.

Definition 3.4.7 (length (arclength) of a curve) Let ¢ = c¢(s), s €
[a,b] C R be a piecewise C* curve on a Riemann manifold M. Then
the length of ¢ is

b
| = / Vo), (5)ds.

A closely related concept is the energy of a curve.

Definition 3.4.8 (energy of a curve) Let ¢ = ¢(s), s € [a,b] C R be a
piecewise C1 curve on a Riemann manifold M. Then the energy of c is

Definition 3.4.9 (variation of a curve) A variation of a smooth curve
¢ : [a,b] — M is a smooth, two variable function B that maps |a,b] x
(—€,€) to M, such that B(s,0) = c(s). Here e > 0. The tangent of the
curve B(-,t) at (s,t) is denoted by 0sB, and that of the curve B(s,-)
at (s,t) is denoted by OyB. For any fized t, the curve s — B(s,t) is
denoted by c;.

Proposition 3.4.1 Let B(s,t) = ¢,(s) be a variation of the curve ¢ =
c(s). Then, att =0,

d s=b

b
Ee(ct) = g(atB,c'(s))|S:a — / g(atB,Vcé(s)cg(s))ds,
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d b— . b
%l(ct) = — a (g(atB’Cl(s))‘s:Z —/ g(@tB,VCQ(S)c;(s))ds> )

a

Here [ is the length of the curve ¢ = c(s) on [a,].

PrROOF. We just give a proof of the first formula and leave the second
one as exercise. We start from

b
el =55 [ oo dtss

In the following computation, we will use properties of covariant deriva-
tives of vector fields on a Riemann manifold. But, ¢;(s) and 9; B are not
vector fields on M. They are defined only in a lower dimensional subset
in general. However using similar idea as in Definition 3.4.1, one can
still apply the rules in the fundamental theorem of Riemann geometry.
Hence

d 1 b b
et = 5 [ aei(o).chs)lds = [ a(Vanel(s).ch(s))ds
b b
:/ g(VatBasB,asB)ds:/ 9(Vo, 0B, 0sB)ds

b b
:/ Gs[g(atB,(?sB)]ds—/ 9(0B,V,0sB)ds.

Here we have used the identity (torsion free condition in the fundamen-
tal theorem of Riemann geometry)

Vo.50.B — Vo,30,B = [0,B,,B] = 0. (3.4.3)

The proposition is thus proven since dsB = c(s). O

From the first variation formula of the arclength, we know that
a distance minimizing curve joining two points p,qg € M must be a
geodesic. If p, ¢ lie in sufficiently small neighborhood, a geodesic con-
necting the two and lying in the neighborhood is also distance mini-
mizing. However, this may not be the case if p,q are not close. It is
interesting to study the borderline case, that is the furthest point be-
yond which a geodesic is no longer distance minimizing. These points
form the so-called cut-locus described by

Definition 3.4.10 Let M a complete manifold (c.f. Definition 3.4.14),
p € M andv € T,M with ||v|| = 1. Write ¢,(t) = expy(tv), the geodesic
such that ¢,(0) = p, ¢, (0) =v. Define

ly, =sup{t >0 |¢c, is distance minimizing on [0,t]}
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The cut-locus of p is the set {exp(l,v)|v € T,M,|jv|| = 1,1, <
+o00}.
Every point in the cut-locus is called a cut point.

Next we consider the second variation formula.

Proposition 3.4.2 Given a length parameterized geodesic ¢ = c(s)
with length 1, let B(s,t,u) = c;u(s) be a smooth variation with two
parameters, i.e. B is a smooth map from [0,1] x (—€,€) x (=9,9) to M,
and B(s,0,0) = ¢(s). Then, att =u =0,

62 s=l
me(ct,u) = 9(Va, B0 B, C/(S))‘s:(]

l
+/ [g(Vc/(S)atB, Ve (s)OuB) + R(8,B, ¢ (s),0,B, d(s))] ds
0

and
82

s=l
ml(%u) = g(VauBatB,Cl(S))L:o

I
+/ [g(VC,(S)atB, Ve (s)0uB) + R(8,B, ¢ (s),0,B, d(s))] ds
0

l
- / g(Cl(s), vc’(s)atB)g(Cl(S)7 Vc’(s)auB)dS'
0

PROOF. As in the proof of the first variation formula

%%g(@sB, 0sB) = g(Vo,p0:B,0sB).

Therefore
1 0
2 Qudt
By (3.4.3) and the Definition 3.2.2 (curvature tensor), the above be-
comes
1 02
2 Qudt

9(0sB,0:B) = g(Vo,8Va,0:B,0:B) + g(Vo,80; B,V 5,50sB).

9(0sB,0sB) = g(Vo,8Ve,50:B,0sB) + R(0,B,0sB,0,B, 0sB)
+9(Vo,p0:B, Vs, 50,B).

If t = u =0, then ;B = /(s) and Vy,pdsB = 0 since ¢ = ¢(s) is a
geodesic. Hence

0
%Q(VauBatBy 9sB) = g(Vo,5Vo,80:B,0sB) + g(Vs,50:B,Vo,50sB)
= g(VaSBVauBatB,asB).
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Therefore
18—2 (8383)—2(V OB,0sB) + R(0,B,0sB,0.B,0sB)
26U8tg s, Us - asg 0, BUtD , Ug u,UsD, Ut D, Ug

+9(Vo,50:B,Vy,p0yB).

The first formula in the proposition follows by integration.
The second formula is proven similarly. O

Exercise 3.4.1 Prove the second formula in the proposition.

In the second variation formula for the energy and curve length, the
principal term is

l
= / (0(V o) 0 B, Vor)0uB) + R(0,B. (), 0B, (s))] ds
0

If we write X = 0;B and Y = 9, B, then the above becomes

l
I= / [g(vc’(s)Xa vc’(s)YY) + R(Y7 Cl(8)7 X, C/(S))] ds
0

If we regard the energy or arclength as functionals of curves, this quan-
tity can be regarded as Hessians of the functional, which play a similar
role as the Hessian of a function.

Definition 3.4.11 (index form) Let ¢ = ¢(s) be a length parameterized
geodesic with length L. Then the bilinear form I defined by

L
I(X,Y) = /O (X" V") + g(X, R(, Y)e)ds

L
- / (X Y") + R(X, .Y, )ds
0

is called the index form of c. Here X and Y are vector fields along
¢ = c(s), and X',Y' are the covariant derivative of X,Y along '(s),
respectively.

Observe that
0
g(vc’(s)X7 Vc’(s) Y) = %9(X7 Vc’(s)YY) - g(X7 Vc’(s) Vc’(s)}/)‘
After integration, we obtain

L
I(X7 Y) = g(Xa vc’(s)y)|g_/0 g(X7 Vc’(s)vc’(s)yr"i'R(YVv c/(s))c'(s))ds.

(3.4.4)
This formula provides the motivation for
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Definition 3.4.12 (Jacobi field) A Jacobi field along a geodesic ¢ =
c(t) is a vector field J along ¢, satisfying the second order equation

J"(t) + R(J(t),d (t))c'(t) = 0
where J"(t) = Vo VepJ(t) and R is the curvature tensor.

Remark 3.4.3 Note by (3.4.4), the index form is decided by the in-
formation on the end points if one of the vector fields is a Jacobi field,
i.e.

if Y is a Jacobi field.

This property allows one to simplify many expressions such as vol-
ume form, Laplace operator when using certain Jacobi fields. The basic
volume comparison theorems are derived in this manner. We will return
to this point with detail a little later.

Another important property of Jacobi fields is that they describe
the derivative of the exponential map. More precisely, we have

Proposition 3.4.3 Let u,v € T,M, p € M. Let ¢ be the geodesic
expp(sv). Then
Dempp|sv(su) =Y (s)

where Y is the Jacobi field along ¢ = c(s) such that Y (0) = 0 and
Y'(0) = u.

Proor. Recall that exp, maps a ball in 7, M to M. Hence Dexpp‘sv
is a map from T, (T,M) to Teyp, (sv)M. Since T, M is linear, we know
that T, (7,M) and T,M are isomorphic. Therefore there is no need to
distinguish vectors in these two spaces.

For small numbers s and t consider the variation
B(s,t) = expy(sv + stu).

Then the chain rule tells us

0B
E = Dexpp‘sv—l—stu(su)'

Define the vector field Y = Y(s) = %—?(s,t) at t = 0. By Definition
3.4.1,

Y'(s) = VC,(S)(Dea;pp|sv(su)) = Dexpp|syt + sV o (s) (Dexpplspu).
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Since Y clearly satisfies the initial conditions Y (0) = 0 and Y'(0) = u,
we just need to show that Y is a Jacobi field. This is true since

vc’(s)vc’(s)Y(s) - vc’(s)vY(s)c/(S)
= Vy(5)Ve(s)c () + R(c(s),Y (s))c (s)
= —R(Y(s),d(5)) (s).

Here we just used the fact that V. (,)c/(s) = 0 since c is a geodesic. [
The next two propositions are two immediate applications of Jacobi
fields.

Proposition 3.4.4 Let p,q be two points in a complete manifold M
(c.f. Definition 3.4.14), connected by a geodesic ¢ such that c(a) = p
and c¢(b) = q with b > a. Then q is a conjugate point of p if and only if
there exists a nontrivial Jacobi field along ¢ such that J(a) = J(b) = 0.

Proor. We suppose ¢ = exppv for some v € T,M. If ¢ is conju-
gate to p, then by Definition 3.4.5 there exists { € T,,(T,M) such that
Dexp,|,(§) = 0. Define a family of curves on M

B(s,t) = expy(s(v + ££)).

Then, as in the proof of the last proposition, we know that the vector

field 95
Y(s) = —
() = 2(s,0)
is a Jacobi field along the curve ¢ = ¢(s) = exp,(sv). By the chain rule
0
Y(s) = a—f(s,O) = Dexp,|s(sE).

Clearly Y(0) = 0 and Y(1) = Dexpp|,§ = 0 by assumption. But
Y'(0) = Dexpy,|o€ = &. So Y is nontrivial. This proves one direction of
the proposition.

On the other hand suppose there exists a nontrivial Jacobi field
along ¢ = expp(sv) such that J(0) = 0 and J(1) = 0. Then J'(0) # 0.
Define (s, t) = exp,(s(v+tJ'(0))). By the proof of the last proposition
again, we know that J(s) = %(S,tﬂt:o and

Dexp,|,J'(0) = J(1) =0

which shows that ¢ = ¢(1) is a conjugate point of p. ]
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Another application of Jacobi fields is that they can characterize
the local orthonormal and the associated geodesic spherical coordinates
which simplify many computations.

Let B(p,r7) C M be the geodesic ball centered at p with radius r,
i.e.

B(p,r) = {expy(sv) | s € [0,7],v € T,M, |jv|| = 1}.

Suppose the ball does not intersect the cut-locus of p. By Proposition
3.6.2 part (3) below, the inverse exponential map exp,, 1 exists and is a
local chart on B(p, ). Let {ey1,...,e,} be an orthonormal basis of 7,,M.
Every point ¢ in B(p,r) is represented in this chart by the coordinates
(zt,...,2"), ie. ¢ = expy(zte; + --- + 2",). Recall from Definition
3.4.6 that (z!,...,2") is a local orthonormal coordinate of g.

Definition 3.4.13 (geodesic spherical coordinates) Let {x*',... z"} be
a local orthonormal coordinate of q. Then (v,s) € S"~ x [0,00), the
coordinates of (x',... a™) in the spherical system in R™ is called a
geodesic spherical coordinate of q.

Proposition 3.4.5 Let ¢ = expy(sv) € B(p,r) which does not inter-
sect with the cut-locus of p. Here v is a unit vector in T,M and s > 0.

Let (zt,...,2™) be the above local orthonormal coordinate of q.
Then 5 )
ol = <Yils),
8$2 ‘q s (3)

where Y; is the Jacobi field along the curve ¢ = c(t) = expy(tv) such
that Y;(0) =0 and Y/(0) =¢;, i = 1,...,n.

PROOF. For any fixed s € [0,7], let ¢ = exp,(sv). By Proposition 3.6.2
part (3) again, the ball B(p,r) does not contain any conjugate point of
p. Hence Dexpp|s, is nonsingular and thus

{Dexpp|sv€1y e yDexpp|sven—1y Dexpp|sven}

is a basis of T; M. In fact it is nothing but the local basis {8%1, ce 8%"}'

One just needs to verify that, for any smooth function f on B(p,r), by
definition,

of
ozt

d
lg = allzoexpp(sv +le;)| f = [Dexpp|svei] f.

Let ¢ = c¢(t) be the geodesic exp,(tv). According to Proposition
3.4.3,
Dea:pp‘sv(sei) =Yi(s)



3.4. Geodesics, exponential maps, injectivity radius etc. 69

where Y; is the Jacobi field along ¢ = ¢(t) such that Y;(0) = 0 and
Y/(0) =e;,i=1,...,n. Hence

)

0 0 1 1
{a—xl’qa ey a—xn’q} = {gyl(s% ey gYn(S)}

is the canonical basis of T, M. O

Having discussed a few local properties of the exponential map, we
turn to the concept of complete manifolds, which is based on a global
property of the exponential map.

Definition 3.4.14 A Riemann manifold is geodesically complete if any
geodesic can be extended to a geodesic defined on all real lines.

The following theorem, called Hopf-Rinow theorem, provides a use-
ful description of geodesically complete manifold.

Theorem 3.4.1 (Hopf-Rinow theorem) The following statements for
a Riemann manifold (M, g) are equivalent.
(i) Let d be the distance function associated with g, i.e. for p,q € M,

d(p,q) = inf{ length of smooth curves joining p,q}.

Then M is a complete metric space with respect to d.

(ii) For one point p € M, the exponential map exp, is defined on
whole T, M.

(i1i) For any point ¢ € M, the exponential map exp, is defined on
whole Ty M.

(iv) M is geodesically complete.

Moreover any one of the above statements implies

(v) Any two points in M can be joined by a minimal geodesic, i.e.
a geodesic whose length is the distance between the two points.

Remark 3.4.4 By virtue of this theorem, one usually calls a geodesi-
cally complete manifold a complete manifold.

Before proving the theorem we state and prove two lemmas. One of
them is the Gauss lemma. There are at least two proofs to the lemma.
We will take the proof that uses Jacobi fields. The following notations
will be used in the proof of the lemmas. Let p € M. We define, for
r >0, By(0,r) = {v € T,M]||v|]| < r}. Also B(p,r) is the metric ball
on M, ie. B(p,r) ={z € M|d(x,p) <r}.
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Lemma 3.4.1 (Gauss lemma) Let u,v € T,M and ¢ = c(s) be the
geodesic exp,(sv). Then

gc(s)(Dea:pp\va, Dexp,|syu) = gp(v,u). (3.4.6)

In particular ¢ (s) is orthogonal to a smooth geodesic sphere centered
at p and with radius d(c(s),p), i.e. ¢'(s) is orthogonal to

{expy(d(c(s),p)v) |v € T)M, [jv| =1},
provided that the geodesic sphere is smooth.

PROOF. By the chain rule, we have ¢(s) = Dexpy|s,v. By Proposition
3.4.3, we also know that

1
Dexpp|spu = gY(s),

where Y'(s) is the Jacobi field along ¢ = ¢(s) such that Y (0) = 0 and
Y’(0) = u. Hence

1
h(s) = gc(s)(Dea:pp\va, Dexp,|syu) = gc(s)(c'(s), ;Y(s))

Since Y (s) is a Jacobi field and ¢ = ¢(s) is a geodesic, we have

" 82
[sh(s)]" = 559e(s) (¢ (8), Y (5)) = g (¢ (),

Y"(s)) = —R(Y,d,d, ) =0.

Therefore h(s) is a constant. Using Y (0) = 0, we know that
1
;Y(s) — Y'(0) = VoY (5)]s=0 = u

when s — 0. This shows h(s) = h(0) = gp(v,u), proving (3.4.6).
Finally we just note that g,(v,u) = 0 for any u € Ty, T,M such
that u is tangent to 0By(0, s), which is the sphere in 7,M, centered
at 0, with radius s. Here we are using the equivalence of 7,M and
Ts,T,M again. By the just proven formula (3.4.6), we know that ¢/(s)
is orthogonal to the geodesic sphere. O

Lemma 3.4.2 (1) For any point p € M, there exists € > 0 such that
expy is a diffeomorphism from the ball By(0,€) C T,M onto the metric
ball

B(p,e) = {x e M |d(z,p) <e} CM



3.4. Geodesics, exponential maps, injectivity radius etc. 71

h expp(Bo(0,€)) = B(p, €).

Moreover, for any unit tangent vector v € T,M, the geodesic c(s) =
expy(sv), s € [0, € is distance minimizing.

(2) For any q € B(p,€)¢ where € is the same as in (1), there exists
p1 € OB(p,€) such that

d(p,q) = d(p,p1) + d(p1,q) = € + d(p1,q).

PRrROOF. (1) We choose e sufficiently small, so that exp, is a diffeo-
morphism on By(0,€). Pick a point p; € exp,(0By(0,€)). Then there
exists a unit vector v in T,M such that p; = expp(ev). We will show
that d(p,p1) =€, i.e. p1 € OB(p,€), and the geodesic ¢(s) = expy(sv),
s € [0, €] is distance minimizing.

Let 0 = 0(s), s € [0,a], a > 0, be a smooth curve joining p and py.
First we assume o stays in exp,(By(0,€)) for all s € [0,a]. We write,
for a function r : [0,a] — [0, 00) and unit vectors v(s) € T,M so that

o(s) = expp(r(s) v(s)).
By the chain rule
o'(s) = T/(S)D€$pp|T(s)v(s)U(S) + T(S)Demppms)v(s)v/(s).

Here v'(s) is just %v(s) since v(s) is regarded as a vector in the Eu-
clidean space. Since v(s) is a unit vector, the Gauss lemma tells us

g(DexpP‘r(s)v(s)U(S)7Dexpp’r(s)v(s)v(s)) = g‘P(U(S)vv(S)) =L

Differentiating g,(v(s),v(s)) = 1 with respect to s, we know that
gp(v(s),v'(s)) = 0. Applying Gauss lemma again, we have

g(De‘Tpp’r(s)v(s)v(s)v Dexpp‘r(s)v(s)vl(s)) = g‘P(U(S)v U/(S)) =0.

Therefore

g(al(s)v U/(S)) :’7’/(8)‘2 + r2(3)g(Dexpp‘r(s)v(s) UI(S)v Dewpp‘r(s)v(s) UI(S))
> |r'(s)|*.

This shows

/\/—ds>\/ 5)ds| = r(a) — r(0) = c.
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Observe that Dexppl,(s)u(s) is nonsingular since r(s)v(s) is sufficiently
close to the origin of T,M. Hence the equality holds if and only if
v'(s) = 0. This means that the infimum of the lengths of o is ¢, and
if the length of o is €, then o(s) = exppy(sv(0)) and o is a geodesic.
Let o be such a geodesic. Since exp, is a diffeomorphism on By(0, €)
and exp,(r(a)v(0)) = expp(ev) = p1, we know that r(a)v(0) = ev.
Therefore o is just the geodesic ¢ at the beginning of the proof, up to
reparametrization.

If o goes out of exp,(By(0,€)), then at some point it crosses the
boundary. By the above argument, its length is greater than e. In any
case, we have shown that d(p,p1) = € and ¢ = expp(sv) is distance
minimizing. We have also shown that exp,(0By(0,€)) C 0B(p,€). This
inclusion obviously holds when € is replaced by any smaller positive
number. Consequently

expy(Bo(0,€)) C B(p,e).

To finish the proof, we just need to show the reversal of the inclusion
holds. Pick a point ¢ € [exp,(By(0,¢€))]¢. Let 0 = o(s), s € [0,a], a > 0,
be a smooth curve joining p and g. Then there exists a number a € (0, a]
such that the point o(a) € exp,(0By(0,€)). In the last paragraph, we
have shown that L(c|f) > €. Therefore L(o|}) > e+ L(o|$). Minimizing
the inequality over all smooth curves connecting p and ¢, we see that

d(p,q) > e+d(p1,q) > e. (3.4.7)

Here p; is certain point on exp,(9By(0, €)) whose compactness assures
the existence of p;. Hence ¢ € B(p, €)¢. Therefore

[expp(Bo(0,€))]° C B(p, €)°

and eventually
expy(Bo(0,€)) = B(p, €),
proving (1).

PRrROOF. (2) This is immediate from (3.4.7) and the conclusion that
Oexpp(By(0,€)) = OB(p,€). O

Now we commence:
the proof of the Hopf-Rinow theorem.

The main work is to show just one of (i)—(iv) implies (v). Once this
is done, the rest of the proof is quite routine. Clearly (iii) is equivalent
to (iv) and (iii) implies (ii). The order of the proof is: (iii) — (v), (iii)
— (ii) — (1) — (iii).
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PROOF. (iii) to (v).

Suppose exp, is defined on the whole 7,M for any p € M.

Pick two points p,q € M. Let € > 0 be sufficiently small. By part
(2) of the previous lemma, there exists a point p; € B(p, €) such that

d(p,q) = d(p,p1) + d(p1,q).

By part (1) of the previous lemma, there exists a unit vector v € T, M,
such that p; = expy(ev). By assumption, the ¢(t) = expy(tv) is defined
for all ¢ > 0. Define

I={t>0[t+d(c(t),q) =d(p.q)}; T =sup(IN0,d(p,q))).
If we can show that T'= d(p, q), then

d(p.q) <d(p.c(T)) + d(e(T),q) < L(c|g) + d(c(T), q)
=T +d(c(T),q) = d(p,q)

Thus d(c¢(T),q) = 0 and d(p,c(T)) = T. So c is a distance minimizing
geodesic connecting p and gq.

We use the method of contradiction to show that T' = d(p, ¢). Sup-
pose T' < d(p, q). Applying part (1) of the previous lemma for the points
¢(T') and ¢, we can find € > 0 and ps € 0B(c(T),€) such that

¢ +d(p2,q) = d(c(T), q).

By definition of T, it holds T+ d(c(T"), q) = d(p, q). Therefore

€+ d(p2,q) = d(p,q) — T.
This implies

d(p,q) < d(p,p2) + d(p2,q)

<d(p,c(T)) +d(c(T),p2) +d(p2,q9) < T + e+ d(p2,q) = d(p, q).
(3.4.8)
Hence all inequalities here become equalities. In particular

d(p;p2) = d(p,c(T)) + d(c(T), p2) =T +e.

Let v : [0, €] be the minimal geodesic connecting ¢(T") and ps. Then the
concatenated curve c; = c[l U~[§ is at least a piecewise smooth curve
with length T + €. Since this curve is distance minimizing, the first
variation formula for the distance shows that ¢; is a smooth geodesic.
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Note ¢ and ¢; coincides in an open interval. The uniqueness of the
solutions of the geodesic equation tells that ¢; is an extension of c]g,
ie. ¢ = expy(tv), t € [0,T + €]. Moreover

p2 = expp,((T' + €)v) = (T +¢).

We have shown that ¢; is a minimal geodesic connecting p and po.
Hence any segment of ¢; is a minimal geodesic. It is clear that (3.4.8)
holds when ¢ is replaced by any ¢; € [0,€]. Therefore

T+ €1+ d(C(T +€1)7Q) = d(p7 q)v €1 € [076]‘

This is a contradiction with the definition of T'. We have proven that
(iii) implies (v).

ProorF. (iii) to (ii) to (i).

Since (ii) is a special case of (iii), we just need to prove that (ii)
implies (i), i.e. if exp, is defined on whole T,M for one p, then M is a
complete metric space.

Let {g;} be a Cauchy sequence. By (v) (as a consequence of
(iii)), there exists a sequence of unit vectors {v;} C T,M such that
q; = expy(d(p,qj)vj). Since the unit sphere of T,M is compact, a
subsequence of {v;}, converges to a unit vector w € T,M. Because
|d(p,q;) — d(p,qr)| < d(gj,qr), we know that {d(p,q;)} is a Cauchy
sequence of real numbers. We can regard ¢; as a point on the geodesic
starting from p with initial velocity v;. Suppose d(p,q;) — r when
j — o0. Then ¢; — expy(rw) by the continuous dependence of finite
time solutions of the geodesic equation on the initial value. Hence M
is complete metric space.

Finally we need the

PRrROOF. (i) to (iii).

Suppose M is a complete metric space. Pick p € M and v € T, M.
Let T be the supremum of ¢ such that exp,(tv) is defined. Suppose T’
is finite. Choose a sequence {t;} such that ¢t; — 7" when i — oco. Then
the sequence {exp,(t;v)} is a Cauchy sequence in M. Let ¢ be the
limit of this sequence. From geodesic equation, we can extend exp,(tv)
smoothly beyond T, using ¢ as the initial point. This shows T" = oo.
The proof of Hopf-Rinow theorem is done. O

In geometric analysis, one often needs to compute the Laplacian of
the distance function. Using Jacobi fields, one can convert the second
order differentiation into the index form which is an integral expression
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involving the curvature of the manifold. Needless to say, this has impor-
tant implications. For instance, one can obtain bounds on the Laplacian
of the distance function if there are certain bounds on the curvature.
This kind of result is referred to as Laplacian comparison theorems.
One can also derive similarly volume comparison results, which will be
presented in the next section.

Proposition 3.4.6 For p,x € M, a complete Riemann manifold of
dimension n, let r = r(x) = d(z,p) be the distance function. Let c :
[0,a] — M be a geodesic joining p and x parametrized by arclength. Sup-
pose ¢ does not intersect with the cut-locus of p. Let {e1, ..., en—1,¢'(0)}
be an orthonormal basis of T,M and {ei(s),...,en—1(s),c(s)} be an
orthonormal basis of T,s)M where e;(s) is the parallel transport of e;
along c. Fori=1,,,,n—1, let X; be the Jacobi field along c such that
X;(0) =0 and X;(a) = e;(a), which exist by Remark 3.4.5. Then the
following identities hold:

d(z,p)
Ar(z) = ¥ /0 (X2 + R((5), Xi, ¢ (5), Xi)ds = S T(X, Xo)

(3.4.9)
where X{(s) = V) Xi(s), I is the index form;

Ar(x) = Osls=ar/det(g(Xi, Xj)), a=d(z,p); (3.4.10)

—1
Ar(z) = nT + Os|s=a In \/detge. (3.4.11)
Here (9(X;, X)) is the n by n matriz with X1,... X,_1 being the above

Jacobi fields and X,, = ¢/(s). Also detge is the determinant of the matrix

g(%, %) under a canonical basis in the exponential coordinates.

PROOF. For simplicity, we denote ¢/(s) by X,,. By (3.3.7) and the def-
inition of the gradient of a function, at the point =z,

Ar =trace Hess r = X; X;r — (Vx, X))r

= X; < X;,gradr > — < Vx,X;,gradr >

=< Xi,VX.3 > since grad r = 3
‘or or



76 Chapter 3. Basics of Riemann geometry

Here and later all terms are summed from ¢ = 1 to ¢ = n, unless
stated otherwise. Note that we may extend X; to be a vector field in
a neighborhood of x so that [X;, %] = 0. Therefore, the fundamental
theorem of Riemann geometry tells us

Ar =< X, VaiXi >=< X, Vc’(a)Xi >

o) d X, Vo X; > d
—/0 75 S A Ve(s)Ai > as

d(z,p)
= / [< VC/(S)XZ',VC/(S)XZ' >+ < XZ-,VC/(S)VC/(S)XZ- >] ds
0

Recall that X, = ¢/(s) and hence VX, = 0 since c¢ is a geodesic.
Hence

d(,p)
Ar = Eznz_ll/ [< vc’(s))(ia vc’(s))(i >+ < X, Vc’(s)vc’(s)Xi >] ds.
0

Since X;, i =1,...,n — 1 are Jacobi fields, we have, by definition,
Vc’(s)vc’(s)Xi + R(XZ, C,(S))CI(S) =0.

The proof of the first identity (3.4.9) is done by combining the last two
equalities.
Next we prove the second identity. Write the n by n matrix

(9(Xi, X;)) = B.

We compute

dsVdet B = %(detB)_l/QasdetB
= %(detB)l/Q tr(B'B7Y).

Here B' = (059(X;,X;)). When s = a, the matrix B is the identity
matrix by construction. Therefore

1
Os|s=qVdetB = 3 trB' =X ,9(X!(a), X;(a)).
Note X,, = (s) and hence g(X] (a), X,,(a)) =0. For i =1,...,n—1,

X; are Jacobi fields. So g(X!(a), Xi(a)) = I(X;(a), X;(a)) (see (3.4.5)).
Now the first formula (3.4.9) tells us

Ar(z) = Os|s=aqVdetB.
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This is the second identity on Ar.

Finally, we prove the last equality involving Ar. Let Z; = Z;(s),
i =1,..n—1 be Jacobi fields along the same curve ¢ such that Z;(0) = 0
and Z/(0) = e;. We claim that there exist a constant matrix (b;;) such
that X;(s) = b;;Z;(s). The reason is that the Jacobi equation which
both X; and Z; satisfy is second order and linear. If we find (b;;) such
that X;(0) = ;;Z}(0), then the two Jacobi fields X;(s) and b;;Z;(s)
will have the same initial value 0 and the same initial derivative. Hence
they must be the same throughout. Denote by A = A(s) the n by n
matrix: (¢(Z;(s), Z;(s))) where Z;, i = 1,...,n—1 are the above Jacobi
fields and Z,(s) = ¢/(s). Then there exists a constant matrix P such
that

B(s) = (9(Xi, X;)) = PA(s).

Observe that
DsdetB = detBtr(B'B™') = detBtr(PA'A™'P™1)
= detBtr(A'A™Y).
When s = a, we have detB = 1. Therefore

detAtr(A’A™Y)  OydetA
det A  detA

OsdetB =

Hence

JsVdetA
OsVdetB = ———.
VdetA

By Proposition 3.4.5, for ¢ = 1,...,n — 1, Z;(s) = saii and also

Zn(s) = d(s). Here {%,....,#,c’(s)} is a canonical basis for
T¢(syM under the exponential coordinates. Consequently

VdetA = s"1\/detge.

This shows, for r = a,

OsVdetA n—1
Ar(z) = O|g—qVdetB = = = 4 Ogls=q In \/detge.

This proves (3.4.11). O

Remark 3.4.5 The Jacobi field X; exists and is explicitly given by
Xi(s) = %(s,tﬂt:g where B(s,t) = expy(sc’(0) + stv;) and v; € T,M



78 Chapter 3. Basics of Riemann geometry

satisfies Dexpplqe(0)(avi) = ei(a). Here is why. In the proof of Propo-
sition 3.4.3, it was shown that %—f(s, 0) is a Jacobi field along the curve
c. Also X;(0) = 0 and X;(a) = Dexpy|qae o) (avi) = ei(a).

The following theorem states that the index form reaches minimal
value on a Jacobi field along a distance minimizing geodesic.

Theorem 3.4.2 Let c: [0,a] — M be a distance minimizing geodesic,
i.e. ¢ does not intersect with the cut-locus of ¢(0). If Y is a Jacobi field
and X a vector field along ¢ with the same values as Y at the ends of
¢, then I(X,X) > I(Y,Y).

PROOF. Note that X — Y vanishes at the ends of ¢, which is distance
minimizing. By the second variation formula of distance (Proposition
3.4.2),

I(X-Y,X-Y)>0.
Using integration parts as in the proof of (3 ( 4)
I(Y,Y) = g(Y',Y)[§ and I(X,Y) = g(Y’, X))
I(X,)Y)=I(Y,Y) and

it is easy to check that

§ = I(Y,X). Therefore

I(X.X)—I(V,Y)=I(X-Y,X-Y)>0.

O

The next result, often called the basic index theorem, says that a

geodesic with no conjugate points also satisfies the conclusion of the

previous theorem. Unlike the previous theorem, it is not assumed that

the geodesic is distance minimizing. An immediate consequence of the

theorem is that a geodesic with no conjugate points is length minimiz-
ing among curves in a sufficiently small neighborhood of itself.

Theorem 3.4.3 (Basic index theorem) Let ¢ : [0,a] — M be a
geodesic, connecting points p and q. Suppose the curve ¢ does not con-
tain any conjugate point of p. If Y is a Jacobi field and X a vec-
tor field along ¢ such that Y(0) = X(0) = 0 and Y(a) = X(a),
then I(X,X) > I(Y,Y). Furthermore, the equality holds if and only
f X =Y.

PRrROOF. Pick a basis {v1,...,v,} for T,M. By the remark before the
previous theorem, there exist Jacobi fields Y; along ¢, i = 1,...,n such
that Y;(0) = 0 and Y;(a) = v;. By the assumption that there exists no
conjugate points along ¢, we know that Y; is unique. Here we are using
the fact that the Jacobi equation is linear. If there are two Jacobi fields
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with the same end points then their difference is a nontrivial Jacobi
field vanishing at the ends. Thus the ends are conjugate with each
other. Expanding Y; along a parallel orthonormal frame along ¢, and
consider the differential equation satisfied by the coefficient matrix, it
is easy to see that {Y1(s),...,Yy(s)} is a basis for T, )M when s # 0.

Now we pick a Jacobi field Y and a vector field X along ¢ such
that Y(0) = X(0) = 0 and Y (a) = X(a). There exist constants b; and
functions f; such that

Y(s) =XiLibiYi(s), X(s) = Zilifi(s)Yi(s), fi(a) = bi.
Since Y; is Jacobi, formula (3.4.5) shows
I(YY) = Xij1bibjg(Y{ (a), Yj(a)).
Next we compute

(X, X) = /0 "X X))+ R(X, &, X, )ds

a

- /0 P Ll (5), Y (8))ds + /O P S Flg(Yi(s), Yi(s))ds
2 /0 S S Fi0(Y (5). Y (s)ds
+ /0 S Sl ROYG(5), ¢ (5), Yi(s) . (5))ds.

(3.4.12)
Here we have used the equality g(Y/(s),Y;(s)) = g(Yi(s),Y/(s)), which

]
is easily verified by differentiation. The first integral on the second line

of the computation satisfies
| St i) Y e)ds
= [ St £ 05, i) - a7 (5). (5l
= Sl A@F @ @) Vi) =2 [ S F (v (6), Y ) ds
+ /Oa Eﬁjzlfiij(Yi(s), d(s),d(s), Yj(s))ds

where we have used the Jacobi equation and g¢(Y/(s),Y;(s)) =

9(Yi(s),Y](s)) again. Plugging this to (3.4.12), we see that all but two
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terms cancel to give
I(X, X) = X7_1 fi(a) fj(a)g (Y] (a),Y;(a))
+ [ S e, Y )s = 1077

The equality holds if and only if X, f/(s)Yi(s) = 0, i.e. fi(s)
fl(a) = bi, or X =Y.

Ol

3.5 Integration and volume comparison

In the following, we define the canonical measure on a Riemann mani-
fold. This is amount to choosing the canonical volume form or a suitable
weight for integration.

Definition 3.5.1 (canonical volume form and Riemann integral) Let
M be an orientable Riemann manifold equipped with the Riemann met-
ric g. Let (U, ¢), with ¢ = (x',...,2™) be a local chart. Then the canon-
ical volume form on U is

du = y/det(gij)dz* A ... A dz"

Let h be a smooth function on M. Then the Riemann integral of h

on U 1s
hduz/h det(g;i:)dzt A ... A da".
/ [\ der(a)

The Riemann integral on the whole manifold is defined via partition
of unity and the localized definition for Riemann integrals.

Remark 3.5.1 (1) The second integral in the above definition is the
integral of the form hy/det(g;;)dx' A ... Adz™ as defined in Definition
3.1.12, which says

h detgi-dxl/\.../\da:":/ [h detgi-]oqﬁ_ldxl...dx”.
| mfaettan) [ [aertan)

(2) The appearance of the function /det(g;j) in the definition of
canonical volume form makes such integral formulas as Green’s formula

valid. Indeed, let u, v be two smooth functions on a compact Riemann
manifold M, then

/ vAu dyp = —/ VoVu du, VoVu = g(Vo, Vu).
M M
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A way to understand the formula is to look at local formulas for A
and dp. Let (U, ¢) be the local chart in the above definition. Recall from

(3.3.5) that, for \/g = \/det(g;;),

1 0 o Ou
= — v
Au Vg 0z <\/§ g a;a) '

Hence

19 -»8(uo¢_1)>
vAu d :/ vop I < R -
/U S ¢ Vg Oxi VI 9 =55

x \/det(gi;)dx" ... dz".

Here we have used the convention (cf Definition 3.1.4) that 2% =

oxI
8“5;@71. Also the functions \/g and g” on the right-hand side are re-

garded \/go ¢! and g o ¢~ respectively. Hence they are functions on
the Euclidean domain ¢(U).
Observe that the factor % coming out of Au cancels with the factor

\/det(gi;) which comes out of du. Therefore

1 0 cO0(uogh)
A = 1_— R Lo dz™
/Uv i /(b(U)v X)) B <\/§ g OxJ dx dx

If v vanishes on the boundary of U, then using integration by parts
i Buclidean space, we see that

9 - jO(uog™) 1
vAudu:—/ _(vog! < g g7 ——"—2 | dx ... .dz".
/U o(U) 8332( ) V9 oxJ

By the local formula for Vu in (3.5.2), we deduce

/ vAu dyp = —/ VoVu dp.
U U

In general the function v may not vanish on the boundary OU. But
this does not make the proof too much longer. Let {(U;, ¢;)} be a family
of local charts such that {(Us, hi)} is a partition of unity for M. Since
M is compact, this is a finite family. Therefore

/ vAudp = Z,-/ hivAudpu.
M U;
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The function h;v is zero on QU; since h; is the partition function. Hence
/ vAudp = =3; [ V(hjv)Vudu
M U;
= —Ei/ h;VoVudy — Ei/ vVh; Vudp.
Ui Ui

Since Y;h; = 1, this shows

/ vAu dp = —/ VoVu dp.
M M

It is important to possess an efficient formula for computing volume
of a manifold. When a geodesic ball does not intersect the cut-locus of
its center, we can use the exponential map and associated Jacobi fields
to construct such a formula. The formula below seems to make the
matter worse by getting Jacobi fields involved. However the differential
equations satisfied by Jacobi fields make the formula useful.

Proposition 3.5.1 Let M be a complete Riemann manifold. Suppose
the ball B(p,r) does not intersect the cut-locus of p. For each unit vector
veT,M, let {ei,...,en_1,v} be an orthonormal basis for T,M. Then

BonI= [ [ yfdettoi). v, ).

Here Y; is the Jacobi field along ¢ = ¢(t) = expp(tv) such that Y;(0) =0
and Y/(0) = e;, i = 1,...,(n — 1), and dv is the canonical volume
element of S™™1, regarded as the unit sphere of T,M.

PROOF. Since the ball B(p,r) does not intersect the cut-locus, we will
use the inverse exponential map exp, 1 as the local chart ¢ in the def-
inition of the volume form. Let {ej,...,e,—1,v} be an orthonormal
basis of T,M. Every point m in B(p,r) is represented in this chart by
the coordinates {z!,... 2"}, i.e. m = exp,(zte; + - 2" te, 1 +2™0).
For any fixed s € [0,r], let ¢ = exp,(sv). Then, by Proposition 3.6.2
part (3), the point ¢ is not a conjugate point of p. Hence Dexpp|s, is
nonsingular and

{Dexpy|sver, ..., Dexpy|sven—1, Dexpp|syv}

is a basis of T; M. In fact it is nothing but the local basis {8%1’ iy

) Ox™

One just needs to verify that, for any smooth function f on B(p,r), by
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definition

of

d
%L] = a|l:0€$pp(sv + lez) f= [Dexpp|svei] I

Let ¢ = ¢(s) be the geodesic expy(sv). According to Proposition
3.4.3,
Dexpp| se;) = Yi(s)

where Y; is the Jacobi field along ¢ = ¢(t) such that Y;(0) = 0 and
Y/(0) = e, i =1,...,(n — 1). Also, by the chain rule, it is clear that
Dexp,|syv = ¢(s). Hence

(Gl ggaled = (Y3(8) -, o), 0]

is the canonical basis of T;M. In the local chart generated by exp, L
the coordinates of ¢ in the spherical system is (v, s) where v is regarded
an element in S”~!. Therefore the volume element at ¢, under this local
chart is

dp = \/det(g(%, %))dml coodz™ = \/det(g(Yi(s),Yj(s))dsdv

where dv is the canonical volume element of S"~!, regarded as the unit
sphere of T,,M. After integration, we obtain

B(p,r !—/Snl/ \/det Y;(s))dsdv. O

Remark 3.5.2 The function J(v,s) = \/det(g(Yi(s),Y;(s)) is often
called the volume element in the geodeszc spherzcal COOTdmates.

Exercise 3.5.1 Let M be a complete Riemann manifold and p € M.
Prove that the cut-locus C), has zero measure and M—C,, is star shaped.

Examples. In R with standard flat metric, J(v,s) = s"~ 1. In S"
with the standard metric .J (v, s) = (sins)"~! and in H™, the hyperbolic
space with sectional curvature —1, J(v,s) = (sinhs)"!

When dealing with a complicated manifold, it may be impossible
to compute geometric quantities such as the volume explicitly. There-
fore one would like to compare these quantities with those on canonical
manifolds. The three basic canonical manifolds are the Euclidean space
R"™, the n dimensional sphere S™ and the hyperbolic space H". These
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are manifolds with constant zero, positive and negative sectional cur-
vatures respectively. Volume comparison theorems allow us to bound
the volume of the geodesic balls of a manifold by those on the canon-
ical manifolds if the curvatures are bounded suitably. Case (i) of the
following theorem with some restriction is due to Bishop originally and
to Gromov in its current form. Case (ii) is due to Gunther.

Theorem 3.5.1 (Classical volume comparison theorem) Let M be a
complete Riemann manifold and B(p,r) be the ball of radius r and
centered at p. Let V¥(r) denote the volume of a ball of radius r in the
space form My ;. with constant sectional curvature k.

(i)(Bishop and Gromov) If Ric > (n — 1)kg in B(p,r), then

|B(p,r)] < V().

Furthermore, let J(v,s) and Ji(s) be the volume elements of M
and My ;. in the geodesic spherical coordinates. Then the ratio Lﬁiv(ss)) 18
a nonincreasing function of s.

In addition, the ratio ‘5—(}@;?:))‘ is a monincreasing function of r.

(i1) (Gunther) If the sectional curvature is less than or equal to k

in B(p,r), which does not intersect with the cut-locus of p, then

|B(p,r)| = VE(r).

Proor. We will use the inverse of the exponential map exp, as the
local chart in Definition 3.5.1 for the volume. This requires us to com-
pute the pull back of the volume form on M to the tangent space. The
tool to do the computation is the Jacobi field. For any « € B(p, ), let
v be a unit tangent vector in T,M such that x = expp(av) where
a = d(p,x). Let {e1,...,e,—1,v} be an orthonormal basis of T,M
and {e1(s),...,en-1(s),c'(s)} be an orthonormal basis of T;s)M where
ei(s) is the parallel transport of e; along ¢ = exp,(sv), s € [0,a]. For
i=1,,,,n—1, denote by Y; the Jacobi field along ¢ such that Y;(0) =0
and Y/(0) = e;. By Proposition 3.5.1

B = [ [ faettavits). vyt dsde

So we need to compute the function

J(0.5) = /det(g(¥i(s). ¥ (s)).
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Since Y; is a Jacobi field,

2
%9(6'(8)7 Yi(s)) = g(c(5),Y{"(s)) = —g(c(5), R(Yi(s), ¢ (s))¢'(5)) = 0.

Also g(¢'(0),Y;(0)) = 0 and g(c/(s),Yi(s))ls=0 = 9(c'(0),Y{(0)) =
g(c(0),e;) = 0. Hence Y;(s) is always orthogonal to ¢/(s) and conse-

quently
Yi(s) = X5 aji(s)e;(s)

for some scalar functions a;;. This shows g(Vi(s), Y;(s)) = S7Z 1 ai(s)ag;j(s).
Therefore
J(v,s) = detA(s)

where
A(s) = (aij(s)).
Using the fact that Y; is a Jacobi field again,
Siz1ai(s)ej(s) = Y{'(s) = —R(Y;(s). ¢ (5))¢ (5)
— Sl ar(s)Rlen(s), ()¢ (9).

It follows that
aj;(s) = —22;%,01@‘ ai(s) (3.5.1)

where
prj =< R(ex(s),c(s))c' (s),e5(s) > .
By linear algebra, it is easy to check that
DsJ (v, 8) = OydetA = detAtr(A' A™Y) = J(v,s)tr(A" A1)
where A" = 0,A. To facilitate computation, we use the notation
B=A AL

Then 0sJ(v,s) = J(v,s)trB. Differentiating this with respect to s
again, we have

02J(v,s) = 0sJ (v,8) trB+J(v,s) dstrB = J(v, s) (trB)*+J (v, s) OstrB.

(3.5.2)
Let us compute dstrB. Write A = (a;;) and A~! = (n;;). Then, denot-
ing 05 by ’ and suppressing obvious summation signs, we compute

!/ / !/ 1
Ostr B = [nikay;] = nipag; + nigay,;.
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By (3.5.1), this becomes
Ostr B = [niray;]’ = nipay; — nikpuan = NigQl; — Prk
= nigay; — Ric(c(s),c/(s)).

Here we have used the definition of py just after (3.5.1). Differentiating
the identity n;a; = d;, it is easy to see that

/i / / 2
N0k = —Nil Qg Nk = —trB~.

Hence
dstrB = —trB? — Ric(d (s),c (s)).

Substituting this to (3.5.2), we obtain
92T (v,s) = J(v,s) (trB)? — J(v,s) [tr B> + Ric(c (s), ¢ (s))].

Writing ® = J%/ (=1 (v, 5), then we arrive at the formula

[ 1
n—1n-1
Since B is an—1 by n— 1 matrix, it holds —2< (trB)? — tr B? < 0. This

1
inequality can easily be verified by triangularization. Therefore

2d =

(trB)? — tr B*|® — ﬁ@ Ric(d(s),d(s)).

92 < —

! @ Rie(c/(5), (5))

n J—
By the assumption Ric > (n — 1)kg, we reach the inequality
020 < — k. (3.5.3)

Define a positive function &y : R — R as follows.

sinh(v/—ks), k<0
Do(s) =qs, k=0 (3.5.4)
sin(Vks), k> 0.

Then the Sturm-Liouville theorem for ordinary differential equations
imply that

P(s)

Do (s)
is a nonincreasing function of s. Actually one can verify the monotonic-
ity directly. Note that @ satisfies the equality ®((s)+kPo(s) = 0. Both
® and P are positive except at s = 0. By (3.5.3),

(D'Dy — DD = "Dy — DY < 0.
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Also (®'®¢ — @P(,)(0) = 0. Hence, for s > 0, it holds
(@'By — dB})(s) < 0. (3.5.5)
Therefore, for s > 0,

/ / _ /
2 _ee - dpy
D @g B

Recall that J(v,s) = ®"~! is the volume element in the geodesic
spherical coordinates for M and Jy,(s) = ®§~'(s) is that for the space
form with sectional curvature k. So we have proven that Lﬁiv(ss)) is a
nonincreasing function of s.

It is easy to see that

li_)n% J(v,8)/Jk(s) = 1.

This and the fact that J(v, s)/Jx(s) is a nonincreasing function imme-
diately imply the volume comparison statement in (i), by Proposition
3.5.1.

One can prove the last statement in (i), i.e. the nonincreasing prop-
erty of

|B(p,m)|/V*(r),
by writing
|B(p, T‘)| _ f(]T fSnfl J(’U, S)d’uds
VE(r) Jo Jsn-1 Ji(s)dvds
Then one differentiates this ratio with respect to r and using the prop-
erty

Jl(”) S)JO(S) - J(Uv S)Jé(s) <0
which follows from (3.5.5).

Proof of (ii). Let © € B(p,r) be as in part (i). Clearly we just
need to prove |B(p,r)| > V¥(r) assuming r is less than the diameter
of the space form My ;. Otherwise, if r is larger, then VE(r) becomes
a constant: the volume of My, and |B(p, )| is not smaller.

By Proposition 3.4.6, for i = 1,,,,n — 1, let X; be the Jacobi field
along ¢ such that X;(0) = 0 and X;(a) = e;(a), then the following
identities hold.

Ds|s—q In(s" "1/ detg.) = Ar(x)
d(z,p)
ot [ R X X ds
0
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where X[ (s) = V(5 Xi(s) and X = ¢/(s). Also detg, is the determinant
of the matrix g(a‘zi,%) under a canonical basis in the exponential

coordinates and a = d(z, p). Using the sectional curvature upper bound,

d(w,p)

sl s=a In(s""\/detge) > LI / (IX7? = k[ Xi[?)ds
0

Let
Xi(s) = 5171 &i5(s)e;(s).

Then, since e;(s) are orthonormal, parallel vector fields, this becomes

d(z,p)
Oula In(s" 1 /detge) = 1) /0 Sl ()2 — gy (5))ds

(3.5.6)

Now fix a point mg in the space form My ; equipped with metric

go and distance dy. Pick a point m € My, such that do(mg,m) = a.

Let ¢y = ¢o(s) be a minimal geodesic connecting mgy and m. Mirroring

ei(s), we define Ep;(s), i = 1,...,n — 1 as parallel fields along ¢

such that {Ep1(s),. .., Eon-1(s),cy(s)} form an orthonormal basis for
T,,(syMo,x- Now we define the vector field along co = co(s)

Xoi(s) = 2?:_11&']' (5)Eo,j(s).

which can be regarded as the mirror image of X;(s) on the space form.
Then, (3.5.6) becomes

d(z,p)
Ol s In(s" 1 /detgy) > 51} / (1) ()2 — K| Xo.1(5)[2)ds
0

where the norm is with respect to the metric go on My j now.

Recall from the construction of X; that X;(0) = 0 and X;(a) =
ei(a). Therefore &;;(0) = 0 and &;;(a) = d;;. Hence X ;(0) = 0 and
Xoi(a) = Epi(a). Let Jo; be the Jacobi field along ¢y = co(s) such
that Jy;(0) =0 and Jy;(a) = Ep;(a). Then, clearly

N (I)()(S)
o @Q(CL)

where @ is defined in (3.5.4). Let us note that the curve ¢y = cy(s)
from mg to m is a minimal geodesic since a < r, which is less than the

Jo.i(s) FEoi(s)
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diameter of M ;. Applying the index Theorem 3.4.2, we deduce

d(z,p)
wgwm“w%wazmil (176 4(8)[2 — Ko (5))ds
d(z,p)
=EZfA [(@)(5)/Bo(a))? — k(®o(s)/o(a))*]ds

= Osls=a In @)~ . (computation from (3.5.4))

This shows, after remembering x = c(a),

\/detge|w > oy~ 1

Therefore

/ / Vdetge (v, a)dvda>/ / 0~ (a)dvda
Sn— 1 Sn—1

where dv is again the volume element on S™"~'. Hence |B(z,7)| > V.
O

We finish this section by discussing the Rauch comparison theorem
for Jacobi fields. As usual, for a Jacobi field J(t) along a geodesic, we
use the notations

1T = 1/ gey (T (), T (), T'(t) = Ver) I (2).

Theorem 3.5.2 (Rauch) Let M be a complete manifold and c :
[0,00) — M a geodesic. Suppose J = J(t) be a Jacobi field along
¢ satisfying the initial conditions J(0) = 0, g(J'(0),c(0)) = 0 and
77(0)]| =1 =||¢(0)]|. Let sec be the sectional curvature of M and K

a positive constant. Then the following conclusions are true.
(i) If sec <0, then ||J(t)| > t.

iy Rt VRS
(i) If see < =K, then | J(t)]| = ===
(iii) If sec < K, then || J(t)] > S20/KD

VK

PROOF. We just give a proof of (i), since the proof of (ii) and (iii)
are similar. Write f(¢) = ||J(t)||. Direct computation using the Jacobi
equation shows

o (LY I - eI
f“”‘(uﬂ )‘ HE

RO |

= rE O
~g9(R(J, ), )

= E Y

U117 = g(J, J")?)
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By the assumption on the initial value of J and the Jacobi equation,
it is easy to see that J(t) is orthogonal to ¢/(t). Hence W is

the sectional curvature of the tangent plane spanned by ¢’ and .J. By
the assumption that sec < 0, we obtain

() = 0.

Note that f(0) = +/g(J(0),J(0)) = 0. Also

7 = tim 29— g f 2D IOy ) = 1.

t—0+ ¢ t—0+ t t
Hence f(t) > t. O

Exercise 3.5.2 Prove (ii) and (iii) of the theorem.
Various generalization and refinement of the Rauch comparison the-
orem exist. They play important roles in Riemann geometry.

3.6 More on conjugate points, cut-locus
and injectivity radius

In this section we present a number of useful results on conjugate
points, cut-locus and lower bounds of injectivity radius. They are not
only useful for differential geometry at large but fundamental for the
study of Ricci flow in later chapters of the book.

Proposition 3.6.1 Let M be a complete Riemann manifold, c(s) =
expp(sv), s >0, be a unit speed geodesic, i.e. g,(v,v) = 1.

(1) Suppose q = expy(sov) is a conjugate point of p. Then, for any
€ >0, the curve ¢ = ¢(s),s € [0, s9 + €] is not distance minimizing.

(2) Suppose there is no conjugate point along ¢ = c(s), s € [0, so].
Then for any piecewise smooth curve o such that o(0) = p and o(sg) =
q, which is sufficiently close to ¢ = c(s) in C° topology, there holds

L(o) > L(c).

The equality holds only when o and c are the same curve.

Proof of (1). Denote sg + € by s1. We will construct a curve joining p
and c(s1), whose length is shorter than s;.

Since ¢ = ¢(sp) is conjugate to p, by Proposition 3.4.4 there exists a
nontrivial Jacobi field Y = Y (s), s € [0, so] along ¢ such that Y (0) =0
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and Y (sg) = 0. Since the component of Y(s) that is normal to ¢/(s)
is also a Jacobi field, we can just choose Y(s) to be normal to the
geodesic.

Take a parallel vector field P = P(s) along ¢ such that P(sg) =
—Y'(sp) which is not zero since Y is nontrivial. Let 6 : [0,s1] — [0,1]
be a smooth function such that #(0) = 6(s1) = 0 and 0(so) = 1. Define,
for A > 0, a piecewise smooth vector field along c,

7 — Z(S) — Y(S) + AH(S)P(S)’ s € [0750]3
A(s)P(s), s € [so, 1]

Finally define a variation of ¢ = ¢(s),
B(st) = capy)(LZ(s)).
Then B(s,0) = ¢(s), B(0,t) = p and B(s1,t) = ¢(s1). Also
Olli—oB(s.t) = Deapy)hZ(s) = Z(s).

Denote by L(t) the length of the curve B(s,t),s € [0, s1]. It is easy
to check that g(P(s),(s)) = 0 and consequently g(Z(s),c(s)) = 0.
Differentiating with respect to s, we know that g(Z’(s),c (s)) = 0. Here
Z'(s) means V() Z(s). According to the second variation formula in
Proposition 3.4.2,

d*L(t)
dt?

S0
o = 1(2,2) = / Y/ + R(Y. .Y, )ds
0

S1
+2) / (Y, (OP)) + R(Y, 0P, )|ds + \2I(0P,0P)
0
=T+ 15+ T5.

Here Y'(s) is regarded as zero when s > sg. Since Y is a Jacobi field
vanishing at the end points, we know that 77 = 0.
Note that

0sg(Y',0P) = g(Y",0P) + g(Y', (0P)'),

gY",0P)+ R(Y,d,,0P) = 0.

Using these two identities and integration by parts, we see that

Ty = 2Xg(Y'(5), 0P(5)) |5 = —2\|Y"(s0)[.
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Therefore

d’L(t)
dt2

lio = —2X\|[Y"(s0)[|* + N2I(0P,6P) < 0

when A is close to 0. This shows that the geodesic ¢ = ¢(s), s € [0, 1] =
[0, s0 + €] is not distance minimizing.

Proof of (2). This is an immediate consequence of Theorem 3.4.3, the
basic index theorem. Indeed, we take Y = 0 as the Jacobi field in that
theorem. Then for any nontrivial vector field X along ¢ vanishing at
the ends, we can use Proposition 3.4.2 to deduce

d2

@L(Ct”t:O = I(Xl,Xl) > 0.
Here ¢; = c(s,t) = exp(s)(tX(s)) is the variation generated by X, and
X1 (s) is the component of X (s), which is orthogonal to ¢/(s). Since X
is arbitrary, any small variation of the geodesic ¢ = ¢(s) can not be
distance minimizing O

Proposition 3.6.2 Let M be a complete Riemann manifold, c(s) =
expp(sv), s > 0, be a unit speed geodesic. Suppose q = c(sg) is a point
in the cut-locus of p € M. Then

(1) Either q is a conjugate point of p, or

(2) There exists another geodesic o joining p and q such that

L(o) = L(cljo,s]) = d(p; q)-

(8) Conversely, if either the statement in (1) or (2) holds, then q
s in the cut-locus of p.

(4) The injectivity radius at p equals the distance between p and its
cut-locus.

PRrROOF. We pick a sequence of positive numbers ¢, — 0 when i — oo.
Let 0; = 0;(s), s € [0, 50 + €;] be a minimum geodesic connecting p and
¢(so + €;), which is parameterized by arclength. Since ¢ is in the cut-
locus, by definition, the curve ¢ = ¢(s), s € [0, s + €;] is not distance
minimizing. Hence

d(p,c(so + €)) = L(oi) < s0 + €.
By the triangle inequality, we also have

So — €; < L(O’Z)
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Since o; is a geodesic, there exists a unit vector u; € T,M such that
0i(s) = expy(su;). The sequence {u;} is a subset of S"~! in T, M.
Hence there exists a subsequence, still called {u;} that converges to a
unit vector u € T,M. Consequently o; converge in C° topology to the
geodesic 0 = expp(su) connecting p and gq.

If u # v, then o and ¢ are two different geodesics connecting p and
q. Also L(o;) — sg since ¢; — 0, by the last paragraph. So we are in
case (2).

If u = v, then ¢ and ¢ are the same curve. Therefore, for large i, o;
is sufficiently close, in C° topology, to the curve ¢ = ¢(s), s € [0, so+€;].
If ¢ = ¢(sp) is not a conjugate point of p, then by continuity, for large 1,
the points ¢(s), s € [sg, So + €], are not conjugate points of p too. Then
by item (1) of Proposition 3.6.1, it is not hard to see that the whole
curve c|[0730+6i} does not contain any conjugate point of p. By item (2)
of Proposition 3.6.1, we know

L(Ui ‘ [0780-‘1-51'}) > L(C’ [0,50-‘,-51-})’

Since ¢| [0,50+¢;] 18 Dot distance minimizing by assumption, we know that
o; can not be a minimal geodesic connecting p and ¢(sg + ¢;). This is a
contradiction with the definition of ¢;. Hence ¢ is a conjugate point of
p, i.e. (1) holds.

Next we prove (3). Suppose g is a conjugate point of p along a
geodesic. Then item (1) of Proposition 3.6.1 shows that ¢ is a cut point.

Now suppose there exists another geodesic ¢ joining p and ¢ such
that

L(o) = L(cljo,50]) = d(p; q)-

Let ¢ = expp(sv) for some unit vector v € T,M. For a small a >
0, denote the point exp((sp + a)v) by ¢1. Suppose ¢; € o. As the
points ¢ and ¢ are very close, they can be joined by only one minimal
geodesic. Thus the extended curve ¢[jg 444 must overlap o. Hence cUo
is a closed geodesic. So the curve ¢ : [0,s9 + a] — M is not distance
minimizing. The reason is that one can reach ¢; through o which is
shorter than sg + a. On the other hand, if ¢; is not a point on o, then
the curve oUc|(5y 5944 I8 @ nonsmooth curve connecting p and g, whose
length is sg + a. Since this curve is nonsmooth, it can not be distance
minimizing. Therefore d(p, q1) < so+a = L(c|[9,59+q))- This shows that
¢ :[0,s0 + a] — M is still not distance minimizing. Hence ¢ is a cut
point, proving (3).

Finally we prove (4). Denote the cut-locus of p by Cut,. If Cut, is
compact, pick ¢ € Cut, such that d(p, ¢) is the distance between p and
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Cut,. By (3) of the proposition, for any point ¢; which is closer to p than
q, there exists a unique minimal geodesic connecting p and ¢;. Hence
exp, is an imbedding on the ball {v € T,M | |jv|| < d(p,q)}. Therefore
the injectivity radius at p equals d(p,q). If Cut, is noncompact, one
can choose a point ¢ outside of the cut-locus such that d(p,q;) is
arbitrarily close to d(p, Cut,). The conclusion follows in the same way
as the compact case. O

Case (1) and (2) in the proposition may not be mutually exclusive.
The two geodesics in part (2) of the proposition may not form a smooth,
closed geodesic in general. However, in the special case that ¢ is a point
in the cut-locus of p, which is closest to p, we can form a smooth, closed
geodesic connecting p and ¢ if they are not conjugate points with each
other.

Proposition 3.6.3 (injectivity radius and closed geodesic) Let M be
a complete Riemann manifold. For p € M, suppose q is a point in the
cut-locus of p, which is closest to p. Then

(1) Fither q is a conjugate point of p along a minimal geodesic
connecting p and q, or

(2) there exists a closed geodesic connecting p and q whose length
is twice of d(p,q).

PROOF. Suppose (1) does not hold, i.e. ¢ is not a conjugate point of
p along any minimal geodesic. By the previous proposition, as ¢ is in
the cut-locus of p, there exist two geodesics ¢ and ¢ joining p and ¢
such that L(o) = L(c) = d(p,q). We need to show that ¢ U o form a
closed geodesic. By scaling the metric we can assume that d(p,q) = 1.
We parameterize both ¢ and o arclength so that they are functions
from [0,1] to M. ¢(0) = ¢(0) = p and ¢(1) = o(1) = ¢. To prove the
smoothness of ¢cU o at ¢, we only need to show that /(1) = —o’(1).

We assume that ¢/ (1) # —o’(1), then there exists a vector w € T,M
such that g(w, (1)) < 0 and g(w,o’(1)) < 0. For a small ¢t > 0, denote
q(t) = expy(tw). We claim that there exist two geodesics ¢; : [0,1] — M
and oy : [0,1] — M, connecting p and ¢(t). This claim is the result of
inverse function theorem. Indeed, since ¢ is not a conjugate point of p
and exp,d (0) = g, Dea:pp]d(o) is nonsingular. By the inverse function
theorem, there exist v = v1(t) € T,M, in a small neighborhood of ¢/(0),
such that expp(v1) = q(t). Therefore we can regard exp,(sv1),s € [0,1]
as the geodesic ¢; = ¢¢(s). The other geodesic oy is found similarly by
replacing ¢ (0) with ¢/(0) in the above argument.
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Thus the function ¢ = ¢(s,t) = ¢(s), s € [0, 1], is a smooth variation
of the geodesic ¢ = ¢(s) such that ¢(s,0) = ¢(s). We compute, in the
usual way as in the first variation formula for geodesics

d 1 (Y 0,9(0sc(s,t), 05¢(s, 1))
et = [ ST
_ /1 g(VtVSc(s,t),ﬁsc(s,t))ds
0 [0sc(s, )
_ /1 9(VsVic(s, ), 0sc(s,1))
0 [0sc(s, 1]
[ B0(n0.0c(00),,
0 [0sc(s, 1] '

Here Vg = Vg cs4) and Vi = Vi, (54 With dsc(s,t) and 9yc(s,t) be-
ing recognized as tangent vectors of ¢(-,t) and c(s, -) respectively. Also
Vsc(s,t) = 0sc(s, t).

When ¢t = 0, we have [|0sc(s,t)|| = 1 since ¢ = ¢(s) = ¢(s,0)
is parameterized by arclength. Notice also 0yc(s,t)|s=0t=0 = 0 since
¢(0,t) is a fixed point. Consequently

(el 1)lhmo = g(he(s, 1), e, )10

Noting that ¢(1,t) = ¢(t) = expy(tw), we arrive at

@ L(elD)limo = gl (1)) <0

In the same manner

3 Lo )limo = gw,o'(1)) <0
Hence for sufficiently small ¢ > 0, the lengths of ¢; and oy are strictly
less than 1. Recall that ¢(1) = o¢(1) = ¢(t). Since d(p,Cut,) = 1 by
assumption, we know that ¢(t) is not a cut point of p.

If L(c;) = L(oy) = d(p, q(t)), by Proposition 3.6.2 (3), ¢(t) must be
a cut point. This is a contradiction. If either L(¢;) or L(oy) is strictly
greater than d(p,q(t)), then the longer geodesic is no longer distance
minimizing. But its length is less than 1, contradicting with the fact
that d(p, Cut,) = d(p,q) = 1. This contradiction proves that cUo is a
smooth, closed geodesic. O
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The following theorem, due to Klingenberg, provides a lower bound
for the injectitivity radius of a manifold with sectional curvature
bounded from above.

Let M be a Riemann manifold with metric g, we introduce the
notation

(M, g) = inf{L(c)|o : S* — M, cis a geodesic, o’ (0) # 0}

which is nothing but the lower bound of the lengths of closed geodesics
on M.

Theorem 3.6.1 (Klingenberg) Suppose M is a compact Riemann
manifold whose sectional curvature is bounded from above by a posi-
tive constant Ky. Then the injectivity radius has the lower bound

1
\/_ 2
PROOF. Since M is compact, we can find a point p € M such that
the injectivity radius at p equals the injectivity radius of the whole
manifold. Let ¢ be a point in the cut-locus of p, which is closest to p.
According to Proposition 3.6.2, injy, the injectivity radius at p equals
d(p,q).

According to Proposition 3.6.3, there are two possibilities. One is
that p and ¢ are joined by a closed geodesic whose length is twice of
d(p,q). Whence inj, > %Z(M,g). Two is that p and ¢ are conjugate
points along a minimal geodesic o. Let 0 = o(t) be parameterized by
arclength. By Rauch comparison theorem (Theorem 3.5.2), the sec-
tional upper bound and Proposition 3.4.4, a conjugate point of p can
not occur for t € [0, \/LKT)) Hence inj, = d(p,q) > \/%. O

Based on this theorem, one can prove the following local lower
bound for the injectivity radius which is utilized very often in the study
of Ricci flow.

Inj(M, g) > min{——, -1(M, g)}.

Theorem 3.6.2 (Cheeger-Gromov-Taylor [CGT] and Cheng-Li-Yau
[CLY])

Let B(xg,4r0), 7o € (0,00), be a geodesic ball in a n dimen-
stonal complete manifold (M, g). Suppose the sectional curvature sec
in B(zg,4ry) satisfies

A<sec<A

for two constants A and A. Then for any positive constant r satisfying

s

4,/max(A,0) )

7 < min(ro,
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there holds
|B(x0,7)|

o
inj(MLx0) 2 Mg T+ Vi

where V*(2r) is the volume of a geodesic ball of radius 2r in the n
dimensional simply connected space form with constant sectional cur-
vature .

PROOF. (sketch) The proof goes as the one for Theorem 4.2.2 in [CZ].
By the above Klingenberg’s theorem, it suffices to prove

‘B(‘Tm T)‘
|B(zo, )|+ V' (2r)

I =ly(xg) > 2r

Here lp7(x0) is the length of the shortest geodesic loop passing xg. Pick
a number 7 as in the statement of the theorem such that r > [. Consider
the ball B(x,4r) and the exponential map:

erpy, : B(0,4r)(C Ty M) — B(zg, 4r).

By equipping B(0,47’) with the pull back metric g = exp} g, we
know that exp,, is a local isometry from B(0,4r) to B(xo,4r). Let
p1 = 0,pa,...,pr be the pre-images of xo in B(0,r). Using the White-
head lemma below, we know that k — 1 > 2[r/I] and that the intersec-
tions of the balls B(p;,r) have zero measure. By the classical volume

comparison theorem, we have
k| B(zo,m)| < Uiy B(pi,r)| < |B(0,2r)] < Vi(2r).
Hence

| B(zo,7)|
|B(xo, )|+ Vi (2r)

1>2r)(k+1)>2r

0

Exercise 3.6.1 Fill in the details of the proof of the theorem.
Here we present Whitehead’s lemma which was used in the proof
of the above theorem.

Lemma 3.6.1 (Whitehead) Let (M, g) be a complete Riemann mani-
fold with sectional curvature bounded from above by 1. Suppose © € M
and 0 < r < tmin{r, inj(M)}. Then

(a). the ball B(xz,r) is geodesic convez, i.e. for any y,z € B(x,r)
there exists a unique minimum geodesic connecting z and y, which lies
in B(x,r).
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(b). for any {x1,...,x} C B(x,r), there exists a unique center of
mass y € B(xz,r), i.e.
Eleeajp;lxi =0.

For a proof of the lemma, see p103 [CE] e.g.

3.7 Bochner-Weitzenbock type formulas

Bochner-Weitzenbock type formulas are extensions of the Ricci iden-
tity in Proposition 3.2.1. They provide a link between various kinds
of differential operators on manifolds. In this section we discuss a few
samples.

Proposition 3.7.1 Bochner’s formula.
Let u be a smooth function on a manifold (M, g), then

1
§A]Vu\2 = |VVu|*+ < VAu, Vu > +Ric(Vu, Vu).

PROOF. It is convenient to do it in local orthonormal system. We use
Ui, U;ij, Uijk; etc. to denote first, second and third covariant derivatives

— e drt wi L Ou — g Ou 9 _ i 0
of wu. Repall du = u;dx* with u; = Bt and Vu = ¢ 507 957 = W
where u' = g"u;. Hence

2 i, ij 2
|Vul® = giju'e’ = g uu; = uj.
Now we compute

1 2 1 2

SAIVul” = 5 (45);5
= (wiuij)j = (uiugi)j = wijuij + uiugij - (since  uij = uj;)
= wijuij + uiujji — Rj;jus)

S

= UjjUsj + UiUjj5 — jijuius

= wijui; + uiugj — R g
= wijuij + withjji — Rjijrgau’u®
= U5 + UiUj5; + lejkuluk

= |VVu*+ < VAu, Vu > +Ric(Vu, Vu).

Here, when going from the second to the third line, we have used the
Ricci identity in Proposition 3.2.1, applied to the (1,0) tensor u;. O

The Laplace-Beltrami operator on scalar functions can be general-
ized to act on tensor. However there are at least two ways to do the
generalization, resulting in different Laplacians.
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Definition 3.7.1 (Laplace operators acting on tensors)
(i) Rough Laplacian on tensors. Let T' be a smooth (p,q) tensor field

on M, then the (rough) Laplacian is the second order operator defined
by
AT = divVT = trace,V*T = X V2

eel

where {e1,...,ey} is a orthonormal frame.

(ii) Hodge Laplacian on forms. Let T be a smooth p form, i.e. an
antisymmetric (p,0) tensor field on M, then the Hodge Laplacian is the
second order operator defined by

AJT = —(d6 + 6d)T

where § is the adjoint of the exterior derivative defined in the definition
below.

Remark 3.7.1 Some explanation is needed on the equality

trace,V*T = X1 V2

62751

in the above definition. From Definition 3.2.1, we know that V?T
is a (p + 2,q) tensor. In a local orthonormal system we can write
V2T (X1, ., Xpy M1y --ynq) = Tijda’ @ da?. Here X;,nm, are vector
fields and 1 forms respectively. Therefore, since e; is the dual of dx?,
we have

trace,V2T = gi Ty = X0 Ty = X1 V2T (e;,¢;) = X7 V2

62751

Definition 3 7.2 For two p forms a = «; . Zpdzzt” Ao ANdx®roand
B = Bj..jpdx?t Ao A dxlr | the inner product is the scalar

<a,fB>= p!gll]l R glpjp()éilmipﬂjlmjp.

The L? inner product is defined by
<, B >re= p!/ g g G, By g = / <o, B> dp.
M M

The operator § is the adjoint of the exterior derivative under the L?
imner product, i.e.

<dn,a >p2=<n,0a >

for any p form a and p — 1 form 7.
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Remark 3.7.2 It is easy to check that the d operator has two equiva-
lent forms.
1. a = —p div «, i.e.

(604)2'1...7;1,71 - _pg]kv]akzl ...ipfl 5

2. o = (=1)™+"+l o d « . Here * is the Hodge star operator
mapping APT*(M) to A" PT*(M) defined by

aA*n =< a,n > dpu.

The rough Laplacian and the Hodge Laplacian on scalar functions are
the same as the Laplace Beltrami operator.

The relation between the rough Laplacian and the Hodge Laplacian
on one forms is given by

Proposition 3.7.2 Let o be a smooth one form on M and Ric(c) be
the smooth one form defined by Ric(a)(X) = Ric(a™, X) for all smooth
vector fields X. Here o is the vector field defined by g(a*, X) = a(X)
for all smooth vector fields X. Then

Agja = Ao — Ric(w).

Proor. We will give a proof from scratch, using computations in a
local orthonormal system {z!,... 2"} centered at a point p.
Let a = a;dxz’ be a one form in a neighborhood of p. Then by
Proposition 3.1.1
Va = a,-7kd:17k ® dz' (3.7.1)

l-kal. According to the previous remark

where a; j, = % -1

; g™ . 0a;
dda = —d traceVa = —d(g"*a; ) = —%ai,kdazl - glk%d:ﬂl.
x i
Since %g_;f = 0 at the center p, we have, at p,
. 0a;
_ k i,k 5 1

We need to find a relation between this and the second covariant deriva-
tive of .
By Definition 3.2.1, for any smooth vector fields X and Y,

Viya=Vx(Vya) — Vy,yo.
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We take X = % and Y = %. Since VxY =0 at p, we have

V?X,ya = VX (Vya).

Vya = <% — ”fam> dxt.

Applying (3.7.1) again on the last identity, we obtain, at p,

8 8@,’ 8(1@'7[
Vx(Vve) = 5% <@‘ i m)d”f = o

By (3.7.1),

This means, at p

da;
Vi = 8“ Lok @ dal ® da'.
Since V2o = a“kdazk ® da! @ dz* by definition, we deduce
da;
aﬂ;‘k = Q4 lk- (373)
Substituting this identity to (3.7.2), we reach the formula
= —gikai,kldznl. (3.7.4)

Next we compute dda. Note that

Ja; da ; !
do = 5l _8l(d ® dx' — dx' @ da')
[ Iy am} (dr' ® dz® — dz® @ dat).

Here, in reaching the last identity, we have used the symmetry '/} =
FZL Hence
da = a;(do' @ dz' — da' @ dat).
Applying the local derivative formula (3.1.4) to the (2,0) tensor do,
we see that, at p,

Vda—a dm ® dz' ® da'.

Ox ; 8 k
Here we have used the fact that all terms involving the Christoffel
symbols are zero at p. Therefore

dr* @ dot @ dt —

d0da = —trace Vda = —g ??kd +g glkldl



102 Chapter 3. Basics of Riemann geometry

Switching the indices ¢ and [ in the second last term, and using (3.7.3),
we deduce

“Oay ; Oa;

7 ) l+ ki 7, d l

Bk O T gk T (3.7.5)
= —gklal,ikdazl + gk’ai,lkdazl.

Adding this to (3.7.4), we obtain

dda = —gF

déo + dda = —gikai,kldazl - gkial,ikdazl + gkiai,lkdazl
= —g™(aip — ai)da’ — g" ay pda’.
By the Ricci identity Proposition 3.2.1
Ago = gik(ai,kl — auk)da;l + gkial,ikdml = —gile’}Ziamdxl + Aa
= —g"* R goma”dat + Aa (where a" = ¢ am)
= —gilekwardml + A«
= Aa — Rya"da! = Aa — Ric(a).



Chapter 4

Sobolev inequalities on
manifolds and some
consequences

In this chapter, we present Sobolev, log Sobolev, parabolic Harnack
and some related inequalities on a Riemann manifold. Here are some
notations to be used in this chapter. We use M or M to denote a
compact Riemann manifold with a metric g, unless stated otherwise;
d(z,y), dp will denote the distance and volume element respectively;
B(z,r), |B(z,r)| mean the geodesic ball centered at x with radius r
and its volume respectively; V stands for the gradient of a function,
relative to the metric g.

4.1 A basic Sobolev inequality

Let us start with the following basic Sobolev inequality on compact
manifolds as stated in [Heb2].

Theorem 4.1.1 Let (M,g) be a smooth, compact Riemann n-
manifold. For anyp € [1,n), WYP(M) c L™/("=P)(M), i.e. there exists
A= A(M) >0, such that

(n—p)/np 1/p e
o)™ )
M M M

for all w € W1P(M).

103
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PRrOOF. By standard approximation, we just need to prove the theorem
for smooth functions. First we prove the theorem for p = 1 case.

Since M is compact, it can be covered by a finite number of charts
(s dm), m = 1,..., N such that for any m the local form of metric

(92-”)) in (Qm, ¢m) satisfies
1 (m)
5(52'9') < (gij ) < 2(51']').

Let {n,,} be a smooth partition of unity to the local charts above,
i.e. N € C5°(Qy) and XN _ m,,, = 1. In each of the local chart €,,, the

(m)

volume element du can be written as du = det(gij ) dz where dx is

the volume element in R”.
For any u € C*°(M) and m =1,2,..., N,

. (n—1)/n
(/ ™ )du>
(n—1)/n

By the Sobolev inequality in the Euclidean case (Theorem 2.2.1), we
have

(n—1)/n
</ \nmu]"/("_l)d,u> < cn/n Ve (nmu) o ¢t () |de. (4.1.1)

Here V. stands for the Euclidean gradient.
In local coordinates,

IV (mw)|* = 9159 Ok (nmu 0 o) g Oy (N 0 6,
= g" Ok (Mmu o 1)y (mu o 1)

1 .
> Vel o 61

The last step is by the assumption on the size of g;; in each coordinate
chart. Substituting the above to the right-hand side of (4.1.1) we deduce

(n—1)/n
</\nmu]"/(”_1)d,u> < ccn/\V(nmu)]d,u. (4.1.2)
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Summing up (4.1.2) for all m and using Minkowski inequality, we obtain

. (n—1)/n N . (n—1)/n
</|u|n/(n— )d'u> <xN_, </ |,’7mu|n/(n— )d,u>

§ccn2%:1/‘V(nmu)ldu

= ccn/|Vu|d,u + ccp, max E%:1|V77m|/|u|d,u.

This proves the theorem when p = 1.

For p € (1,n), we just apply the p = 1 case on the function
‘u,p(n—l)/n, O

The following theorem says that the Sobolev imbedding implies the
noncollapsing property. It is due Akutagawa [Ak| and Carron [Ca] (see
Lemma 2.2 in [Heb2]).

Theorem 4.1.2 Let (M,g) be a smooth, complete Riemann n-

manifold. Suppose that WIP(M) — LI(M), p € [1,n), q = n”Tpp, i.e.

there exists some constant A such that for any u € WYP(M),
lully < A(IVullp + llullp)-
Then,

Ble. )] 2 min{ g s}

PROOF. Pick u € WP(M) such that u = 0 in M — B(z,r). By Hélder
inequality,

[ull, < |B(z, )I"IIUHq < |B(z, 7“)I"A(IIWHp + [lullp)
= lully = 1B, 0|7 Alul, < Bz, A|[Vul,

= 1B A < (B al T
[l
1
|B(z,7)|n [[ullp
Case (1), if |B(x,7‘)|% > oL, then we are done.
Case (i7), if \B(az,r)]% < 2%4, then we have A < —L . Plugging

2|B(z,r)|
into the above inequality, we deduce

1 _ <A HVqu
2|B(z,7)|n l[ullp

(4.1.3)
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For any fixed point x € M such that d(y) = d(y,x) is differentiable at
y, take

otherwise.

uly) = {g —d(y,x), ifd(xz,y)<r

Since u is Lipschitz and |Vu| = |Vd| = 1, a.e., the following inequality

holds:
1
P
HVumf;</° 1du> — |B(z,7)|
B(z,r)

1
P
nwp=</ mwm& z( mww&
B(z,r) (z,r/2)
) >

Notice for Vy € B(xz,r/2), d(z,y) < 5, u(y) =

1

r Py ro1

> —)P —_. 7.
umu_<lmwmg>w0 1B D)

Inserting the above two estimates into (4.1.3), for ¥r > 0 such that
B(z,r) € M, B(x,r) # M,

=

5, then,

1
1 Blx,r)|» " "
< 4Bl L )ats | Ba,r/2)7.

2|B(a, )|~ &-|B(x,r/2)|r

Now we use induction. For a fixed R > 0 such that B(z,R) C M,
B(x, R) £ M,

B, R)| > (15)7% - | Bz, B/2)| 75,
B, 2/ = (23 |B(a, By, i
éfﬁﬁma%WW«yWWWaﬁwwwme
a(m) =30, <nip)l 1161, =5
Bm) =321, (#;;)Z (1—%%2)2 (ij)
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When m is sufficiently large, |B(z, 2ﬂm)| is comparable to the Euclidean
case. In fact (see, [GHL] e.g.), let R, be the scalar curvature, then

n Ry(z) wp, 7"
|B(z,7)|g = wyr <1 — 76(7194- 2)7" + 0(r2)> > 5
R wn, R
Y > IRy
= B 50)l > (1)

R w ()™
By 5 (9n gmmn g
= |B(e 50)] (527 r")

— (&) nip)m . 2_mn'(nip)m . Rn'(nip)m

2 — 1 as m — oo.

=

Also notice pa(m) — n and p B(m) — @

(4.1.4), we obtain

R n 1 7L2+7Lp R "
B, R)l = ()" (5) 7 1= <ﬁ>

Thus we complete the proof. O

as m — o0. Plugging into

In many situations, it is necessary to find the best constant in the
Sobolev inequalities. One example is the Yamabe problem of prescrib-
ing constant scalar curvature on a compact manifold. It was studied
by Yamabe [Ya], Trudinger [Tr2] and eventually solved by Aubin [Au2]
and Schoen [Sc]. The next theorem is due to T. Aubin [Au].

Theorem 4.1.3 Let (M, g) be a smooth, compact Riemann manifold
of dimension n. For any e > 0 and any p € [1,n), there exists a constant
B such that for any u € WHP(M),

(n—p)/n
</ u”p/(”_p)d,u> < (K(n,p)P + e)/ |VulPdu + B/ |ulPdp.
M M M

Here K(n,p) is the best constant in the Sobolev inequality in R™.

Remark 4.1.1 Aubin proved that B depends on €, bounds on the injec-
tivity radius, sectional curvatures. Hebey [Hebl] showed that B can be
chosen to depend only on €, the injectivity radius and the lower bound of
the Ricci curvature. In the case p = 2, the above theorem was improved
by Hebey and Vaugon [HV] in the form of the next theorem. However
the constant B will also depend on the derivatives of the curvature ten-
sor.
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Proof of Theorem 4.1.3 The proof is almost the same as that of Theorem
4.1.1. The only change is to select local charts (Q,, &), m=1,..., N

such that for any m the local form of metric (gl(;ﬂ)) in (Q,, O satisfies
(1= 26)(8) < (955") < (L + Me)(8iy).
Here A\ > 0 is sufficiently small. O

Theorem 4.1.4 Let (M, g) be a smooth, compact Riemann manifold of
dimension n. There exists a constant B such that for anyu € WH2(M),

(n—2)/n
</ u2"/(”_2)du> §K(n,2)2/ ]Vu\2du+B/ lu|?dp.
M M M

Here K (n,2) is the best constant in the Sobolev inequality in R™.

We just give a sketch of the proof. The technical details are pre-
sented in [Heb2] Chapter 7.

It suffices to prove that there exists a sufficiently large o > 0 such
that
Sy IVuPdp + o [ utdp 1

I, (u >
() (Jg [ul22/ (=2 dp) (n=2)/n = K(n,2)2

for all u € WH2(M), u # 0. One uses the method of contradiction.
Suppose the conclusion were false, then for any a > 0,

1
inf I, —_.
o;eue%w(M) (u) < K(n,2)?

A minimizer of this functional then satisfies the Euler-Lagrange equa-
tion
Aty — i + AquPF2/ (=2 — ¢,

Here A\, € (0,K(n,2)7?) and [, uin/("_mdu = 1. Now ones uses a
blow-up argument to prove that for sufficiently large «, the above equa-
tion does not have a solution. This leads to a contradiction. O

4.2 Sobolev inequalities, log Sobolev
inequalities, heat kernel upper
bound and Nash inequality

We begin the section with the concept of heat kernels.



4.2. Sobolev, log Sobolev inequalities, heat kernel 109

The heat kernel is a fundamental solution to the heat equation
Au— 0 =0 (4.2.1)

defined on M x (0,00). Here A is the Laplace Beltrami operator acting
on a scalar function v = u(z,t). One way to define G is to require, for
any fixed y € M,

AG(z,t;y) — OG(x,t;y) =0,z € M,t >0
(4.2.2)
G(z,0yy) = 6(z,y).

Here A acts on the z variable and § = §(z, y) is the Dirac delta function
concentrated at y. When M is a compact Riemann manifold or certain
noncompact ones, it is known that G is smooth when ¢ > 0. For this
and some other basic properties of the heat kernel, see [Da] e.g.

Similarly one can define the heat kernel on a domain D C M sat-
isfying certain boundary conditions. For example the Dirichlet heat
kernel on D is the one satisfying:

AyG(yv t, Z) - 8tG(y7 t Z) = 07 Y,z € D7 t>0
G(y,t,z) =0, y€dD,z€ D,t>0, (4.2.3)

G(y,0,2) = d(y, 2).

If 0D is sufficiently smooth, say C!, one can also define the Neu-
mann heat kernel as a function G satisfying

AG(y,t,z) —0G(y,t,2) =0, y,zeD, t>0

oG (yt,z)
ony

G(y,0,2) = d(y, 2)

=0, yedD,ze D,t >0, (4.2.4)

where n,, is the exterior normal of 9D at y.

The first theorem of this section establishes the equivalence of a
Sobolev inequality with a number of other inequalities. It is the synopsis
of the work of several authors: E. B. Davies, L. Gross and J. Nash.

Theorem 4.2.1 Let M be an dimensional compact Riemann manifold
without boundary. Suppose n > 3. Then the following inequalities are
equivalent up to constants.
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(1) Sobolev inequality: there exist positive constants A and B such
that, for all v € W12(M),

(n—2)/n
</ UQ"/("_Q)d,u> SA/ |Vv|2d,u+B/ v2du;
M M M

(I) Log-Sobolev inequality: for allv € WY2(M) such that |Jv]|z = 1
and all € > 0,
n., nA

In —.

/ v? Inv?dp < 62/ Vo2 du — e+ BAE +
M M 2 2 2e

(III) Heat kernel upper bound: for all t > 0,

(NI

(nd)
/2

A-1Bt¢t,

G(z,ty) < e ;

(IV) Nash inequality: for all v € WH2(M),

2+5 2 2 .
ol ™™ < (AVol5+ Bllvl3) [lvll{

More specifically, the following relations hold:

(I) Sobolev inequality = (II) Log-Sobolev inequality = (I1II) Heat
kernel upper bound = (I) Sobolev inequality with A and B replaced by
const.A and const.B respectively;

(I) Sobolev inequality = (IV) Nash inequality = (III) Heat kernel
upper bound.

Finally, the conclusion still holds for v € Wol’z(D) where D is a

Lipschitz domain in M.

Proor. (for (I) = (II): Sobolev inequality = Log-Sobolev in-
equality)

The proof is a quick application of the Jensen’s inequality. The
assumed Sobolev inequality is: for all v € WH2(M),

(n—2)/n
</ U2n/(n_2)dﬂ> SA/ |Vv|2du+B/ v2dp.
M M M

Given v € WH2(M) such that |[v]|2 = 1, we introduce the measure

dw(z) = v*(x) du(z).

/v2du:1©/dw:1.
M M

Then
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Note In¢ is a concave function of ¢. Hence we can take ¢ = v92,
with ¢ = 2% and apply Jensen’s inequality, [In¢dw < In [ ¢ dw, to
deduce

(Inv?=2)v? dp < ln/vq_2v2 dp = In ||v]|2

q n
] 7 _n
n”UHq <q_2 2>

v?Inv? dp < = ln||v||q

v Invdp < <

\\\

| /\

§ln (AIVoll3 + B lv]3)

IN

SV +B). (e =1)

We estimate the last quantity by the elementary inequality,
Inzr<oxr—1—-—Ino

for all o > 0. This holds since for f(z) = ox —Ilnz — 1 — Ino, we

have f(1/0) = f'(1/o) = 0; further f”(x) > 0 and f(0%) = +oo,
f(+00) = 400. Therefore,

/v2 Inv? dy < gln (A[IVv]} + B) < %(Auwug +B) - g(l + Ino)

that is,

A B
/v2lnv2d,u§n; / 2du nc; —g(l—l—lna).

Taking €2 = noA/2, we can convert the above inequality to

A

/1)2 Inv? dy < é / |Vol2dp — "ne?+ BA1 + D U2 (4.2.5)
2 2 2e

O

Proor. (for (II) = (III): Log-Sobolev inequality = Heat ker-
nel upper bound due to Davies [Da])
Let u be a smooth solution to the heat equation, then

M%ﬂ=/G@¢wM%®ww)
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where G is the heat kernel. Notice
u(s t)lloo
sup ———— = sup G(z, t;y).
w0 [[u(0)[[1 a2y

For any fixed T', t € [0,T], consider the norm [[u(-,t)]|,), where
we want p(t) to be nondecreasing in ¢, and p(0) = 1, p(T') = oco. For
instance we can take

T

Pt = = p(0) =1, p(T) = 0.

Let uw = u(z,t) be a positive solution to the heat equation, we estimate
the time derivative for the quantity

In [[uf]p) = 1n(/‘u,p(t)du)1/p(t)_
The motivation is

ap ()]
—Inllu dt = p L=l
/0 g ™ Il a0l

By direct calculation,

1
p(H) ! (t
Oullullyy =0 [ 1P ais)™" =l - S - )
Jull, 7

+ #(tt)) <p'(t) /up(t) Inudp +p(t)/up(t)_1(Au) d,u) .

Multiplying by p?(¢ )Hqu on both sides, and applying integration by
part on the Awu term, we deduce

P2 ull2) 0 lullyy = =/ @)l (7O n full2y)
4007 Ol [ mudy
=) ~ Dl [ w02 Vul? dp

Further, we divide both sides by [[ul|,«) to reach,

S

PO[ull”8) 0 (10 [full ) = —p' ()]l P55) I [l 50
+p(t)p(1) / w?D Inwdy (4.2.6)

—4(p(t) — 1) / V(P O2)[2 gy
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Write,
wP(t)/2 (z,1)
o |up®/2||g

Then,

——, lvf]2 = 1, Inv? = InuP® — ln”“HiEg

uP®
- ﬂ@)/v2mv%m::ﬂay/ o () d

el
/
p()p'(t) uP® Inudy — p/(t)In Hqu( )
p(t) ®)
”qu(t)

We plug in v on the right-hand side of the above equality (4.2.6). Then

W 4(p(t) - 1)
(00 W lulyy) = /(0| [ 1ot~ D=0 [ 100 ap

In comparison with the Log-Sobolev inequality (4.2.5), we choose
o A 1) 4T 1
P'(t) T

Thus we can apply (4.2.5) to get,

<T.

9 n. 48T —1t) 4T —-t) n
200 W ) < 70~ 3P = pant 20 0

Note that £ ; Y
p=(t

= % Substituting this into the above, we arrive at

HT—t) B 7m>

~—

+ ST+ Sn 2o

1 n
<=
a“n”“H?’“)—T<2m T AT T2 e

Integrating with respect to ¢t from 0 to T,

)
lut@, Dl ——/‘—1 Do Bpyng,nd
[[u(z, 0)[[p(0)

1
. AT T Mg

nA

B

Since p(T') = o0, p(0) =1,

exp(BT—l—n—l—”ln"A)

”u(‘rvT)HOO < ”u(‘rvo)”l Tn/2
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Because
u(e. ) = [ G T yuly. 01y
we deduce (A 15 )
nAe exp (A= BT
n/2
This implies the heat kernel bound since e¢/8 < 1. g

Proor. (for (I) = (IV): Sobolev inequality = Nash inequality)
The Nash inequality is just an interpolation between the Holder
inequality and Sobolev inequality. However it gives the quickest access
to heat kernel upper bound. There is also an issue about the best
constant. See Carlen and Loss [CaLo].
We assume

01130/ (n—2) < AVl + Bllvll3.
Using Holder inequality, by direct calculation,

9 9 4 4 2 4
v du = v n+2 vn+2dlu = pnt2pynt2 dlu

2n ./ i 4p P
§</vn_+2pd,u> </vn_+2du> :

Choose p = "TH, p = Z—*_’S Then,

)

4

) on == ==
/1) dx < /vn2 du /]v]du
§ 4
2+, 2n_ n n
= Wl s (o) " (feldn)

2+ 4 4
lolly” ™ < (A[Vol3 + Bllol3) [lvllf Vv e WH(M). (4.2.7)

i
[\V)

Hence

This is the desired Nash inequality. O

Proor. (for (IV) = (III): Nash inequality = Heat kernel up-

per bound)
Suppose (4.2.7) holds.
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Let G = G(x,t;y) be the heat kernel; for any fixed y € M, define
v=uv(z,t) = G(z,t;y),

We have [v(z,t)dp =1, Le. |Jv||; = 1. By direct calculation,

%</v2(:ﬂ,t)d,u> :/2vvtd,u:/2vﬁvd,u:—2/|Vv|2d,u

Also from Nash inequality (4.2.7) with |Jv[j; =1,

2+ 2 2
[olly ™ < (AHV’UHz +BH’UH2)
244
= —||Volf; < ——H o ™ +— Hsz

Combining the above two estimates, we arrive at

) 244
5 </v2(az,t) du> < —alvlly ™ + B1vl3

2 2B
where a = 4, 3 = =¢. Denote

10 = [0 o) = 1)

Then

SLFO) < —al SO + 550
= Doty = —pe (D) + e

2

< —Be PLE) +e PR F(t) — ae P f(1)] T

= fgls) < et gl9)] TR, s (0.1]

Integrating from % to t,

i COND IS U E R
= gezvi[jt[f(t)]_% > ;l—a (ezTﬁt — e[:f>
Bt _2 o« Bt a [t ta
= O G(en -1) 25 = (4.2.8)
o s < PR ouy:

. n/o 3
e, [ Glatin) Gty auty) < B8 007,
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Notice G(z,t;y) is symmetric with respect to = and y. Thus

/G(x,t;y) Gy, t;x) du(y) < (7;{52)2 c(B1)/2

By the reproducing property, for any fixed x € M,

G(z,2t;x) /G z,ty) Gy, t;x) du(y) < (nt/n/2)% Bt)/2

Further,
Gz, t;y) = / (2,t/2;2) G(z,t/2;y) du(2)

< G?*(x,t)2; 2) du(z >1/2 </G2zt/2y)du( )>1/2

=[Gz, t;2)]"2 - [Gly, t; )]/

@nja)? (o2
— tn/2

A

that is, we have the heat kernel upper bound,

Recall @ =2/A and 8 = 2B/A. We deduce

|3

(nA)?

A-IBt
tn/2 ’

G(z,tyy) <

e

When ¢ is large the above bound can be improved. Indeed, from the
inequality just before (4.2.8), we have, for t > 1,

(812 B/A

n/2 ~ n/2
(Bt/n —1)n/2 (B/a)"” < (e2B/(nA) _ 1)n/2B :

ft) =Gz, 2t;x) <

Following the above argument, we obtain, for some positive constant

C =C(A,B).

G(z,t;y) < min (ﬁf}f AT B 04, B)) : (4.2.9)

O
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Proor. for (III) = (I): heat kernel upper bound implying
Sobolev inequality.
The assumption in this part is: for some c1,co > 0,

C1
G(ﬂjy t; y) < mecﬁ

for all z,y € M and t > 0. For example, we can take ¢; = (nA)™? and
ca = A71B as in (III).

We follow the presentation in [Da].

Let H = H(x,t,y) be the heat kernel of the equation

Au — cou — Opu =0

Since G(z,t,y) < c1e®!/t"/?, we know that

C1

H(Z’,t,y) =e€ CQtG(x7t7y) — n/2

Moreover
/H:ntyd,u /G:L"tyd,u)
So, for all f € L?(M),

[H * flloo = sup | [ H(z,t,y)f(y)du(y)]
xeM

sup ( / H2<m,t,y>du<y>>1/2 1£12

<0 [ Ht)duto) 171
< Y,

- t"/4

IN

Similarly, by Holder inequality, for all ¢ € [1,n) and ¢ = ¢q/(q — 1), it
holds

1/q
=l

1/d
I Sl < s ([ 17 tant)) 17l < 2 1l
T M

(4.2.10)
We consider the integral operator

L=(V/-A+c)™ L. (4.2.11)
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Since A is a self-adjoint operator, by eigenfunction expansion (Laplace
transform), we have this important relation: for f € C5°(M),

(LO) =T/ [T

0

=T(1/2)7" /OOO Y2 (H « f)(, t)dt.

Here e(2=2) f ig the semigroup notation for H x f.

For a fixed T' > 0 we write
Lf =Lif+ Laf

where

T
Lif@) =T/ [ 4V H  fatyat,
0
Laf(e) =L(1/2)7 [ 42 5 (o0
T
For any A > 0, observe that

H{z [[Lf(2)] = A < Hz | [Lof(z)] = A2} + {z | [Lof (2)] >(A/2}|-)
4.2.12
By (4.2.10) and the definition of Lo f,

ILf oo <t/ | "0l = e U@ g
Now we choose 1" so that
% = e/ V21| £ (4.2.13)
Then (4.2.12) becomes

Ha [ILf ()] = M < Hz | [Laf(2)] = A/2}]

since the set
{x | [Laf(x)] > A/2}
is empty. Hence

e |ILF@)] > M| < e | |Laf(@)] > A/2)]
< (A/2)e /M L f () da().
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By Minkowski inequality and Young’s inequality
"
2 Al <7727 [ R

<27 [ s e 1
< T2 fllq.
This shows
o ILf ()] = A} < e(A/2) 9T f|2.
By our choice of T' (4.2.13), this is equivalent to
{z [ILf(@)] = A} < ele)) DN £

where r = gn/(n — q). Hence L is a linear operator that sends L9
space into weak L" space, for all ¢ € [1,n). By the Marcinkiewicz
interpolation lemma, we know that L is a bounded operator from L2
to LP with p = 2n/(n — 2) (taking ¢ = 2). i.e

ILull, < e(er) " [[ull2 (4.2.14)

for all uw € C§°(M). Define
v = Lu.

Then v = L~ and

|ull3 =< L7 v, L7 >=< L7200 >=< —Av + cv,v >
:/ (V]2 + cov?)dp.
M
Substituting this to (4.2.14), we arrive at the Sobolev inequality
olly < const.(c)?™ (V03 + ez ]lo]3).

If we take ¢; = (nA)™? and ¢ = A~'B as in (III), then we have a
Sobolev inequality with the claimed constants:

||U||,2, < const.A||Vvl||3 + const.B||vl[3.

This proves the theorem when M is a compact manifold without
boundary. The proof of the last statement of the theorem (the result
for the Dirichlet case) follows verbatim. O
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Next we explain a result of A. Grigor'yan [Gr2] and L. Saloff-
Coste [Sal2], proven independently in the 1990s. It claims that certain
Sobolev inequality is equivalent to a Poincaré inequality and the vol-
ume doubling condition; and it is also equivalent to a parabolic Harnack
inequality for positive solutions of the heat equation. These results can
also be regarded as local version of the previous theorem.

Given M, a connected complete noncompact Riemann manifold,
denote B(z,r) the geodesic ball of center x € M and radius r > 0,
denote vol(B(z,r)) by |B(x,r)|. We have the following definitions:

Definition 4.2.1 We say M satisfies the volume doubling property, if
there exists a constant dy > 0 such that

|B(x,2r)| < dy|B(x,r)], YaxeMr>0 (4.2.15)

Definition 4.2.2 We call the weak p-Poincaré inequalities hold on M
if there exists a constant ¢, > 0 such thatV f € C*°(M), x € M,r >0,

/ |f(y) — fr(z) P du(y) < cpr? / IVf(y)Pdu(y), where
B(z,r)

B(xz,2r)
B I W) duly)
|B(x,r)|

fr(z) =
(4.2.16)

in particular, for p = 2, the above inequality is called the weak L?
Poincaré inequality, i.e. for some constant P, > 0 and V f € C*>°(M),

/ F() — fo(@)P duly) < Par? / V()2 du(y).
B(z,r) B(x,2r)
(4.2.17)

Remark 4.2.1 The word “weak” in front of the Poincaré inequality
reflects the fact that the ball on the right-hand side has twice the radius
of the ball on the left-hand side. In the Euclidean case a stronger form
of the Poincaré inequality holds, i.e. the radius of the balls on either
side is the same.

The volume doubling property actually has several interesting im-
plications which we summarize below.

Remark 4.2.2 On any complete metric space with doubling property
(4.2.15), the following inequalities are true.
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(a). If y € B(z,r), then
7” < dp. (4.2.18)

The reason is
B(y,r) C B(z,2r) = |B(y,r)| < |B(z,2r)| < do|B(x,7)|.

(b). For anyr > s> 0,

[Bla,r)| < do (£)°% *|B(z, )|
Indeed, there exists some i € 7 such that r € [2071s,2's]. Hence
|B(z,r)| < |B(x,2's)| < dy| Bz, s)].

Now £ >2"1=i<1+]log, L=

Bz, r)| < do - de® * |B(x,s)] = do - 20°%2 )82 § | B(g, 5)|

= [Bla,r)| < do - (£)°%= ® |B(x, s)]

(c). For anyr > s >0, if v € B(y,r), then

1By, )l _ 1By, m)l [B@ 2 (7 yiog, do
Bla.s)  1Ban)| [Bas =9 G

Further, if B(y,r) N B(z,s) # 0, then x € B(y,r + 2s). Therefore

logy do
|B(y,r)| < |B(y, r + 2s)| <& rt+2s _ (4.2.20)
|B(z, s)| |B(, s)| s

(4.2.19)

The doubling property (4.2.15) and weak Poincaré inequality
(4.2.17) imply a family of Sobolev inequalities on balls. This is illus-
trated by the following theorem.

Theorem 4.2.2 Let M be a connected complete noncompact Riemann
n-manifold. Suppose there hold on M the doubling property (4.2.15)
and weak L? Poincaré inequality (4.2.17). Then the following Nash
mequality is true:

Let v = logy dy, where dy is the constant in (4.2.15). Then Vf €
Ce(B(a, )

244 Cyr? _ 4
£ < —— (IVFI3+21£13) /17

|B(x,7)|»
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Here Cy > 0 depends only on dy, P, the constants in the doubling
property and weak Poincaré inequality respectively.
Moreover, if v > 2, the following Sobolev inequality is true: Vf €

Coe(B(,7)),

(v-2)/v
( / |f|2”/(”‘2)du> < Cs|B(a,r)| 2" r? / (VS + 72 ).
M M

Here the constant C's depends only on dy, Ps.
If v < 2, then the following Sobolev inequality is true: given any
p > 2, there exists C = C(p,dy, P2) such that, Vf € C3°(B(z,r)),

2p/(p—2) w2 —2/v 2
lel dp < C(p.do, P)|B(x,r)|"""r

< [ VI )
M
The proof of above theorem requires the following two lemmas.

Lemma 4.2.1 ForVf € C°(B(y,r)), and any 0 < s < r < oo, there
exists a positive constant cg depending only on the doubling constant dy
such that,

e < e3 r 1 log, do 7
£l < e ()0
where )

fs(@) = 7 f(z)dp(z)

‘B(‘ras)‘ B(z,s)
is the average of f in the ball B(x,s).

PROOF. First we note that if B(z,s) N B(y, ) = @ then because f €

Co°(B(y,r)), we have fy(z) |B(i,s 1 fB (2.5) du(z) = 0. Therefore

we can assume B(z,s) N B(y,r) # 0.
Using (4.2.18), we deduce

x,s fZ d z
1l =/M|fs(x)|du(x) _ MfB< ’&l«i l|)|u( )

1

-/, </B<z,s> B du(w)) 5 di2)
do

< /M (/B(z,s) |B(z,s)| dm) 1£(2)] du(z)

=do || fllx

dp(z)
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that is,
I fsll1 < do || f1]1-

Applying (4.2.20), we have

1

| fs(z)] < B9 Sy |f(2) dpu(2)

1 |B(y,7)|

< .
N ’B(yﬂq)‘ ’B(Z’,S)’ B(y,r)
dg . (L%)lo& do

|B(y, )| /B(ym) If(2)] du(z)

dg . 3log2 do . (z)logz do /
= f(2)]du(z
‘B(yar)’ B(y,r) ‘ ( )‘ ( )

where we have used f € C§°(B(y,r)); therefore,

|f(2) dp(2)

1 d
Hfs”oo < c3 - (%) 0g2 ao

— - Iflh-
|B(y, )|
Hence

C '
I Fsllo < A2 - 117 < 5 (L

1o
TEe
0

Remark 4.2.3 In Fuclidean space R™, the doubling constant dg = 2™.
Then for Vf € C(B(y,r)),

- T
|B(y,r)|

C3

I£:lle < )E Ifh = () £

O

Lemma 4.2.2 Assume the doubling property (4.2.15) and weak L?
Poincaré inequality (4.2.17) on M. Then there exists a constant 6 > 0

depending only on the doubling constant dy and weak Poincaré constant
Py such that for Vf € C§°(M) and s > 0,

If = follz < 6 s[IVf2.
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ProoOF. First we notice there exists a collection of balls { B(x;,s/2),j €
J} such that
B($ivs/2) nB($jvs/2) = (bv if 4 7&]7
M = U 2Bj, where 2B; = B(x;,s).
jeJ

We will also use kB; to denote the ball B(xj,ks/2) for other k > 0.
The doubling property implies the overlapping number

N, =#{j e J|pe8B;=B(x;,4s)} (4.2.21)

for any p € M is uniformly bounded from above by a constant depend-
ing only on the doubling constant dy. In fact, for all the balls B(z;,4s)
in the collection, which contains p, it holds B(xzj,s/2) C B(p,4.5s).
Since the balls B(z;,s/2) do not overlap, we have

Bp,8s)|> Y [Blajo)

_ 2
{j:peB(x;,45)}
> Z c4|B(p,8s)| = ca |B(p,8s)| Np.

{i:peB(zj,45)}

Here ¢4 is a power of dy. Thus N,, is uniformly bounded from above.
We compute

- fE<S / (@) dp(x)

jeJ

B Z/ ~ fap, + fap, — fi(@)? dp(z)

jeJ

<2Z/ — fap, | dp(z)
+2Z/ Fis, — Fa(o) P du(a)

jed
= (a) + (b)

where fyp, is the average of f in the ball 4B; = B(x;,2s).
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We estimate

—22/ — fan, [* dp(x)

jeJ

<22/ — fap,? du(z)
jedJ

<8P2322/ V£ ()2 du(z)

jed
by the weak Poincaré inequality (4.2.17).

Also

—22/ s, — Fo(0) 2 du(z)

jedJ

2
= / <f4B % f(z)du(Z)> dp(x)

jed ‘T 3)‘ B(z,s)

2
1
- 2;/233- [B(x,s)]2 </B(ac,8) Vg, = (=) dW)) dp(z).

Applying Hélder inequality to the integral inside, we deduce

where we have used (4.2.17) again. Further, since z € B(x;,2s), we can
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use inequality (4.2.19) to show,

1
8 Py s Vi) d - 4
) <8Pys ;(/BJ’ f(2)] M(Z)) /B(szs) Bz, ), ()
d2 (%)lo& do
\V4 2d 037(1
IV f(2)] M(z)> /B )29 1By 25 ne)

<8P2822</

jeJ 8B;
<8d3P232Z/ IV f(2)]? du(z).
jed

Combining parts (a)—(b) together, we have

If — F3 < 81+ d) st22/ V() du(z)

jedJ
<81 +df) RN, [ VIEP due)

Here N, is the overlapping number in (4.2.21), which has been shown
to depend only on the doubling number dj.
Denote § = [8(1 + d3) PaN,]'/?, then

1f = fsllz < 6 sV 2.

Now we are ready to give a proof of the theorem.

PROOF. (of the Nash inequality)
From the previous two lemmas,

1fll2 < 11 = Fallz + [ fsll2

c3 "\ llog, d
<§s||[Vf|s+ ——e (—)z 082 do
<85 VSl + e (D)3 ©

when 0 < s < r. Therefore for all s > 0, we have

1fll2 < 85 (IVflla+ [ Fll2) + —ees (2)2 1082 % | £

|B(z,r)| 8

Notice the left side || f||2 is independent of s, we minimize the right side
over s > 0, to deduce:

1£15T) < C(do, P)|B(a,r)| "2/ r(|V £11 + 2| F113) 11£17

Here v = logs dy. This is the desired Nash inequality.
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PROOF. (of the Sobolev inequality.) Consider G = G(y,t,z), the
Dirichlet heat kernel in B(xz,r), which is defined in (4.2.3).

Following the proof on the full space case verbatim (Theorem 4.2.1),
we know that the above Nash inequality induces an upper bound for G.
The only difference is to replace the dimension n there by the constant
v in the Nash inequality.

Av/2
tv/2

A-1Bt

Gz, t;y) < C—7re

where
A= C(dy, P)|B(z,r)["2/"r?, B = C(do, P)|B(z,r)|7*".

If v > 2, then, Davies’ argument in the same theorem ((III) to (I))
again shows the Sobolev inequality: for all v € C*(M),

(v-2)v
([ 1oPe2an) " < stan, Pl
M
x/ (V]2 +r 20 dp
M

where S(dy, P) is a positive constant depending only on dy and Ps.
If v < 2, then for any p > 2, we can enlarge dg so that Indy = p.
Hence there is a; depending on p and P» such that
AP/2
1 tp/2

—1
efl Bt

G(z,tiy) <a
By the same argument as above, we have
(r—2)/p
</ ]v[2p/(p_2)d,u> < C(p,dy, Py)|B(x,r)|~2/"r?
M
x/ (Vo> + 7 20%)dp.
M

This finishes the proof of Theorem 4.2.2. O

4.3 Sobolev inequalities and isoperimetric
inequalities

Of all bounded smooth domains in the plane R? with fixed area say T,
the unit disk has the least perimeter, which is 27. This fact has been
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known since ancient times. Another way of stating this fact is: for all
bounded smooth domains £ C R2,

09|
o = 2V

The equality holds if and only if €2 is a disk. This inequality is called the
isoperimetric inequality in R?. The study of isoperimetric inequalities
in various settings has been an active subject of research. We refer the
interested reader to [Chal for a nice treatment of this subject.

In this section, we prove one basic theorem which claims that an
isoperimetric inequality is equivalent to a L' Sobolev inequality on a
Riemann manifold.

Given a Riemann manifold M, we first define its isoperimetric con-
stant and L' Sobolev constant.

Definition 4.3.1 The isoperimetric constant of M is

. |09
I = Hfllf W’

where Q varies over bounded, proper domains in M with C' boundary.
The L' Sobolev constant of M is

S = inf 7\|Vu||1
u0 ||l (n-1)

where u varies over C2°(M), the class of smooth functions with compact
Support.

The following theorem was proven by Federer-Fleming and Mazya
independently.

Theorem 4.3.1 The isoperimetric constant and L' Sobolev constant
are equal, i.e. I = S.

PROOF. Let Q be a bounded, proper C' domain in M. For sufficiently
small € we introduce the function

1,z € Q,

ue(z) =1 —etd(x,00), z€Q° dx,00)<e,
0, x €N d(xz,00) > e
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It is clear that wu, is a Lipschitz function and that

lim [V = 09,

21_1)% ”ueHn/(n—l) = ’Q‘(n—l)/n
Hence
[Vue|ly

ll¢elln(n—1)

09
~1)/n

> S.
|Q|(n 1

I =infq = infq hng)

Note u, may not be an eligible function in the definition of L' Sobolev

constant since it is not C'*° in general. However one can approximate

ue by a sequence of smooth functions to make the argument rigorous.
Next we need to prove I < S, i.e.

I [ullnm=-1) < [Vulls (4.3.1)

for any u € C°(M). For a given u € C°(M) and t > 0 we consider
the sets
Q) ={z | [u(@)] >}, L(t) = 9Q(1).

By the coarea formula (cf. Theorem 2.7.1 [Zi] e.g.),

/ \Vu]d,u:/ ]L(t)]dtz[/ Q)| D/ngr.
M 0

_ n i
[ e N = T [ e g
M n 0

So the proof of (4.3.1) is reduced to proving

o0 (n—l)/n o0
( r 1/ tl/(“—”m(t)\dt) g/ Q(t)| Vg, (4.3.2)
0 0

Also

n J—
To prove this inequality we consider the functions

m$=(ﬁ—/ﬁmlmmwfwwﬁ

n—1

/ ‘Q (n— l/ndt

By direct calculation and the fact that [€2(¢)| is a nonincreasing function
of t, we have

F'(s) < G'(s), s> 0.
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This and F(0) = G(0) = 0 show that F'(co) < G(o0). Hence we have
proven (4.3.2) and consequently I < S. O
Note that the L' Sobolev inequality

[ulln/(n—1y < el Vaullx
easily implies the L? Sobolev inequality
lull2n/(n—2) < 2| Vull2

for all u € Cg°. Therefore, if the isoperimetric constant of M is positive,
then the above L? Sobolev inequality holds on M. But in general the
isoperimetric constant can be 0.

Exercise 4.3.1 Prove that the L' Sobolev inequality implies the L?
Sobolev inequality.

Next we discuss the relation between a Sobolev inequality and the
Faber-Krahn inequality. The later can also be regarded as a type of
isoperimetric inequality. This time the quantities involved are the vol-
ume and the principal eigenvalues of a domain.

Let Q C M be a precompact domain with smooth boundary. The
principal eigenvalue is

Vuld
NQ) = g delVeld

4.3.3
0£ueCE(Q)  [o udp ( )

Theorem 4.3.2 Let M be a Riemann manifold of dimension n > 3.
The L? Sobolev inequality: for all u € C°(M)

[ull2n/(n—2) < s2[Vulla
is equivalent to the Faber-Krahn inequality:
AQ) = K@=/

for all precompact domain Q with smooth boundary. Here so and k are
positive constants.

PROOF. One direction of proof is very simple. Suppose the L? Sobolev
inequality holds. Let v be a normalized eigenfunction of A\(€2). Then

Au+ AQ)u =0, lullL2(0) = 1.
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By assigning 0 value outside of €2, we can regard u as a weakly differen-
tiable function with compact support in M. Applying the L? Sobolev
inequality and using integration by parts, we have

el sy < S3NVul3 = s3llutdulls = SAQ)[ul}3 = S3AQ).
The Holder inequality implies
1= [ull3 < sy 212"
Combining the last two inequalities, we deduce

A(Q) > sy2Q72/"

which is the Faber-Krahn inequality with k = s; 2,

Next we prove that the Faber-Krahn inequality implies the L?
Sobolev inequality. Actually we will first prove an upper bound for the
heat kernel G = G(z,t,y) on the whole manifold M. The L? Sobolev
inequality then follows as a result of Theorem 4.2.1.

Fixing y, let v = u(x,t) = G(x,t,y). Consider the integral

I(t) = /M u?(z, t)dp.

Using integration by parts, we have

I'(t) = 2/ uupdp = —2/ \Vu|?(z,t)dp. (4.3.4)
M M
For any positive constant s, we know that
u® < (u—s)2 + 2su.

Therefore

I(t) §/ (u—s)ﬁ_d,u%—/ 2sudp.
M M
For fixed s,t > 0, consider the domains
D(s,t) ={z |zr € M,u(z,t) > s}
and its principal eigenvalue

Vo3
0005 (D(s,t)  ||v]|3

A(D(s, 1)) =
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By taking v = (u — $)4, we deduce

10 < [ V(=) Pdu AD(s. ) + 25
which implies
1) < /M Vuldp A(D(s,8)" + 25, (4.3.5)
Here we have used the property that [ a wdp =1 which also shows
|D(s,t)] < s L.
The Faber-Krahn inequality then tells us
MD(s,t)) > k|D(s,t)|7%™ > ks*/™.

If D(s,t) is not precompact, we can use a sequence of precompact
domains to approximate it. This and (4.3.5) imply that

I(t) < / (Vu|?dp k™ s™2/" 4 2s.
M

Minimizing the right-hand side, we deduce

n/(n+2)
I(t) < ¢(n)k~/(n+2) </ ]Vu\zd,u> .
M

Using this and (4.3.4) we arrive at the inequality
I'(t) < —c(n)k I(t)™+2/m,
Integrating from ¢/2 to t, we know that

c(n, k)

s >0

I(t) <
The reproducing property of the heat kernel then shows, as in the proof

of the Nash inequality in Theorem 4.2.1, that

c(n, k)
m/2 7

G(z,t,y) < t>0.

Here the value of ¢(n, k) may have changed. As mentioned earlier the
L? Sobolev inequality now follows as a result of Theorem 4.2.1. O
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4.4 Parabolic Harnack inequality

We will prove the following Harnack inequality for solutions of the heat
equation on certain manifolds satisfying volume doubling property and
weak Poincaré inequality. Our presentation is modeled on that in [Sal].
The result is a generalization of Moser’s [Mol] Harnack inequality for
second order parabolic equations of divergence form and with bounded
coefficients in R™. For simplicity we will just consider the heat equation.

Theorem 4.4.1 (Harnack inequality) Let M be a connected complete
noncompact Riemann n-manifold. Then the doubling property (4.2.15)
and weak L* Poincaré inequality (4.2.17) together is equivalent to the
following Harnack inequality:

Let u be a positive solution the heat equation in Q@ = B(xg,r) X [to—
r2,to], then u satisfies

supu < Cg inf u.
Q_ Q+

Here Q_ = B(x,6r) x [to —nr?,tg— pr?], Q. = B(x,6r) x [tg — er?, to],
O<e<p<n<l1l,0<0d<1, and Cg is a positive constant depending
only on €,m,6,p, and on the controlling constants dy and Py in the
doubling and the weak L? Poincaré inequality.

Remark 4.4.1 The gap in time direction between Q— and Q4 is nec-
essary. The constant C'g can become infinity when p approaches e.

Proof of the theorem, (D) + (W P) implies Harnack inequality.

Here (D) stands for the doubling property and (W P) stands for
weak L? Poincaré inequality.

The proof takes several steps.

Step 1. We show that (D) and (WP) imply a mean value inequality
for solutions of the heat equation.

From last section, we know that (D) and (WP) yield a Sobolev
inequality. From here the Moser’s iteration gives us a L? mean value
inequality. The details are given in the next paragraph.

Let u be a positive solution to the heat equation Au — dyu = 0 in
the region

Qor(z,t) ={(y,5) | y € Myt — (01)* < s < t, d(y,x) < or}.
Here r > 0,2 > o > 1. Given any p > 1, it is clear that

AuP — P > 0. (4.4.1)
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Let ¢ : [0,00) — [0, 1] be a smooth function such that |¢/| < 2/((c—
Dr), ¢ <0, ¢(l) =1 when 0 <1 <r, ¢() =0 when I > or. Let
7 :[0,00) — [0,1] be a smooth function such that || <2/((c — 1)7)?,
n >0,7>0,n(s) =1whent—7r? < s <t n(s)=0whens <t—(or)

Define ¢ = 9(y, s) = ¢(d(x,y))n(s). Writing w = uP and using w)?
as a test function on (4.4.1), we deduce

/V(wl/}2)deu(y)ds < — /(8Sw)w¢2du(y)ds. (4.4.2)
By direct calculation

[ Ve Tuduto)s = [ 19 Pauts - [ 1V0Puduty)ds.
(4.4.3)
Next we estimate the right-hand side of (4.4.2).

- [@awywitdutnyis = [wrvowdnds - 5 [@iPlduto)

Combing the last three inequalities, we obtain,

[ 1V Pdu)ds + 5 [ wi)?lrdutw)

S /Q wdp(y)ds. (4.4.4)

or(xz,t)

By Hoélder’s inequality, for any fixed v > 2,

/(1/1w)2(1+(2/u)du(y) < </(ww)2l//(y_2)dlu(y)>(V—Q)/l/
: (/ww)zdﬂ(y))%. (4.4.5)

From Theorem 4.2.2; the following Sobolev imbedding holds: for a
constant S = S(dy, P») and v > 2,

(v=2)/v 022
( /ww)zy/(u—z)du(y)) < US(EZW Jiv@?

+ 2 (w)?]dp(y).
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Therefore we have
(v=2)/v So2r2
w/(v—2) 2
(Jowrre2aw) " < 2200 o)
+r 2 (Yw)lduly).  (4.4.6)

for s € [t—(or)?,t] and Yw = Yw(y, s). Substituting (4.4.5) and (4.4.6)
to (4.4.4), we arrive at the estimate

20 gpu(yg)ds < ——0 ! 2duy)ds)
/Qr(m) wrdp(y)ds < |B(z, o) 2/ <(0 —1)22 /Qm-(x,t) wdp(y) 3) :
(4.4.7)
with 6 = 1 + (2/v). This inequality is often referred to as the reverse
Holder inequality.
Now we apply (4.4.7) with the parameters oy = 2,0; = 2 — 23212_j
and p; = . Carrying out Moser’s iteration and using the volume dou-
bling property, we derive a L? mean value inequality: for some constant

C =0C(S,dy),
2 C(57 d())

sup u” <

2
u*dp(y)ds.
Qr2(z,t) r?|B(z,r)] Qr(z,t)

From a generic trick in [LS] e.g., the L? mean value inequality im-
plies LP mean value inequality for any p > 0, i.e. for some constant
C= O(Sv d07p)

sup uP < C(S7d07p)

— uPdu(y)ds. 4.4.8
Qualot) B0 ] g 0 (4.48)

Step 2. upper bound for weak L' norms of Inu~! and Inu.

Let u be a positive super-solution to the heat equation in the domain
B(xg,r) x [t —r?,t], i.e. Au— dyu < 0. For two numbers 4, p € (0,1),
we write

Ry = B(xg,6r) x [to — pr?, to), R_ = B(xg,6r) x [to — r%, tg — pr?].

We will show the following;:
There exists a positive constant ¢y = ¢o(d, p, dp, P2) and a constant
a, depending on u and given in (4.4.14) below, such that, for all A > 0,
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{(@,0) € Ry | Inu™ > A+ a}| < coA~ | Blao, )1,

4.4.9
{(z,t) € R_ | Inu > X — a}| < oA} B(xo, ) |7 4

We will just give a detailed proof of the first inequality since the

second one is similar. Write w = —Inwu. Since u is a super-solution,
direct calculation shows
Aw — dyw — |Vw|* > 0. (4.4.10)

Consider the function A : [0, 1] — [0, 1] defined by
_1l=s
S 1-4
Take ¢ = ¢(z) = A(d(wg,z)/r) and use ¢? as a test function in (4.4.10),
we have

A=1 on [0,0], A(s) s € [6,1].

d 2
at we”dp(z)
< [weduta) - [ [FuPsau
— 2 [ 6VuVodu(z) - [ IVuPeduta)
1
<5 [1VulPetduta) +2 [ [voPaua)
Hence
& [wdauta) + 5 [190Paute) < 2 Blao. o)
dt a 2 =10 )2 Pl
Now we apply, on the above inequality, the following weighted
Poincaré inequality
/ o — 2% du(x) < Cs(dos Po)r® / VwPoldu(z),  (44.11)

where o /w¢2du(f€)//¢2du(w)'

The proof of (4.4.11) will be explained as part of Proposition 4.4.1 at
the end of this section. We obtain

d _ _ 2
G [ odtau@+ (o [ o= Rante) < s 1B
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Since [ ¢?du(x) and |B(zg,r)| are comparable for a fixed § € (0,1),
the above implies

C

d
—%wuaﬂwmmm*/m—%ﬁ%mmsmj@@-

dt
For simplicity we write

C

Vi = C51?|B(xo, )|, Vo = A= o

so the above inequality becomes

%i@ + vt / lw — wg|*$?du(z) < Va. (4.4.12)

Fixing t; = to — pr?, define
wi(x,t) = w(x,t) — Va(t —t1)
’LZ)¢71 = ZT)¢ — Vg(t — tl).
Then they satisfy, via (4.4.12), the inequality

d _ _
%wqb’l + Vl ! / |’LU1 — w¢,1|2¢2d,u(:17) <0. (4.4.13)

Here

o1 = [widdn(a)/ [ Fau(o)

is the ¢2- weighted average of wy(-,t).
Set

a= ZT)¢71(751) (4.4.14)
For a given A > 0 and t € [ty — 72, tg], we identify the regions,
D (\) = {x € B(wg,0r) | wi(z,t) > a+ A},

D; (N\) ={z € B(zg,0r) | wi(x,t) < a— A}

We consider two cases. For the first bound in (4.4.9), consider:
Case 1.t > t; =ty — pr? and x € D; ().
Then

wq (a;, t) — ’lf)d)’l(t) >a+A— ’lf)d)’l(t) > A (4.4.15)
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Here we just used the definition a = wy 1(t1) and the fact that w1 (t)
is a decreasing function of ¢, by virtue of (4.4.13). Next we reduce the
integral in (4.4.13) by integrating only on D;" (\). This gives
d _ _ _
7 Do1() + Vi A+ a— @1 (1)* [DF (V)] < 0.
Writing

f(t) = w1 (t) — (A +a),

we then turn the above inequality into
P&+ Vi IDF I <o,

As we have seen earlier in applying the Nash inequality, this kind
of ordinary differential inequality with a square nonlinearity usually
produces useful information. Indeed, solving from ¢ to g, we arrive at

1 B 1 to .
Flto) T ° /t |DF (V)] dt.

Vi(
Let us recall that
f(t) = wa(t1) — (A+a) = =A,
and that f(t) <0 when ¢t > ¢;. Therefore the above implies
{(z.) € Ry [wi(z,t) > A +a}| < ViATh
Recalling that
wy =w—Va(t —t1) = —lnu— Va(t —t1),
we now deduce, the first bound in (4.4.9)
{(z,t) € Ry | Inu™! > A+ a}| < coAN"YB(xg, )|

Here we just used the fact that Va(t — t1) < Cp/(1 — §)? which is a
constant by definition. For the second bound in (4.4.9), consider:

Case 2.t <t; =ty — pr? and z € D; ().
In this case, we have, just like Case 1,

wl(x, t) — QD¢71(t) <a—\-— QD¢71(t) < =\ (4.4.16)

The second inequality in (4.4.9) follows in the same manner. This
completes Step 2.

Step 3. In this step, we prove the following interpolation result
concerning LP norms of a function.
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Lemma 4.4.1 Let R,, o € (0,1] be measurable subset of M x R such
that Ry C Ry if o' < 0. Let m,k, and § € [3,1], p1 < po < oo be
positive constants.
Suppose f is a positive measurable function satisfying the two as-
sumptions.
1. Reverse Hélder inequality.
- —17(1/p)=(1/po)
17 lp,e < [l = o)™ Ry " 1 f e
for all o,0',p such that % <6< <o<1, 0<p<p <po;
2. Upper bound for weak L' norm.
[{(z,t) € Ry |In f > A}| < K[Ry|A ",

for all A > 0.
Then there exists a positive constant & depending only on m,d and
the lower bound of (1/p1) — (1/po) such that

1l s < | Raro D,
Proor. Without loss of generality we take |R;| = 1. Set, for o € [4,1],

¢ = (o) = ([ fllp.r,)- (4.4.17)

Fixing o, we split R, into the sets where In f > 1/(0)/2 or else. By
Hoélder’s inequality, we have

1£llp e < 1 fllpo.re [{(x:8) € Ry |In f > (o) /2}| /P~ (1/P0) 4 gle)/2,
By Assumption 2, this shows

(1/p)=(1/po)
g

If || fllpo.r, < €&, then there is nothing to prove. So we assume

wmmgw@< (4.4.18)

1 Fllpo. e > €2, de. (o) > 2K.

In this case, we can choose p (less than pg) such that

oK \ (/P)=(1/po)
V(@) <W> = ¥(9)/2, (4.4.19)

Therefore (4.4.18) becomes
1£lp.r, < 2e¥(/2, (4.4.20)
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Now, from this and Assumption 1, the reverse Holder inequality, we

have /
(") = |[fllpo,z,,
<In <[K(0 — ¢')™m™/P)=(1/po) Hf”p,Rg)
< In (2K (0 — o')W 01/m) o2
That is
Y(o’) < 17/’(0) + (1 - i) In[K (o0 —0o')™"] +In2
-2 PP

for all § < o’ < o < 1. Solving (4.4.19), we know that

),
11 (o)

p po 2l((0)/2K)))

Hence

P(o') < (o) + In[K(oc — o)™ +1n2

1
2
forall d <o’ <o < 1.

Now, if
V(o) 2 2K%(0 — o),

then the above shows
3
Y(o') < 11/1(0) +2.

Therefore, we always have, since 0 — o’ < 1,

Y(o') < Zw(a) +2(K3 + 1) (0 — o)™, (4.4.21)

By easy iteration, there exists ¢ > 0 such that
|| fllpo.rs = ¥(0) < (1 —8)72™(1+ K?).

This ends the proof of the lemma. O

Step 4. We prove the Harnack inequality in this step.

Recall that u is a positive solution in Q = B(zq,r) x [to— 72, to]. We
want to bound the maximum of v in Q_ = B(xq, dr) x [to—nr2, to— pr?]
by its infimum in Q. = B(xg,dr) x [tog — er?,to]. To this end, let us
construct two families of parabolic cubes contained in ) such that one
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family is an expansion of )5 while the other is an expansion of @)_.
More precisely, we let, for o € [6, 1],

Q-i—,a = B(xo,ar) X [t() — 11(0')67’2,t0],

Q- » = B(zg,0r) x [to — l2(a)nr?, tg — pr?).
Here [; is a linear function such that [;(0) = 1 and {1(1)e = p; and Iy
is a linear function such that l3(6) = 1 and lo(1)n = 1.

Let a be the constant in (4.4.9) in Step 2. Then from (4.4.9), we
know that the function f = e%u satisfies the weak L! bound in Q_ . It
also satisfies the reverse Holder inequality (4.4.7). Therefore, Lemma
4.4.1 shows that, for some pgy > 0,

K3
el 1y < [P%1B o, )]/ PoesTHED,

Similarly, one can apply Lemma 4.4.1 for the function e %u~! in

@+ o, with py chosen as infinity. One concludes

3
e *sup ul < EAHEY)

Q+
Next, combining these two inequalities with the mean value inequality
in Step 1 (applied on the cube Q_ (145)/2), we deduce

supu < CeX K infy,
Q_ Q+

So we have proven the Harnack inequality except for the weighted
Poincaré inequality (4.4.11) which will be done in Proposition 4.4.1
after the proof of the theorem.

Proof of the theorem, Harnack inequality implies (D) + (W P), i.e. dou-
bling condition and weak L? Poincaré inequality.

First we show that the Harnack inequality implies the doubling
condition of geodesic balls. Fixing x € M, let G = G(x,t,y) be the
heat kernel, i.e. the fundamental solution of the heat equation on M.
Picking r > 0 and y € B(x,r), the Harnack inequality applied on cubes
of size r shows

G(m,r2,a:) < CG(m,2r2,y).

Integrating this over B(z,r) with respect to y, we obtain

|B(z,7)|G(z,?, z) < C/G(a:,2r2,y)d,u(y) =C.
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i.e.
c
Gz, r) < ———. 4.4.22
(=70 < B (4.4.22)

Actually, a parallel lower bound for GG also holds. Here is a proof.
Consider the function

u=Mz@=AMﬂGwawwwy

This is a solution to the heat equation and wu(z,0) = 1 for all z €
B(z, 7). So we can extend u even when s < 0 by setting u(z,s) =1, z €
B(xz,r), s < 0. Now this extended function u is a positive solution to the
heat equation in B(x,r) X (—00,00). Applying the Harnack inequality
twice on cubes of size comparable to r and suitable vertex, we find

1=Ma—ﬂm>scmmﬂm»:c/ G(w,r?/2,y)du(y)
B(z,r)
sﬁ/‘ G(a,r? 2)du(y) = C*|B(x.7)| Glr.r2, ).
B(z,r)

This shows, together with (4.4.22), the so-called on-diagonal lower and
upper bound for the heat kernel:

1 ) C

CUBG < G(z,r*,x) < Bl (4.4.23)

Here C is the constant in the Harnack inequality. By this and the
Harnack inequality again

C2
< —
~ |B(x,2r)|

1

- - < 2 < 2
B = G(z,r*,2) < CG(z,4r°, x)

Hence
|B(x,2r)| < C4\B(az,7’)].

This is the doubling condition.

Finally we will prove the weak Poincaré inequality by the Harnack
inequality. We will use the method in [KS] as presented in [Sal2].

Pick a geodesic ball B(z,r). Let P = P(y,t,z) be the heat kernel
with Neumann boundary condition on B(z,r). By Harnack inequality,
as in the proof of (4.4.23), we know that

C
Py7,r’27z 27
W:7"2) 2 3]
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for all y, z in the ball of half the size: B(x,r/2). Now we pick a smooth
function f in B(z,r). Define

u(y,t) = (P f)(y.1) = /B L PG,

which is a solution to the heat equation in B(x,r) with Neumann
boundary condition. By the lower bound for P, we have

* (f —u(y,r?))? r? L 2) — u(y, r?)|du(z
P (f V) 2 i [ 1) e Pt

Let fp(sr/2) be the average of f in B(x,r/2), then it immediately
implies

P =07 2 s [ 1)~ ot )

Integrating over B(z,7/2) and using the doubling property of geodesic
balls just proven, we deduce

/ [P (f —u(y, r)*)(y, r*)du(y)
B(z,r/2)

>0 £ (2) =[R2 du(z). (4.4.24)
B(z,r/2)

Next we bound the left-hand side of the above inequality.

/ [P
B(z,r/2)

/ / Ply. 2, 2)(f(2) — uly, r2))2du(=)dp(y)
B(z,r/2)

/ / P(y,1%,2)(f2(2) — 2 (2)uly, r?)
B(z,r) JB(x,r)
+u3(y, 2))du() u(y).

Using the fact that fB(x ") P(y,r2, 2)du(z) = 1 and
fB(x ") P(y,7,2)f(2)du(z) = u(y,r?), we can convert the above in-

f=uly, )y, *)dp(y)

—~

IN
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equality into

/ P+ (f — uly, )]y r)dp(y)
B(z,r/2)
2 2
</B(mf()du() /B( )U(zr)du(Z)

[ 8], e

= 2/ / \Vu(z, s)2du(z)ds via integration by parts.
0 ,r
Note that

9y / Vu(z, ) 2du(2)
B(z,r)

= ulz, s ulz, s Z) = — UZS2 V4 .
—2/B(M)v<,>m<,>du<> 2/3( Az, ) Pdu(z) < 0

x,r)
Therefore
[P =l ot auty) <2 [ (95 Pduco)
B(z,r/2) B(z,r)

Substituting this to (4.4.24), we arrive at

/(m,r/2) |f(Z) - fB(w,r/2)|2d,u(Z) < C’rz/ |Vf(2)|2d,u(z),

B(z,r)
which is the desired weak Poincaré inequality. O

The next proposition shows that doubling condition and weak L?
Poincaré inequality imply certain weighted L? Poincaré inequality,
which is crucial to the proof of the parabolic Harnack inequality in
the last theorem.

For simplicity, we choose a weight function which is radial relative
to a fixed point. For more general weights see Theorem 5.3.4 in [Sal].

Proposition 4.4.1 Let A : [0,1] — [0, 1] be defined by

A=1 on [0, A(S)ZG:Z)"L, s €6, 1].

Here m > 0 is a constant. For xog,x € M and r > 0, define ¢ =
o(z) = Ad(zo, )/r) Suppose the doubling condition (4.2.15) and the
following weak L? Poincaré inequality with parameter k hold in M :
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there exist constants x > 1 and P, > 0 such that for any f €
C>(B(x,kr)),

/ 1f (W) = B duly) < Per® / V() duly),
B(z,r)

B(x,kr)
xeM,r>0. (4.4.25)

fBZBT —B;]Z,J 1 fydu U.

Then for any f € C®(B(zo,7)), there exists C = C(d,m,dy, Py)
such that

/ 1 — FoPdu < O / V£,

where

fo= [ todu/ [ oan

PROOF. The idea of the proof, according to D. Jerison [Je], is to use
a Whitney type covering and to decompose the integrals into the sum
of integrals over the balls in the covering. We will just present the key
part and leave many details as exercises. A complete proof can be found
in Section 5.3 of [Sal]. We divide the proof into several steps.

Step 1. In this step, we show that if the weak L? Poincaré inequal-
ity (4.4.25) with parameter s holds then it actually holds when & is
replaced by any constant 7 > 1. Consequently we will always take
k = 2 in (4.4.25) for the rest of the proof, i.e. we will always assume
(4.2.17) holds.

The statement when 7 > & is trivially true. The case when 7 € (1, k)
is left as an exercise.

Exercise 4.4.1 Prove the following result:

Suppose the doubling condition (4.2.15) and weak L? Poincaré in-
equality (4.4.25) with parameter k hold in M. Then for any T € (1, K],
there exist positive constant ¢ = c(t,dy, P,;) such that

[ 1) = S @Pdu) <er® [ ViR duty
B(z,r) B(xz,T7T)
for all f € C*(B(x,7r)), r > 0.

The idea of the proof is to use Vitali type covering. See Lemma
5.3.1 in [Sal].
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Step 2. Whitney type covering.

Fixing the ball E = B(zg,r), one can show that there exists a
collection F of balls B with the following properties:

(1) The balls in F are disjoint.

(2) E C Uper2B. Here and later, for a positive number A, the
notation AB stands for the ball at the same center as B but with A
times the radius of B.

(3) For any ball B € F, the radius of B, called r(B), satisfies

r(B) = 1073d(B, 9F), 10B C E.

(4) There exists a positive constant K depending only on dy such
that
sup Cardinal{B € F |z € 100B} < K.
zeE
Exercise 4.4.2 Prove that the above Whitney type covering exists.
Step 3. The concepts of central balls and subcollection F'(B).

Let F be a covering of F, which satisfies properties (1)—(4) in Step
2. Then there exists a ball B € F such that 2B° contains the point
xo, the center of E. We call such a ball BY a central ball of F and use
xp to denote the center of BY.

Given B € F with center zp, let yp be a minimum geodesic con-
necting xo and xg. Then we can find a finite subcollection of F:

F(B)={B°,...,B"®)1
such that B5) = B and
2B'N 2B +£ empty, 2B N~g #empty, i=0,... J(B).

Exercise 4.4.3 Prove that the following properties hold:
(i) For any B € F,

d(yp,0E) > ~d(B,dE) = 500r(B).

N

(i3) For any B € F and any two consecutive balls B!, B in F(B),
1.017'(BY) < (B < 1.01r(BY),
B+l c 4B,
|4B' N 4B | > cmax{|B|,|B""|}.
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(iii) For any B € F and ball A € F(B), B C 10*A.

All these properties are obviously true in R™. The point is that
they hold in the general setting of metric spaces where only the volume
doubling condition is assumed. Detailed proofs can be found in Lemmas
5.3.6, 5.3.7 and 5.3.8 of [Sal].

Using this exercise we can prove the following claim which controls
the difference of the average of f over consecutive balls in F'(B). Here
we use the notation fg to denote the average of f in the ball B.

Claim: Under the assumptions of the proposition, there exists a pos-

itive constant C such that for any ball B € F and any consecutive balls
Bi, B+l ¢ F(B),

r(B) < / ’ )”2
i — i < C— V£l“d .
|fapi — fapit1] < ‘32’1/2 o IV f|*dp

The proof goes like this.

4B BT 2| £y g — fipin|

1/2

= </ o fupi— f4Bi+1’2dﬂ>

4B*N4Bitl
= </ . ) |f - f4Bi|2d/~L> + (/ ) _ |f - f4Bi+1|2d/.L>

4BtN4Bit1 ABiINABI+1

1/2 1/2

= </ ) ’f - f4Bi’2d,U,> + </ ) ‘f - f4Bi+1‘2d/L>

4B 4RBi+1

' 1/2 ‘ 1/2
or(BY) (/Biwﬁdu) T on(BY (/83 IVflzdu> .

Here the last step is due to the weak Poincaré inequality (4.2.17). The
claim follows by (ii) of the previous exercise.

IN

Step 4. Let F be a Whitney type covering for E = B(x,r), which
was constructed in Step 2. Since F C Ugecp2B and supp¢p C E by
construction, we can use Minkowski inequality to deduce

/ 1 — famo2édu < Sper / f — fapoPodu
2B

< 2*Y ey /43(|f — f1B|* + |fag — fapol?)¢dp.
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Here and later in the proof, B® stands for a central ball of the covering.
Therefore

/ 1 — famo2odu < 25 per / f

4B
— faplPédp + 2°Sper| fap — fapo|?0(4B)
=T +1>
(4.4.26)
where and later
= / odp, S C M.
S

We can bound 77 in the following manner. By property (3) in Step
2, the weight ¢ satisfies

sup<;5<Clnf ¢, BeF.
zeB

Hence the weak Poincaré inequality (4.2.17) implies

/ |f = faBlPodp < CPz?‘(4B)2/ |V f2pdp.
4B 8B

Note, by construction, that 8B C E and the overlapping number for
{8B | B € F} is bounded. Thus

T) < CPyYpepr(4B)? / \Vf|?pdu < CPor? / \Vf|pdu. (4.4.27)
8B E

It remains to bound 75. By the doubling condition (4.2.15) and the
definition of ¢, there exists C; = C1(¢, dy) such that

¢(B)

B X® dp.
(4.4.28)

Fixing B € F, let F(B) = {B°, ..., BXB)} be the subcollection defined

in the previous step with B being a central ball and B‘?) = B. Then

B 1/2 B 1/2
|f4B—f4BO|<%> < l(B Y fap — f4Bi+1|<%> .

Ty = 22 gep| fap — fapo|20(4B) < C1EBeF/|f4B f4BO|2

By the claim in the previous step and the easily verified fact that

?(B)

B < Cyp(z), x€32B', i=0,...,1(B),
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we deduce
- AEL IS < Cs%. i .
|f4B f4BO| ( ‘B’ = 03 i=0 |BZ|1/2 - |vf| ¢du

From property (iii) in Step 3, the ball B is contained in 10*B? for any
B! € F(B). Therefore

o(B)\"? r(4) v
|fa — fapol <W> xXB < CgZAeF’A‘—l/Q </32A !Vf!2¢d/~6>

X X104A XB

which implies, since the balls B in F are disjoint,

B
Y per|faB — f430’2¢‘(B’)XB

r(A) 2 12 i
EAEFW (/32,4 |Vf| ¢dﬂ> X104 -

< (3

Plugging this into (4.4.28), we know that

B
Ty < Cl/EBeF’f4B — fapo Q%ngu

r(A 1/2 ’
§C4/ [EAeF’A(‘—l/)2 (LQA!Vf!2¢du> X104A] dp

= 04/ [SaerJa x101a]” dpt

where, for simplicity, we have used the notation

r(4) ( / AR
Ja = ——= VflIZodu . 4.4.29
A7 a7 429
Now we need to remove the factor 10% in yqg 4.
Note
1, <o) S /EAeFJA Xuosalpldn = €2 S YaerJa
pll2=1 pll2=1

X / |pldp
104 A

1
=% swp B4 FJA\104A\—/ |pldp
! llpll2=1 © [10%A[ J1914

1
< C5 sup X4 FJAA—/ pldp
llpll2=1 © | "10414’ 104A’ |
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where we just used the doubling condition again. Observe, for each
x € A,

1 / 1
Frvem pdué—/ pldu < CMp(z
|101A| 104A‘ | [10* Al /B2, 105r(4)) 7! (@)

where M p is the standard maximal function of p, i.e.

1
Mp(z) = sup

TR Y)ldu(y).
r>0 |B($7T)| B(z,r) |p( )| M( )

Therefore . o
_— du < — | M d

which shows

T21/2 < CCs sup EAeFJA/ Mp(x)dp
llpll2=1 A

= CCs ”S”up /EAeFJAXAMp(:U)dM
pll2=1
< CCs sup [[XaerJaxallz [[Mpllz.
llpll2=1

Hence 5 )
Ty < Cs sup Yacerl|Jaxallzllplz
llpll2=1 (4.4.30)
= CsZaerJ3|Al-

Here we have used the fact that A € F are disjoint and the following
well-known property for maximal functions:

Let M be a complete metric space satisfying the volume doubling
condition: |B(z,2r)| < do|B(z,7)| for all x € M and r > 0. Then for
all f € C§°(M), there exists a positive constant ¢ = ¢(dy, p) such that

M fllp <cllfllp, 1<p<oo.

Exercise 4.4.4 Prove the above statement.

By (4.4.29) and (4.4.30), we arrive at

Ty < Cor®Spcr / IV f[2édp < Cyr? / V1 2odu.
32A E

Here we have used properties (3) and (4) in Step 2.
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Combining the last inequality with (4.4.27) and (4.4.26), we know
that

/!f—f430!2¢du < 087’2/ IV f[2pdpu.
E

Finally

/ 1 — FolPodu < / 1 = Famol?ddp < Cir? / V2.

which proves the proposition. ]

Remark 4.4.2 There is also LP wversion of this result. The proof is
identical.

Exercise 4.4.5 State and prove a LP version of the proposition.

4.5 Maximum principle for parabolic
equations

The maximum principle plays an important role in the study of elliptic
and parabolic equations. Let us first prove a basic maximum principle
for the heat equation on noncompact manifolds. It first appeared in
Karp-Li [KaLi] and Grigor’yan [Gr2].

Theorem 4.5.1 Let u be a smooth subsolution to the heat equation
on M x [0,T), i.e. Au— Opu > 0. Here M is a noncompact Riemann
manifold without boundary and T > 0. Suppose

T
/ / e_o‘dQ(x’O)uQ(x,t)du(:E)dt < 00
0o Jm

for some o« > 0. Here 0 € M and d(x,0) is the Riemann distance
between x and 0. Then u < 0 on M x [0,T) provided that u(x,0) < 0.

PROOF. Define
d*(z,0)
421 — t)

for some 7 > T'. It is easy to check that

h(z,t) = —

IVh?+0,h =0,  a..

Let ¢s(-) be a cut-off function such that 0 < ¢, < 1; ¢s(x) = 1,
x € B(0,s), supp ¢ C B(0,s+ 1); and |Veg| < 2.
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Using ¢2e"u, as a test function on Au — dyu > 0, we obtain

T
/ / (7 |Vuy|? +2 < Vs, Vuy > (dsuy)
0 M
+ (¢2uy) < Vh, Vuy >)dpdt

/ / p2ehOpu? dudt < 0.

Using Cauchy-Schwarz inequality on the second and third term of the
above inequality, we deduce

T
1
A N R

——/ /¢2 "(u2)Ophdpdt + = /¢2ehu <0.
This shows

T
/ qﬁzehui (x, T)du < 4/ / ehuﬁ_]Vqﬁs]zdudt.
0o Jm

If T is sufficiently small we can choose 27 — T sufficiently small so
that the above integrations are finite. Note that the integral on the
right-hand side takes place on [B(0,s + 1) — B(0,s)] x [0,T]. Letting
s — 0o, we conclude that uy = 0. For an arbitrary 1" we just repeat
the process. O

Remark 4.5.1 The growth condition on solutions is necessary in gen-
eral. A classical counterexample due to Tychonov is the following.

Let .
2z

u(x,t) Of(l ( )(QZ)',
where x € R, t > 0, and
—t—2
e , t >0,
t) =
=40

Then, it is easy to check that u is a nontrivial solution to the heat
equation in R x (0, 00). However u(z,0) = 0.

Exercise 4.5.1 Verify the above u is a nontrivial solution of the heat
equation.
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The next result is a maximum principle for tensor that is often
referred to as Hamilton’s weak maximum principle. Stronger versions
of this result are also found by Hamilton. Some of these will be discussed
in Section 5.2 below.

Let M be a compact, n dimensional manifold, and g = ¢(t) be
a family of smooth metrics on M x [0,T]. Let V be a vector bundle
over M with a time independent metric h = h,g, and a connection
V(t) = {I'{3} which is compatible with h,g. This means Vxh = 0 for
any tangent vector X on M. Let o be a C* section of V' over M. Define
the Laplacian by

Ao = ¢"(z,t)V;V o

where V;V o = V?ja, the second covariant derivative of o. This Lapla-
cian can be regarded as a version of the rough Laplacian on (2,0) ten-
sors associated with g(t) and the connection V(t). The connection and
Laplacian can be extended in the usual way to act on any smooth
tensor. We still use the same notation for their extensions.

Theorem 4.5.2 (Hamilton’s weak mazximum principle for tensor)
Let Mg be a family of smooth, symmetric bilinear forms on V and

Nag = Nog(J, h)

be a polynomial of J = (M), formed by contracting elements of J with
the metric h = (hye). Here n and & inside J, h are dummy indices.
Assume, for any x € M and v € V., the fiber of the bundle V at
x, there holds Nagvavﬁ > 0 whenever Mygv® = 0. Here M,g is any
smooth bilinear form on V.
Suppose Mg evolves by the equation

OMeos = AMyp +u'ViMyg + Nog, on M x[0,T].  (4.5.1)

Here A is the rough Laplacian on tensor associated with g(t) and the
connection V(t), and u’ is a bounded vector field.
Then (Mag) > 0 for allt € (0,T] if (Mag) >0 at t = 0.

PROOF. Let ¢ > 0 and A > 0 be two constants to be chosen later.
Consider the bilinear form:

Maﬁ = Maﬁ + eetAhag.
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Then (Myg) > 0 at t = 0, due to the assumption that (M) > 0 at
t = 0. We claim that for a fixed large A and all sufficiently small e, it
holds (M) > 0 for all ¢ € (0,T].

Suppose the claim is not true. Then there exists arbitrarily small
e > 0, some point o € M and some unit vector v € V,,, such that

Ma5($0, to)va =0.

Here unit vector means relative to the metric h. We also chose ty to be
the first time this can happen. Under the metric g(ty), we use parallel
translation along geodesics emanating from zq to extend v to a smooth
vector field in a neighborhood of xy. We still denote this vector field
by v. Write

F(x,t) = Myp(z, t)v*v” = Magvavﬁ—l—eeAthagvavﬁ = Magvavﬁ—l—ee‘%.

By our choice, F(zg,tg) = 0 and F(x,t) > 0 when t < tg and F(z,ty) >
0, z € M. Hence

O F <0, AF >0, at (xo,to).

Here A is the Laplace-Beltrami operator on M, relative to the metric

g.
Therefore, at the space time point (zo, tp),

0> 0 F = 8t(Ma5vavﬁ + eeAt)
= A(Mopv°0°) + u'V;(Mupv®v?) + Nog(J, R)v®0P 4 e Aeto

> Nog(J, h)v@o? 4 eAetto
(4.5.2)
Here we have used the fact that v is parallel and V;(M,z0°0°%) =
VZ'F =0 at (mo,to).
Notice that, for J = J 4 eeth = (Mug) + ee(hag),

Nog(J, h)vP = Nos(J — eeth, h)vo?
> Nog(J, h)v®® — O eFekAl,

where m is the highest order of the polynomials in (N,g). Since

Mypv® =0 at (xo,to), we have, by assumption

Nog(J, h)v™? >0,



4.6. Gradient estimates for the heat equation 155

which implies, at (xq, o) again,
Nog(J, h)vP > —Oxp ebekAl,

Here the constant C' depends on the bound of M,g. Substituting this
inequality to (4.5.2), we come to the inequality

Oxm ekbekAlo > ¢ geAto,
But this is impossible for a fixed large A and all sufficiently small e.

Hence we have proven the claim. Letting ¢ — 0, we finish the proof of
the theorem. O

Exercise 4.5.2 State and prove a noncompact version of Theorem
4.5.2.

4.6 Gradient estimates for the heat equation

In this section we present several gradient estimates for the heat equa-
tion Au — d;u = 0 on manifolds. These are taken from the works of
Li-Yau [LY], R. Hamilton [Ha5] and Souplet-Zhang [SZ]. These gradi-
ent estimates can be regarded as differential versions of the Harnack
inequality. Therefore they are also closely related to Sobolev inequal-
ities. Unlike the Harnack inequality in the previous Section 4.4, these
gradient estimates follow from the maximum principle. The general
idea is to show that certain quantities involving the gradient of a pos-
itive solution to the heat equation satisfy another linear or nonlinear
parabolic equation for which the maximum principle is applicable. This
is the case, for example, if the nonlinear term has the right sign. The
gradient estimate by Li-Yau has been extended by Hamilton to a ma-
trix form and to cover the scalar curvature under Ricci low. Perelman’s
gradient estimate for the conjugate heat equation [P1] Section 9 is also
similar in spirit.

In 1986 Li and Yau [LY] proved, among other things, the following
famous estimate.

Theorem (Li-Yau [LY]). Let M be a complete manifold with di-
mension n > 2, Ricci(M) > —K, K > 0. Suppose u is any positive
solution to the heat equation

Au—@tu = O,
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in B(xg, R) x [to — T,to] C M x [tg — T,to]. Then, for any a € (0,1),
there exists a constant ¢ = ¢(n, «) such that
]VUF ur
Z ﬁ + = —l— cK,
m B(a:o,R/Q) X [t() — T/Q,t()].
Moreover, if M has nonnegative Ricci curvature and u is a positive
solution of the heat equation in M x (0,T], then, at (z,t) € M x (0,T],

Val e en
u? u ot

We mention that in the paper by Aronson and Bénilan [AB], a
similar estimate for the porous medium equation and the heat equation
in R™ has also appeared.

Let us observe that, even in the case of nonnegative Ricci curva-
ture, the first local estimate does not match the second global estimate
completely, due to the presence of the parameter o < 1. Rather than
presenting the original proof of [LY], we provide a slightly different lo-
cal Li-Yau estimate. Here we show that, modulo a lower order term, «
can be taken as 1 and hence the global and local estimate indeed agree.
The short proof is based on a modification of an idea in [Ha5|] and the
cut-off method in [LY].

Theorem 4.6.1 ( [Z1]) Let B(xg, R) be a geodesic ball in a Riemann
manifold M with dimension n > 2 such that RiCCi‘B(xO,R) > —K,
K > 0. Suppose u is any positive solution to the heat equation in Q =
B(xo, R) X [to — T, t()]. Then

[Vl

Vul? wu
| 2‘ i 2 —|——+cnK—|—cansup—
u R Q u

in B(xo,R/2) x [to — T'/2,t9]. Here ¢, depends only on the dimension
n.

PROOF. By direct computation (see [Ha5]), we have, in a local coordi-
nate,

2 2197 |2 ).
|Vul ) = 2 iy — Ojudju &uaju.
U

(A =0)(—

+2R;;
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In view of the inequality

8Z-u8ju

82'8]"& —

2 2\ 2
21<M_ﬂ> 7
n u

the above implies

[Vul?

@-o)(Th) > 2 (au- B2

Since Aw is also a solution to the heat equation, it follows that

2 2\ 2
(A=) (—Au+ YUy 5 3<Au— [Vl >
u nu u

Let us write

2 2

U u
Then H satisfies

2 2

(A —9,)H > —H?> Kﬂ.

nu U
Now, define

2

Y =H/u= |V12L| _ 9w =—-Alnu
U U

From the above inequality for H, we calculate

(A=0)Y + 2@%/ > 2Y2 —2K

\WP
—

|Vul? ) 2 oR, 8Z-u8ju.

u
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K'Vu|2.

(4.6.1)

(4.6.2)

Now we can use the Li-Yau idea of cut-off functions to derive the desired
bound. The only place that may cause difficulty is that Y may change
sign. However it turns out that it does not hurt. Here is the detail.
Let ¢ = ¢(z,t) be a smooth cut-off function supported in Qrr =

B(zo, R) x [to — T, to], satisfying the following properties
Pld(z,20),t) = (r,); P(,t) = 1in Qrparys, 0 <P <1

(1

)
(2) ¥ is decreasmg as a radial function in the spatial variables.
(3) |57~¢\ é Céz’ Iadjw‘ < Cawhen 0 <a< 1
c
(4) H<g.
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Then, from (4.6.2) and a straightforward calculation, one has

AWY) — (Y ) — 2% V(@Y + 2% S V(Y) — 2V - %Y

+ 2K |v“|2
'LL
2
> 2y (awy -2y gy
2
_ %W? 2 |V$' Y + (820 + (n— 1)67:’” 00, log /7)Y — Y.

(4.6.3)
Suppose that at (y, s), the function )Y reaches a maximum. If the value
is nonpositive, there is nothing to prove. So we assume the maximum
value is positive. Then (4.6.3) shows

!VU\2 !VW
u? P
> EWQ + (O + (n—1)

!V\

WK Y + 2|voyp| Y

Mﬁ

+ 8r¢a lOg \/7)Y ¢t
In the above, the only term we need extra care of is

O0r0, log \/gY.

Note that —C/R < 0,¢/¥* < 0, 0,log /g < VK and Y(y,s) > 0.
Therefore, at (y, s),

[Vul?

2
WE =5+ o VY

P
> ;W? + (R +(n—1)

Y+2\va‘vu’

7»1/1

)Y — CVEY*Y /R — Y.

In the terms involving the first-order term of Y, we write ¥ =
V1/1/4Y and use Young’s inequality. This shows, at (y, s), that

2 2 2
YY? = 1/}(’27;‘ - %) < (ﬁ s+ k) e K’V“‘
Since ¢ =1 on Qg/27/2, we have, in Qg2 7/2,
2
’VZ‘ —ﬂ_ 2+ 4—cnK—|—cn\/EsupM
U R Qrr U
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This kind of parabolic gradient estimate is rooted in an elliptic type
gradient estimate.

Theorem (Cheng-Yau [CY]). Let M be a complete manifold with
dimension n > 2, Ricci(M) > —K, K > 0. Suppose u is any positive
harmonic function in a geodesic ball B(xg, R) C M. There holds

Nl oy e Vi (160

in B(xzo, R/2), where ¢, depends only on the dimension n.

Clearly the above Li-Yau estimate reduces to the Cheng-Yau esti-
mate when u is independent of time. On the other hand, for a time de-
pendent solution of the heat equation, it is well known that the Cheng-
Yau type elliptic gradient estimate cannot hold in general. This can
be seen from the simple example where u(z, t) = e~ 1#1*/4 /(47¢)7/2 be-
ing the fundamental solution of the heat equation in R"™. The parabolic
Harnack inequality also exhibits the same phenomenon in that the tem-
perature at a given point in space time is controlled from the above by
the temperature at a later time.

However R. Hamilton proved the following theorem, which is an
elliptic type estimate for bounded solutions.

Theorem (Hamilton [Ha5]) Let M be a compact manifold without
boundary and with Ricci(M) > —k, k > 0 and u be a smooth positive
solution of the heat equation with w < M for all (z,t) € M x (0,00).

Then
[Vul?
2

< (% +2k)In % (4.6.5)

u

For a proof, see Theorem 6.5.1 where a version of this inequality in
the context of Ricci flow is proven.

Just like the Cheng-Yau and Li-Yau estimates, it would be highly
desirable to have a noncompact or localized version of Hamilton’s es-
timate. However, the example in Remark 4.6.1 below shows that the
suspected noncompact version of Hamilton’s estimate is false even for
R™. This situation contrasts sharply with the Cheng-Yau and Li-Yau
inequality for which the local and noncompact versions are readily avail-
able.

However, in the next theorem, we show, for noncompact manifolds
the elliptic Cheng-Yau estimate actually holds for the heat equation,
after inserting a necessary logarithmic correction term. This correction
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term is slightly bigger than that in Hamilton’s theorem (in the power
of the log term). But the estimate holds for noncompact manifolds and
it also has a localized version as the Cheng-Yau estimate. This result
seems unexpected since it enables the comparison of temperature distri-
bution instantaneously, without any lag in time, even for noncompact
manifolds, regardless of the boundary behavior (see Remark 4.6.1). In
some cases, our estimate (see (4.6.7) below) even holds for any posi-
tive solutions, bounded or not. This result seems new even in R" or
compact manifolds.
Here is the statement of the theorem.

Theorem 4.6.2 ( [SZ]) Let M be a Riemann manifold of dimension
n > 2 such that
Ricci(M) > —k, k> 0.

Suppose w is any positive solution to the heat equation in QrrT =
B(zo, R) x [to — T, to] C M x (—00,00). Suppose also u < M in Qrr.
Then there exists a dimensional constant ¢ such that

[Vu(z,t)] 1 1 M

L <=+ — E)(1+1 4.6.

o el g VR ) (4.6.6)
in Qry2,r/2-

Moreover, if M has nonnegative Ricci curvature and u is any pos-
itive solution of the heat equation on M x (0,00), then there exist di-
mensional constants ci,co such that

|Vu(z,t)] 1 u(x,2t)
u(z,t)  — i (c2+1n u(z,t)

) (4.6.7)
for all x € M and t > 0.

An immediate application of the theorem is the following time-
dependent Liouville theorem, generalizing Yau’s celebrated Liouville
theorem for positive harmonic functions, which states that any positive
harmonic function on a noncompact manifold with nonnegative Ricci
curvature is a constant. One tends to expect that Liouville theorem
would still hold for positive ancient solutions to the heat equation.
However the following simple example shows that this expectation is
false. Let u = e** for x € R!. Clearly, u is a positive ancient solution
for the heat equation in R! and it is not a constant. Nevertheless, our
next theorem shows that under certain growth conditions, the Liouville
theorem continues to hold for positive ancient solutions of the heat
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equation. Moreover, our growth condition in the spatial direction is
sharp by the above example.

Theorem 4.6.3 ( [SZ]) Let M be a complete, noncompact manifold
with nonnegative Ricci curvature. Then the following conclusions hold.
(a). Let u be a positive ancient solution to the heat equation, i.e.
the solution is defined in M x (—oo0,T") for some T' > 0. Suppose that
u(z,t) = e? @V near infinity. Then u is a constant.
(b). Let uw be an ancient solution to the heat equation such that
u(z,t) = o([d(z) + \/]t]]) near infinity. Then u is a constant.

Note that the growth condition on the second statement of the
above theorem is also sharp in the spatial direction, due to the example
u = x.

Remark 4.6.1 Here we give an example showing that the above the-
orem 18 sharp for incomplete or moncompact manifolds. This is sur-
prising since it shows that Hamilton’s estimate for the compact case is
actually false for incomplete or noncompact manifolds in general. Re-
cently in [Ko], Hamilton’s estimate is generalized to bounded solutions
of the heat equation on certain noncompact manifolds.

For a > 0 consider u = e®@ta’t, Clearly u is a positive solu-
tion of the heat equation in @ = [1,3] x [1,2] € R x (—o0,00).
Also Vu(2,2)/u(2,2) = a and M = supgu = e3920%  Hence
log(M/u(2,2)) = a. Therefore at (x,t) = (2,2) the left-hand side and
right-hand side of (4.6.6) with R =T = 1 are a and ¢(1 + a) respec-
tively. Obviously they are equivalent when a is large.

The general idea for proof of Theorem 4.6.2 follows that of the paper
[LY] where the maximum principle and cut-off functions are applied for
an equation satisfied by |V logu|?. Here u is a positive solution to the
heat equation. However the quantity we are using differs significantly
from that of [LY]. What we are using is |V log(M —log v)|?, where M is
an upper bound for u. This quantity is also quite different from the one
used in [Hab], i.e. [Vu|?/u. In fact a routine localization of Hamilton’s
method does not work here since, as pointed out earlier, that would
yield a wrong result for the noncompact case.

Proof of Theorem 4.6.2
Suppose u is a solution to the heat equation in the statement of
the theorem in the parabolic cube Qr 1 = B(xo, R) X [to — T, to]. It is
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clear that the gradient estimate in the theorem is invariant under the
scaling u — u/M. Therefore, we can and do assume that 0 < u < 1.
Write

[V£I?
(=12

Since u is a solution to the heat equation, simple calculation shows
that

f=Inu, w=|Vin(l - f)]? = (4.6.8)

Af+I|VSf?—fi=0. (4.6.9)
We will derive an equation for w. First notice that
C2VF(VS)e | 2AVSP S

R (RSP
_2VIVAS+IVP) | 2AVPAS + VP

(1—f) (1=f)?
In local orthonormal system, this can be written as
2f fiij +4fififii | o J2 L+ IV
wy = + 2= . 4.6.10
T Ok o)

Here and below, we have adopted the convention u? = |Vu|? and u;; =
Au.

Next
Vw = ((1 iizf)2)j = (12"(_";”)2 + 2(1fi2f]{)3. (4.6.11)
It follows that
3= (),
. S (1.6.12)
Ll e
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By (4.6.12) and (4.6.10),

Aw — wy
B 2f% fifizi — fifiig
S A
\Zik fifiifi J2 15
[ (S (R D A (R
4 fzfzjfj _9 f?fj] _9 ’Vf’4

L=f2 (= Q=f

The 5th and 7th terms on the right-hand side of this identity cancel
each other. Also, by Bochner’s identity

fifzy] fij] fj(fju fn]) - R’l]flfj 2 _klv.ﬂza

where R;; is the Ricci curvature. Therefore

217 VAt fifiki
Aw — J jJj
T e T gy o
fifuli , \VEE 2RVAP

BTN R R L

Notice from (4.6.11) that

2fifij [ f217

VIVO= G P
Hence .
0:45@% — 2V fVuw +4(‘Vf]‘c)3, (4.6.14)
B fzfz fj VAL, 1
0=— (1 _Jf; [2Vwa—4(1_f)3]m. (4.6.15)
Adding (4.6.13) with (4.6.14) and (4.6.15), we deduce
Aw — wy
213 Wik fifij fi
2<1—f>+2<1—f>+4<1—f>
4 2
+—Vwa—2Vwa+2 V7] %’Vf’

1—f -1 @-nH*
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e 2f7 vl fifiif
a—m a2
we have
2f IVFE 2KV

Since f <0, it follows that

VA 2k
a-n' a-pF

Aw —wy > %VfVuH—%l—f)

ie.
2
Aw — wy; > %Vwa +2(1 — fluw? — 2kw. (4.6.16)
From here, we will use the well-known cut-off function by Li-Yau [LY],
to derive the desired bounds. We caution the reader that the calculation
is not the same as in that of [LY] due to the difference of the first-order
term.
Let ¢ = ¢(x,t) be a smooth cut-off function supported in Qr 7,
satisfying the following properties
(1) Y= ¢(d(l‘,$0),t) = ¢(7‘7t>; 1[)(:17,75) =1in QR/2,T/4> 0<¢ <1
(2). 1 is decreasing as a radial function in the spatial variables.
2
(3). %—f'g%, %g%when0<a<l.
0,
(). B < ¢
Then, from (4.6.16) and a straightforward calculation, one has

Vi

A(Ypw) +b- V(ypw) — 27 -V(pw) — (Pw):
2
> 2(1 - fyu? + (b V)w — 2D 4 (A — g — 2k,
(4.6.17)
where we have written 5

Suppose the maximum of w is reached at (x1,t1). By [LY], we can
assume, without loss of generality that x1 is not in the cut-locus of z.
Then at this point, one has, A(yw) < 0, (Yw); > 0 and V(yw) = 0.
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Therefore

20(1 — flw(zy,t1) < —[ (b- Vb)w — 2|V$|2w

+ 2/<:w1/1] (a;l N tl).

+ (AY)w — Pyw

(4.6.18)
We need to find an upper bound for each term of the right-hand side
of (4.6.18).

(600l < L9 s10lvl < 2092151 [90)

_ fIVY|
=2[th(1 — f)w2]3/4 [p(1 — fF)]3/4
C ? e (fIVy)*
S e
This implies
4
(b V) w| < (1 — flpw? + cﬁ. (4.6.19)

For the second term on the right-hand side of (4.6.18), we proceed
as follows

Vi |? \Y%
| :f! ,w:wl/zw\w;% .
1 Vi |? 1 1 o
< ot () < g e

Furthermore, by the properties of 1) and the assumption of on the
Ricci curvature, one has

(Ao = (@20 + (- DY 1 960, In g

< (1320 + 20 1)‘8; U Vil

L1220 10, VE|0,1)]
< 9 PPoitgs + 9 Purn = ) + 9 e
1 1079 |0, VE|0,1)|
< gw'wz + C([ ¢1/2 ]2 + [R¢1/2]2 [ ¢1/2 ]2)
Therefore 1 1
—(AY)w < §¢w2 +ezrt ck;R (4.6.21)
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Now we estimate |¢| w.

ool
L 12 |1t] \2
§(¢ ) (¢1/2) )
This shows 1
|th|w < ¢w + (4.6.22)
Finally, for the last term, we have
1
2kwyp < gmﬁ + ck?. (4.6.23)

Substituting (4.6.19)—(4.6.23) to the right-hand side of (4.6.18), we
deduce,

1A 1 ck

2 2 2 2
Recall that f < 0, therefore the above implies
4
2 / L 2
Yw(r1,t1) §Cm+§¢w (w1,t1) + R4+——|—ck:
Since ﬁ < 1, the above shows, for all (z,t) in Qg 7,

7,02(115715)102(%15) < 1,[)2(1171,751)’[02(:171,751)
<¢($17t1) *(z1,t1)

2
R4 + g T k.
Notice that ¢ (x,t) = 1 in Qg 7/4 and w = IVfI2/(1— f)2. We finally
e Vil
x c
Wit o\ ¢ | vk
1= flx,t) ~ =R \/_
We have completed the proof of the first statement in the theorem since
f=In(u/M) with M scaled to 1.
To prove the second statement, we apply the first one on the cube
Q112 = Bl, Vt) x [t/2,t]. By Li-Yau’s inequality [LY], we know that

M = sup u < cu(z,?2t).
Q\/Z,t/2

Now the second inequality follows from the first. O
The proof of 4.6.3 follows easily from Theorem 4.6.2.

Exercise 4.6.1 Prove Theorem 4.6.5.



Chapter 5

Basics of Ricci flow

5.1 Local existence, uniqueness and basic iden-
tities

In this section we introduce the concept of Hamilton’s Ricci flow to-
gether with a number of important properties. Due to the vastness of
the subject, we can only touch upon the bare essentials without proof.
We refer the interested reader to the original papers of [Hal| and the
books [CK], [CLN] and [Cetc]| for further details.

We begin by introducing the definitions and notations, which will
be used in this and later chapters. M or M denotes a complete com-
pact, or noncompact Riemann manifold, unless stated otherwise; g (or
gij), Rij (or Ric) will be the metric and Ricci curvature respectively;
R is for the scalar curvature; V, A are the corresponding gradient and
Laplace-Beltrami operator; ¢, C' with or without index denote generic
positive constant that may change from line to line. If the metric g()
evolves with time, then d(x,y,t) or d(x,y,g(t)) will denote the cor-
responding distance function; dg(x,t) or dg(t), or du(g(t)) denote the
volume element under g(¢). We will use B(z,r,t) or B(x,r,g(t)) to de-
note the geodesic ball centered at = with radius r under the metric g(t);
|B(z,7;t)|s to denote the volume of B(z,r;t) under the metric g(s). We
will still use V, A to denote the corresponding gradient and Laplace-
Beltrami operator for ¢(t), without mentioning the time ¢, when no
confusion arises. Let p € M and t be a time in the Ricci flow, we use
(M, p) or (M, p,t) to denote the manifold marked by p or (p,t).

Definition 5.1.1 Let M be a Riemann manifold and g(t) = g;;(t)
be a family of Riemann metric depending on time t in some interval

167
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[Ty, T) C R. Let R;j be the corresponding Ricci curvature. If

3gij
ot

— —2Ry;, (5.1.1)

then one says that (M, g;;(t)) is a Ricci flow.

This system of equations, introduced by Richard Hamilton in
1982 [Hal], is a quasilinear, degenerate second order parabolic system.
Hamilton proved, for a compact 3 dimensional manifold, that the Ricci
flow develops singularity in finite time in a uniform manner if the ini-
tial metric g(0) has positive Ricci curvature. By carefully studying the
formation of singularity, he proved that such a manifold with positive
Ricci curvature is diffeomorphic to the standard 3 sphere S3.

We point out that g;; and R;; are regarded as the local expression of
the metric and Ricci curvature under a background local coordinates.
For example, one can choose local coordinates on M which is indepen-
dent of time or the metrics. One can also pick local coordinates which
depend on time and metrics in a way that the equations for curvatures
associated with Ricci flow become simpler. Sometimes we also use the
compressed notation 0;g = —2Ric for Ricci flow, which just means
(5.1.1).

As a warm up run, we discuss a simple example of Ricci flow on
an Einstein manifold. In general, the Ricci flow is so complicated that
there are only a few explicit examples in the form of Ricci solitons (c.f.
Definition 5.4.2).

Let M be a Riemann manifold equipped with a family of metric
such that

Rij (l’, 0) = )\gij (l’, 0),

9ij (x7 t) - /32 (t)gij (‘Tv 0)
Here A is a constant and p > 0 is a function to be determined by the
Ricci flow. Since the Ricci tensor R;; (coefficients relative to the local
basis dz’ ® dz’) does not change under scaling, we have

Rij(z,t) = Rjj(z,0) = Agij(z,0).
Therefore the Ricci flow equation becomes

dp* (t)gij(x,0)

ot = _2>\gij(ﬂj70)'

Its solution is
Pt =1-2\t.



5.1. Local existence, uniqueness and basic identities 169

So the explicit formula for the evolving metric is

gij(x, t) == (1 — 2/\t)gij(x, 0).

If A > 0, the initial Ricci curvature is positive, the Ricci flow be-
comes singular when ¢ = 1/(2)). If A < 0, the Ricci flow exists for all
time.

The Ricci flow is a second order weakly parabolic system for the
metric g;;. Initially Hamilton [Hal] proved local existence and unique-
ness of the Ricci flow on compact manifolds with the help of the Nash-
Moser implicit function theorem. Then DeTurck [DT] gave a much sim-
pler proof by converting the Ricci flow into a strictly parabolic system
via a family of time dependent diffeomorphisms. Then the standard the-
ory for strictly parabolic systems imply the existence and uniqueness
of the converted system and the original Ricci flow. In the noncompact
case, W. X. Shi [Shi] proved local existence of the Ricci flow for mani-
folds with bounded curvature operator. Under the same condition, the
uniqueness is proven by Chen and Zhu [ChZ2|. Independently, Lu and
Tian [LT] proved uniqueness for the standard solution of Ricci flow
which is a noncompact flow on R3 with radially symmetric metrics.
These results are summarized by the three theorems below.

Theorem 5.1.1 (R. Hamilton [Hal]) Let (M,g?j(a:)) be a compact
Riemann manifold. There exists a constant T > 0 such that the ini-
tial value problem of the Ricci flow

{8tgij(wat) = —2R;j(x,1),

5.1.2
9ij(2,0) = g% () ( )

has a unique smooth solution g;;(x,t) on M x [0,T).

PRrOOF. Step 1. Construct a strictly parabolic system of modified Ricci
flow.

Following DeTurck, consider a parabolic system which under,
{x' ... 2"}, a time independent local orthonormal coordinates, can
be written as

{atgmx,t) = —2Ric;j(x,t) + [Ly s 9ij (2, 1)

gij(x,0) = g?j(g;) (5.1.3)

Terms in the above system are defined as follows.
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(i) Ly ()9 is the Lie derivative of g = g(t) = g;;(-,t) with respect to
the vector field

V =V(t)=V¥(x,t)0k, O = 9/02" V¥ =gk, —T% (0));
(5.1.4)

(ii) R;; and Fl;q are respectively the Ricci curvature and Christoffel
symbol of g = g(¢) in (5.1.3).

(iii) TF,(0) is the Christoffel symbol of the initial metric g°.

We now show that (5.1.3) is a strictly parabolic system of the met-
ric.

Using Proposition 3.1.3, we know, for vector fields X and Y, there
hold

g()(X,Y) = =2Ricy) (X, Y) + g()(VxV (1), Y) + g(t)(X, Vy V(t)).
Hence in the local system, we have
E?tgij = —2Rij + Vzvj + V]VZ (515)

Here, V;V; means the j-th component of the covariant derivative of
the dual one form of V' with respect to g, i.e. the j-th component of
V921 V" where V* = Vidz' and V; = g;,V*.

The principal terms on the right-hand side of (5.1.5) are those con-
taining the second order derivatives of the metric g. Let us write these
in the local coordinates. Using the local formula (3.2.16),

Rij = 0k}, — 0iT}; + T, I = TH T

From (3.1.3),
1
= 59”(3]'%1 + Ogi; — AGjk)-

Hence

1 1
R;; = —§3i(9klajgkl) + §5k [gkl(aigjl + 0j9i — algij)]
+ lower order terms (5.16)

1
= —§gkl (0305911 — 0r0igj1 — Ok0jgi + Or01Gi5)

+ lower order terms.

The lower order terms here and later in the proof are those containing
at most the first derivative terms involving g. Using (5.1.4), we see that

V;Vi= gikgpq(?jflgq + lower order terms.
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Consequently

1
V;Vi = 3 9ikg"10; | ¢" (9 gp1 + Opgqr — O gpq)] + lower order terms

1
=35 gP1(0j049pi + 0j0pgqi — 0;0igpq) + lower order terms.

Renaming the indices p, q as k,[ and switching ¢ and j, we deduce
1
ViVi+V;V; = §gkl(ajalgki + 0j0kg1 — 0;0;9k1)

1
+ 59“(@'319@ + 0;0kg1j — 0;0;911)

+ lower order terms.
Combining this with (5.1.6), we arrive at
—2R;; +V;V; +V;V; = gklﬁk@gij + lower order terms.
Therefore (5.1.5) can be written as

0r9ij = gklﬁk@gij + lower order terms = Ag;; + lower order terms.
(5.1.7)
Equation (5.1.7) and hence (5.1.3) is a strictly parabolic, semi-linear
system. The standard parabolic theory shows that (5.1.3) has a smooth
solution at least for a short time.

Step 2. Show that the solutions of the modified system gives rise to
a solution of the original Ricci flow via a family of diffeomorphisms.

Let g = ¢g(t) be a smooth solution of (5.1.3), define a family of
diffeomorphisms ¢; via the equation

V(60 = GV)OnD), b= (5.18)

where V' is the vector field defined in (5.1.4). We remark, for a smooth
function f on M and a point p € M,

V(e(p), 0)(F) = (66V)(0e(p), 1) (f) = V (D, O)(f © 1)

We show that the metrics

g(t) = (61 (9(1)) (5.1.9)
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is a solution of the original Ricci flow equation. Since g(t) = ¢ §(t), we
compute

eg(t) = 97 0:9(t) + Bi[o1 9 (V]| .,
= ¢;0,9(t) + ¢; (Ly g( )) (Proposition 3.1.4(i7)),
’ ) (5.1.10)
= ¢;0g(t) + L(¢t 1\7(t)¢t (g(t)) (Remark 3.1.8),
= ¢709(t) + Ly 1) (9(t)).

On the other hand, by (5.1.3)
Org(t) = —2Ricyw) + Ly g(t) = =207 (Ricyw) + Ly g(t).

Therefore
9g(t) = —2Ricy,

which proves the short time existence of the original Ricci flow (5.1.2).

Step 3. Proof of uniqueness.

First we observe that the above process is reversible. Namely, if
g = g(t) is a solution to (5.1.2), then one can construct a family of
diffeomorphisms ¢; by (5.1.8) such that g(t) = ¢;§(t) is a solution to
(5.1.3).

To prove this statement, we just need to show that (5.1.8) under
the metric ¢g(¢) has smooth solutions in short time. It is convenient to
work in local system. Let x = {z!,..., 2"} be the time independent
orthonormal system as in Step 1. We suppose ¢;, which is unknown so
far, is given by

bi(z) = (y(z, 1), ..., y"(x,1)).

Let T ;?l be the Christoffel symbol of §(t), which is already given. Then,
by standard calculation, the Christoffel symbol of g(t) = ¢;g(t), de
noted by I' ;?l is:

e oo, ok
I 9wd dxt Ay P T Gy dadHat
Substituting this to (5.1.4), we see that
0 Oy® OyP ox* . ozl 9%y 0
vyt L gt | O ey O Y pk gy L
ok — 9 | 007 9t Oy~ B + Oy> OxI 0! 3(0) Oxk
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Recall, for any smooth function f, (¢ V)(f) = V(f o ¢¢). Therefore
Vka(fo¢t) — Vka_f@

oxk oy Oxk
_ i [Gy oyP Ox* i oxk 9%y~

(@V)(f) =

af oy"
Oy Ok

027 0 Dyt 98 T Dy dwioxt ]
O O )@ or
N 829 Ol Oz Oz dzk | oyn
By this then we can write (5.1.8) as
j 9?2 9y° 9 Oy’
Oy = ¢’ (amjg;l + 1 5 55 Gor — T5(0) az;>
y"(x,0) = 2.

Note that gji = Gag aij g@il and (¢7') = (g;1)~*. Hence (5.1.8) is a quasi-
linear and strictly parabolic system which has a unique smooth solu-
tion ¢ = (y'(x,t),...,y"(z,t)) for short time. By reversing (5.1.10),
we know that g(t) = (¢¢)*g(t) is a solution of the modified Ricci flow
(5.1.3).

Suppose ¢ (t) and §®)(t) are two solutions to the original Ricci
flow (5.1.2). Let qﬁil) and ¢§2) be the two solutions of (5.1.8) corre-
sponding to gV (¢) and §® (¢) respectively. Then the metrics g(M (t) =
(¢§1))*g(1>(t) and ¢ (t) = (QS,EZ))*Q(Z) (t) are two solutions to the modi-
fied Ricci flow (5.1.3), which share the same initial metric ¢g°. Since the
equation in (5.1.3) is strictly parabolic, it can only have one solution
with the same initial value. Therefore ¢M(t) = ¢(®(t) which together
with (5.1.8) imply (M (t) = g (¢). O

The metric g?j in the above theorem is called the initial metric.
Sometimes it is convenient to scale the initial metric to a normalized
one which we now define.

Definition 5.1.2 (normalized metric and normalized manifold) A
metric in Riemann manifold is called a normalized metric if |Rm| < 1
everywhere and the volume of every unit ball is at least half of the vol-
ume of the Fuclidean unit ball.

A Riemann manifold equipped with a normalized metric is called a
normalized manifold.

Obviously one can always multiply the metric of a compact mani-
fold by a large number to make the manifold with the scaled metric a
normalized one.
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The next two theorems generalize the above existence and unique-
ness results to Ricci flow on certain noncompact manifolds.

Theorem 5.1.2 (W. X. Shi) [Shi] Let (M, g;;(x)) be a complete non-
compact Riemann manifold with bounded curvature tensor. There exists
a constant T > 0 such that the initial value problem of the Ricci flow

{@gij(%t) = —2R;j(z,1),
9ij(x,0) = gij(x)

has a smooth solution g;j(x,t) on M x [0,T), with uniformly bounded
curvature tensor.

Theorem 5.1.3 (Chen and Zhu) [ChZ1] The solution in Theorem
5.1.2 1s unique.

The proofs of these two theorems are quite long due to the technical
issue of controlling behaviors of geometric quantities such as curvatures
and injectivity radius near infinity. The reader is referred the original
papers for the nuts and bolts of the proofs.

In the next proposition we will collect a number of formulas de-
scribing the evolution of geometric quantities along the Ricci flow. All
these are due to R. Hamilton.

Proposition 5.1.1 (evolution of geometric quantities: scalar curva-
ture, volume, arclength, connection, curvature tensor, Ricci curvature,
Laplace operator)

Suppose (M, g(t)) is a Ricci flow. Then the following conclusions
are true.
(1) Let R(x,t) be the scalar curvature with respect to g;j(x,t), then

AR — O;R + 2|Ric|* = 0. (5.1.11)
(2) Let du(z,t) be the volume element with respect to g;j(x,t), then
Opdp(x,t) = —R(x, t)du(z,t). (5.1.12)

(8) Let xo, z1 € M and d(xg, z1,t) be the distance between xq, 1 under
the metric g(t). Suppose d is a smooth function of t, then

d d(zo,21,t)
©dlwo,m1,1) = ~inf / Ric(X (), X (s))ds.
0
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Here the “inf” is taken over all minimizing geodesic ¢ = c(s) which
connects xq, x1, parameterized by arclength, under the metric g(t). Also
X(s) =d(s).

(4) Let Ffj be the Christoffel symbol of g;j(x,t) under a time indepen-
dent local coordinate {x',... x™}, then

atl“i?j = —gkl(viRﬂ + VjRil - VlRij)‘

(5) Let Rijp; be the curvature tensor of gi;(t) under a time independent
local coordinate {x',... x"}, then

OiRijii = ARiji + 2(Bijri — Bijik — Biji + Bikji)
— 9" (RpjiiRgi + RipiRgj + RijpiRak + RijipRar)-

Here
Bijui = —g"" 9% Ryiqj Rrkst, (5.1.13)

Ry is the Ricci curvature and A is the rough Laplacian with respect to
9ij(t) (c.f. Definition 3.7.1), i.e.

AR;ji = ¢"'VpVeRijr = gpqvlz,,qRijkl-

(6) Let R;; be the Ricci curvature of g;;(t) under a time independent
local coordinate {x',... x"}, then

8tRij = ARZ'j + 29plgqupiqulm — QQPququj.

(7) For any smooth function uw = u(x) on M,

0A
<8—i(t)> u=2< Ric,Hessu > .

PRrOOF. All these can be derived from the Ricci flow equations in local
coordinates in a straightforward, but laboring manner.

Proof of (1). See the proof of (6).

Proof of (2). In a time independent local orthonormal system

{xt, .. 2"},

dp = /gdzt A ... ANdax™ = \/det(gi;(t))dz" A ... A da™.
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Write G = (g;5(t)). The formula follows immediately from

d . d
EdetG—dethr(G 7 ).

Proof of (3). (Sketch. For details, see [CK] e.g.) Let ¢ = ¢(s) be a
curve connecting = and x1, parameterized by s € [0, 1]. Differentiate

the length formula L(c) = fol Vg(c(s),c (s))ds. Then minimize among
all such curves.

Proof of (4). For a fixed time ¢ and point p € M, let {621-} be a local
orthonormal system (c.f. Definition 3.4.6) under the metric g(-,¢p). Us-
ing this system, by the standard formula (3.1.3), we can write Ffj (z,t),

for (x,t) in a small neighborhood of (p,tp), in the form of

1
Lij (. ) = 59" (@, 1) (Digjt + 091 — D1gij) (. 1).

Note that the operators 9; = % etc. are independent of time. Hence

differentiating the above with respect to time gives
1
O} (x,t) = 5@9“(%7 t)(0igji + Oj9u — 019i5)(x,t)
1
+ 59“(1’7 £)(0i0rgji + 0jOrgir — A0 gij)(x,t).

The Ricci flow equations turn this into

Oy (. t) = RM (2, 4) (0590 + 0j9i — O1gij) (. t) — g (x, 1) (0 Rj1
+ 8]'Ril — alRij)(x, t).
Now we take x = p and t = ty. At p, the center of the local orthonormal

system, the quantities 0;g,;, I‘fj are zero (see the remark after Definition
3.4.6). Hence, at (p,tg), by the formula in Definition 3.1.13 v),

ViRj = 0;Rj — T Ry — T Ry, = 0; Ry
Therefore, at (p,tg),
8trfj = —gkl(ViRﬂ + VjRil — VlRij)

as stated in (4).

Proof of (5). Again we assume that the local coordinate is an or-
thonormal one centered at a fixed point, where all computation below
take place. At this point, F;'- » = 0, hence the partial derivative J; = %
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is the same as the covariant derivative V; for any tensor. See Proposi-
tion 3.1.1.
Recall (see the third remark after Definition 3.2.2)

Rl = 0T — ;T + T Tk —TH T
Therefore
OhRlYy. = ;0T — 0;0,T,
O Rijr1 = O (gthzhjk) = ghlatthjk + 8t(9hl)thjk
= gl0:0 T, — 0,01, ] — 2Ry RY..
By (4), the above becomes
O Rt = gt [0:(— ¢"™ (Vi Rim + ViRjm — VinRj1))
—0;(— 9" (ViRim + ViRim — Vi Ri))| — 2R R}y,
= —0,V Ry — O;ViRji + 0,V Rip + 0;Vi Ry + 0,V Ry
— 0,V Ry, — 2R RYY),
= —Ruwji — Rjipi + Rjksi + Rivj + Rivgj — Ringj — 2Rm Rl

Here, to simplify computation, we have used the notation Ry j; to
denote the second covariant derivative V;V; Ry, etc.

Paring the first and fourth term on the right-hand side and using
the Ricci identity in Proposition 3.2.1, we arrive at

O Rijii = —Rjigi + Rk i + Ri gy — Rikj
+ R%, Ry + Rl Rig — 2R R},
= —Rji ki + Rjpi + Rikj — Rikyj
+ Rijipg"? Ry + Rijipg" Riqg — 2R 9™ R jip.
By the antisymmetry of Rm, this becomes,
O Rijii = —Rjigi + Rjrpi + Ri gy — Rikyj (5.1.14)
— g"(Rijrp Ry + RijpiRq)-

Next we compute AR;j;. By the second Bianchi identity in Propo-
sition 3.2.2
ARiji = §"VpVeRijr = 9" Rijkiqp
(5.1.15)
= 9" Ryjkiip — 9" Rkt jp-
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We are going to switch the order of differentiation on the right-hand
side. Indeed, by Ricci identity and using ¢P!R;pgm = Rim,

gquqjkl,ip = gquqjkl,pi + gpqgmn
X (Ripqunjkl + Ripijanl + Ripkaanl + Riplqujkn)
= 0" Ryjripi + 9" RimBRrjrr + 919" Ripmj (Rgkin + Raink)
(1st Bianchi identity)
+ gpqgmnRipkaanl + gpqgmnRiplqujkn-
Therefore
" Ryjrtip = 9" Ryjripi + 9" Rim Rkt — Bijri + Bijik — Birji + Bijk-
By the second Bianchi identity
9" Rojrip = 9" Rrigjp = —9" Ripgjk — 9" Rpkgji = —Rijk + Rij-
Combining the last two equalities, we obtain
G Ryjrtip = —Rij kit Rijii+ 9" Rim Ryjri— Bijri+ Bijik — Bikji+ Biji-
Switching 7 and j, we also have
9" Ryirtjp = —Riikj+ Rii i +9"" Rjm Rkt — Bjiri + Bjik— Bjri+ Bjiik-
Using the symmetries
Bijki = Briij = Bjik
we deduce, from (5.1.15)
ARij = 9™ Ryjkiip — 9" Ryiki jp
= —Ryiij + Rijii — Rij ki + Riikj
— 2(Biji — Bijir + Birji — Bijk)
— 9" RpiriRjq + 9" Rpjri Rig-
The curvature evolution formula is proven by combining this and

(5.1.14), and by noticing that all terms involving second order deriva-
tives on the right-hand side cancel.

Proof of (6). Here we derive the evolution formula for the Ricci
tensor R;;. From the computation at the beginning of part (5),
ORij = O Ry, = (L)) p — (OiT),).
= —g" (Rjt,ip + Ritjp — Rijip) + 9" (Rjtpi + Ryt ji — Rpji)
= ARij — " (Rjuip + Rirjp) + Ryij.
(5.1.16)
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Here we just used that gpl(Riji — Rp;1i) = 0. From the Ricci identity
again

9" Rjip = 9" Rjipi + 9" R, Ry + "' R Rjy
= glejl,pi + gplgquipijql + gplgquiplijq
= glejl,pi + gplgquipijql + gquipqu-
Switching ¢ and j, we have

9" R jp = 9" Ritpj + 9" 9" Rjpim Rt + 9" Rjp Rig.

Combining the last two identities and using the twice contracted
Bianchi identity again, we arrive at
9" Rivip + 9" R jp
= 0" Rjipi + 6" Ritpj + 26" 9" Ripjm Ryt + 26" Rip Rjq
= R,Z'j + 29plgquipijql + QQPqRZ'pqu.
(5.1.17)
Here we have used the fact that gplgquipijql = gplgqujpiqul,

which is proven by rearranging indices and using the symmetry R;p;m, =
Rjmip- Plugging (5.1.17) to (5.1.16), we conclude

O Ri; = AR;j — 267 g7 Ripjq Rim — 297 RipRjg.

This proves (6).
The evolution equation for the scalar curvature in (1) follows im-
mediately from (6). Indeed
OiR = 0i(¢’* Rji) = ¢ 0y Rjx + Rj0ig’™ = ¢ 01 Rjx + Rj 2R
= gjk(ARjk + ZQPTQqSRpjqurs - 2gquijqk) + 2|Ric|2
= AR + 2|Ric|*.

Here the last line is obtained by taking ¢/* = ¢67%.
Proof of (7). Using the same local coordinates as in (4), by (3.3.5),

3 1 .
Au = 0; (97 0u) + —0;+/99" O;u.
(-g J ) \/g \/gg J

Here g = g(t) and A = Ag(). Differentiating with respect to ¢, we have

dA ij 8t\/§ ij
gu:&(atgjﬁju)—l-&( \/§>938ju—|—

S

\/g@i\/ﬁatgij8ju.
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Since 9;¢" = 2RY and 8;,/g = —R,/g by (2), we deduce

Eu = 28 (R Jaju) - OZ(R)g Jaju + 2%&\/§R ]8]'11,.
When ¢ = tg, at p, the center of the normal coordinates ¢ = § and
0iy/g9 = 0. Therefore

A -~ -~ -~
Cfi_tu = 20; (Rwaju) — 0; ROju = 2R”82-6ju + 20; RY aju — 0;Ro;u.

At ty and p, by the contracted Bianchi identity (Proposition 3.2.3)
20;RY = 20;(¢" ¢"' Ri;) = 29" ¢"'9; Riy = 20;Rij = O;R.

Hence JA
Eu-2R”88u—2<ch Hessu > . O

O

The evolution equations for the curvature tensor and Ricci curva-
ture can be significantly simplified by choosing local coordinates which
move with time suitably. This method is often referred to as Uhlen-
beck’s trick. We introduce

Proposition 5.1.2 (evolving orthonormal frame) Let {x',... z"} be
a time independent local coordinate. Suppose F!, a,i = 1,...,n, are
smooth functions satisfying the equation

OFL(x,t) = g” (2, t) Rjx(, YR (2, t).
Here g;;(t) is a Ricci flow. Define vector fields

0
F, = Fé@:p“ a=1,...,n.
Then the following properties hold:
(a). Suppose {F,} att =0 is an orthonormal frame with respect to
g(0). Then {F,} att is an orthonormal frame with respect to g(t).
(b). The local expression of the pull back metric

hap = gij FLF) (5.1.18)

is independent of time. (c). Vinj =0, Vihay = 0. Here V; = V..
(d) AARabcd = gijviijabcd = gZ]FfFéanngzijklmn
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The proof of the Proposition is an easy exercise of differentiation
in time.
Exercise 5.1.1 Prove this proposition.

The frame {F,} is called evolving orthonormal frame. We will use
indices a,b,c,d,e, f to denote component of curvature tensors under
the frame.

Proposition 5.1.3 In an evolving orthonormal frame {F,}, the evo-
lution equations of curvature and Ricci tensors are:

8tRabcd - AARabcd + 2(Babcd - Babdc + Bacbd - Badbc) (5119)
where
Babed = _Raebecedf- (5120)
at*Rab = ARab + 2RcabdRcd-

Remark 5.1.1 We are not lowering or raising the indices when doing
summation since the frame is orthonormal.

PROOF. We just prove the first equation. The second one is similar.
Let {z',...,2"} be a time independent local coordinate. By definition
and using Proposition 5.1.1 (5),
O Raped = Oy(FIF) FEFLRij) = FLF) FEFLORij
+ (O F))F{ FFF Rijuy + -+ + FIF) FF(0,F}) Riju
= FyF) FFF)AR;ji + 2F,F) F¥Fy(Bijii — Bijur — Bij + Birji)
— ML I FUFy(RyjaRi + RipaRyj + Rijpi Ror, + RijipRyt)
+ (O F)F{FFF Rijuy + -+ + FLF) FF(0,F}) Rij.

Using gPIR,; F! = 0, FY, etc., the last two lines in the above expression
cancel. Also,

F!F)FF¥FY(Biju — Bijir — Bijk + Bikjt) = Babed — Babde + Bachd — Badbe

by using the previous proposition. This gives us the desired formula. [

The evolution equation of the curvature tensor Rm can be simplified
further in a manner we describe now.
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Let V be the tangent bundle over M. Let A?(V) be the vector
bundle of two forms on M, which is equipped with a fixed metric: for

6,9 € A2(V),
< ¢7¢ >= gbabwab- (5121)

Here (¢q) and (¢4) are skew symmetric matrices, which represent ¢
and 1) respectively, under the frame {Fi,..., Fy,..., F,}. The vector
bundle A%(V') can be regarded as a Lie algebra with the Lie bracket

[¢7 ¢]ab = ¢ac¢bc - wacgbbc-

Let
{6°}, a=1,...,n(n—1)/2

be an orthonormal basis for A%(V) under the metric (5.1.21). Then
there exists C57 such that

0%, 0] = C37 . (5.1.22)

We can regard the Rm as a symmetric bilinear form on A?(V)
defined by

Rm((b, w) = Rabcd(babwdc- (5123)
Let ¢ = ¢%,. We can write

Rabcd = Maﬁ¢gb¢gc' (5124)

Equivalently, we have Rabcd(bgc = M,p9%,. Hence the curvature
tensor can also be treated as a symmetric operator on A?(V) =

A (T*(M)).

Definition 5.1.3 The operator Mg : A2(V)) — A%(V), defined by
Rapeadly, = Mapdy

1s called the curvature operator.

According to Hamilton [Ha2], there is

Proposition 5.1.4 Let R peq = Maﬁqﬁgbqﬁgc. Then under the Ricci
flow, Mg obeys the equation

0 Mag = AMag + M25+ M, (5.1.25)
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where Mgﬁ = M~ Mg, is the operator square; and
60
M = (CICY M5 M)
is the Lie algebra square.

PRrROOF. The starting point is the first equation in the statement of
Proposition 5.1.3, i.e.

at*Rabcd - ARabcd + 2(Babcd - Babdc) + 2(Bacbd - Badbc)
(5.1.26)
=ARupeqa + 1+ 11.
Using the first Bianchi identity and (5.1.20), we have
_[Babcd - Babdc] = Raebecedf - Raebedecf = Raebf(_Rcefd - Rcfde)
= Raebecdef-
Note also

Raebecdef = (_Rabfe - Rafeb)Rcdef = Rabechdef - RafebRcdef

= Rabef Rcdef - Rafbe Rcdfe = Rabechdef - Raebecdef .
Therefore

1
o Rabechdef

Raebf Rcdef = 9

and

I = 2(Bated — Babde) = —Rabes Redey = Mar Mg 6505,.  (5.1.27)

Next we compute, using (5.1.22) and switching some dummy vari-
ables,

—[Bacbd — Badve] = RacefRoedr — Raedf Rbecy
= M507c 00 Mo b0 — Mys 02 by Moy, Seg
= M5($0e Dy, + C00) 00 Mypdly  (after summinge)
— M@l ¢y M5y, 0% (after switchingy, n; 4, 6)
= véanQSngngMW%f

= véMnGCZ%E‘b(ﬁiféﬁgf-
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Using (5.1.22) again we have

M.,s MygC %00 5 65y
5 5
= M5 MygC 650 (02 60 + Cg%fd)
= Mo MysCLI05,0% 0 + MysMupCL 05,5 07
(switching d, 6 in the 1st term)
= _MvéMnGC&Y%gﬂiﬂszf + anCgQMvéMntb(?cﬁd-
(switching 7, 7 in the 1st term)

Thus
n s 6 40 1 1 160 a B
—[Bacbd — Badve] = M5 Mo Co bgderPar = §Ca Ch" Mys Mgy ®,y

and

IT = 2(Bueha — Baave) = CL"CY M, s M3, 6. (5.1.28)

By this, (5.1.27) and (5.1.26), we arrive at the stated equation (5.1.25).
(]

In the 3-dimension case the proposition takes a very nice form.

Corollary 5.1.1 If the manifold has dimension 3, then
2
O Mg = AMag + M25+ M

where M* is the adjoint matriz of (Myg).

Exercise 5.1.2 Prove the corollary. Hint: Calculate CZ in an or-
thonormal system for 3 by 3 skew symmetric matrices and use the fact
that Lie bracket is the cross product.

Obviously this corollary makes the evolution equation for the cur-
vature tensor look more tangible. We will utilize this corollary in the
next section, when we present the Hamilton-Ivey pinching theorem. A
similar but more complicated equation for the curvature tensor holds
in higher dimensional cases.

The next result, according to Perelman [P1], contains two differen-
tial inequalities about the distance function under Ricci flow. The first
one can be regarded as a time dependent version of the classical Laplace
comparison theorem. Interestingly, it requires less assumption than the
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classical one, due to cancellation induced by the Ricci flow. They are
very useful when one does space time localization. Before presenting
the result, we fix a notation to be used. Let (M, g(¢)) be a Ricci flow,
x € M and r > 0. Then B(x,r,t) denotes the geodesic ball centered at
x with radius r, with respect to the metric g(t).

Proposition 5.1.5 Let (M, g(t)) be a Ricci flow on an n dimensional
manifold M. Let g € M and tg be a time during the Ricci flow.

(i) Suppose Ric(-,ty) < (n— 1)K on B(zg,ro,to) for some positive
constants K and ro. Then the distance function d(x,xq,t) satisfies, in
the weak sense, at time to and outside B(xg,70,t0), the inequality

Ad—0d < (n—1) <§KT0+TO_1>.

(i1) Suppose Ric(-,t9) < (n—1)K on B(xg,r0,t0)UB(x1,r0,t0) for
some xg,r1 € M. Then, at t = tg,

2
dyd(xg,z1,t) > —2(n — 1) <§Kr0 + r0—1> ,

If the distance function is not differentiable, then the left-hand side is
understood as a forward difference quotient.

PROOF. (i) We just assume z is not a cut point of zy so that d(x, x¢, t)
is smooth with respect to x. If the opposite happens, we just apply a
well-known trick by Calabi to obtain the desired inequality in the weak
sense.

From Proposition 3.4.6, we know that

L
Ad(z, xo,t) = 7} / [ X! + R(X, X;, X, X;)]ds, (5.1.29)
0

where L = d(z, xo,t). The vector fields X, X; are defined in the follow-
ing way as usual. Let ¢ : [0, L] — M be a shortest geodesic connecting
xo and z, parameterized by arclength, under the metric g;;(¢p). Define
X (0) = d(0) and choose e;, 7 = 1,...,n—1so that {e1,...,e,—1, X(0)}
forms an orthonormal basis of T, ;M. We use parallel transport of the
above basis to form {ei(s),...,e,—1(s), X(s)}, which is an orthonormal
basis for T, ()M, s € [0, L]. At last X;, i = 1,...,n — 1 is the Jacobi
field along ¢ = ¢(s) such that X;(0) = 0 and X;(L) = e;(L).
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Notice the right-hand side of (5.1.29) is the sum of index forms
I(X;, X;). Since X; is a Jacobi field, the index theorem (Theorem 3.4.2)
states that I(X;, X;) < I(Y;,Y;), where

Yis) = {%ei(s), s € [0, 7],
ei(s), s € [ro, L]

Hence

L
Ad(z, 20, to) < 1) / [Y/]? + R(X, Y, X, Y)))ds
0

o I
:/ %(n—l—sQRiC(X,X))dS—/ Ric(X, X)ds
0

0 70

L " n—1 52
= —/ Ric(X, X)ds +/ [ 5— + <1 - —2> Rz’c(X,X)] ds
0 0

0 0

L
< —/ Ric(X, X)ds + (n — 1) (gmo - 7’0_1>
0

2
= 8td(3§‘,3§‘0,t)|t:t0 + (’I’L — 1) <§K’f’0 + 7"0_1> .

Here we have used the fact that {Y7,...,Y,,_1, X} is an orthonormal
basis when s € [rg, L] and hence X' 'R(X,Y;,Y;, X) = Ric(X,X)
there. This proves the inequality in (i).

(ii) The proof is similar to that of (i). We need to divide the proof
into three cases depending on the distance between xy and x;. We
assume without loss of generality that x1 is not a cut point of xg. Let ¢
be a minimal geodesic connecting xg and x1, parametrized by arclength.

Case 1. d(xq,x1,t0) > 270.

This time we define the vector fields Y;, i =1,...,n — 1 by

Zei(s), s € [0, 7],

Yi(s) = < ei(s), s € [ro, d(z0,71,t0) — 70]

d(xo,xhto)—sei(s)’

T s € [d(:EOv:ElvtO) - TO,d(IEO,ZEl,tO)].

Since the geodesic is minimum, the second variation formula of distance
tells us that I(Y;,Y;) >0, i.e.

L
/ [¥/]? + R(X, Y, X, Y))]ds > 0
0
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where X (s) = ¢/(s). This shows, together with the property that €}(s) =
VC/(S)GZ'(S) = 0,

) 82 d(z,x1,t0)—T0
/ = Rie(X, X)ds + / Rie(X, X)ds
0o 7o 0

d(w,xl,to) _ 2 _
n / (w0, 21, %) — 5] Ric(X, X)ds < 2n 1)
d

2
(x,21,t0)—"0

7’0 To

Therefore

d(ro,wl,to)
Od(x0, 21,t)|t=t, = —/ Ric(X, X)ds
0

0 32
> —/ (1 - —2> Ric(X, X)ds
0 7o
d(wo,rl,to) _ 2 _
—/ (1 _ Ao, 21, %) = 5] )Rz‘c(X,X)ds— A1)
d

2
(z0,x1,t0)—T0 o

0
2 —1
> —2(n—1) §K7‘0+7’0 .

Case 2. \/22K—/ < d(zg,z1,t9) < 27p.

We just need to rerun the proof of Case 1 with rg replaced by
o 1 . .
ry = 5T which is less than rq.
< mi 2
Case 3. d(xg,x1,t0) < min{2rg, 2K/3}.
The proof is almost trivial:

2
2K/3

d(xo,xl,to)
Od(zo, 1, t)|1=t, = —/ Ric(X,X)ds > —(n— 1)K
0

2
> —2(n-1) <§Kr0 + 7‘0_1> .

5.2 Maximum principles under Ricci flow

We present in this section a number of maximum principles for tensors
or curvatures under Ricci flow. These are important tools since they
allow us to control qualitative behavior of the tensor in a future time,
based on the information at current time.
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Throughout the section, we are working under the following en-
vironment. Let D be a bounded, connected domain of a complete n
dimensional manifold M, and g = ¢(¢) be a smooth Ricci flow on
D x [0,T]. Let V be a J dimensional vector bundle over D with a time
independent metric hqos and I'(V) be the space of C*° sections of V.
We assume that there is a time dependent connection

Vit): T(V) =T (VeT*M), tel0,T]
which is compatible with h = h,g. This means
Vxhaﬁ =0 1.e. (5.2.1)

for all smooth vector field X on M and smooth sections o,y of V', there
holds
X[h(o-’ /7)] = h(vXav 7) + h(U, VX'V)'

Let 0 be a C* section of V over D. Define the time dependent
Laplacian by

A(t)o = g"(z,t) V() Vy(t)o,  Vy(t)Ve(t) = Vi,

Here (gP7) = (gpq) " and (gpq) is the metric g = g(¢) in a local coordi-
nates {01,...,0;n}. Also Vi = Vy 5,:. If no confusions arise, we will
omit the time variable ¢ in V and A in this section.

In many applications, the vector bundle V is chosen as the one
made from 2 forms on M. Then the curvature tensor can be viewed
as a symmetric bilinear form (functional) on V (see (5.1.23).) Under
the evolving orthonormal frame given in Proposition 5.1.2, the time
independent metric hqp is given by (5.1.18).

Theorem 5.2.1 (Hamilton’s strong maximum principle for tensor
[Ha2]) Let Mg be a family of smooth, symmetric bilinear forms on
V' evolving by the equation

OtMag = AMag + Nog, on D x [0,T]. (5.2.2)

Here A is the rough Laplacian on tensor with respect to the metric
g = g(t); Nag is a polynomial of (Mag), formed by contracting elements
of (Myg) with the metric hqg. Suppose (Nog) > 0 whenever (Mag) > 0.

Suppose (Myg) > 0 on D x[0,T]. Then there exists 6 > 0 such that,
on the space time domain D x (0,0), the rank of (Mag) is constant.
Moreover the null space of (Myg) is invariant under parallel translation
and invariant in time, and it also lies in the null space of (Nyg).
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PRrROOF. For the sake of clarity, we divide the proof into a few steps.
Step 1.
Define
| = sup{ rank of M,z(z,0)}.
zeD
From linear algebra, we can find a smooth function py = po(z) > 0,
being positive some where, such that

S M (2, 0)020) > po(z)

for any J — [+ 1 orthonormal vectors v; in V., i =1,...,J —[+ 1. Here
and later this means hagvf‘vf = 04j-

Here V, is the fiber of V' at x. Note that i is the index for the vectors
and the Greek letters v and  are the indices for components of the
vectors.

Next we define a function p = p(z,t), which is the solution of the
heat equation in D x [0, T] with Dirichlet boundary condition and with
initial value pg. By the classical strong maximum principle, it is clear
that p(z,t) > 0 for all (z,t) € D x (0,T].

Step 2.

In this step, we prove the following inequality: for all (z,t) € D X
(0,7]

S Mg (2, t)ofv] > p(a,t) (5.2.3)

for any J — [ 4 1 orthonormal vectors v; in V,, ¢ =1,...,J — 1+ 1.
This inequality is clearly a consequence of the inequalities: for any
e >0 and all (z,t) € D x (0,77,

E;-Iz_llHMa@(x,t)vf‘vi + ee! > p(x,t) (5.2.4)

for any J — [+ 1 orthonormal vectors v;, i =1,...,J — [+ 1.

We argue by contradiction. Suppose (5.2.4) is not true. Then for
some € > 0, there is a first time ty > 0, some point g € M and some
orthonormal vectors v; in V,, ¢ =1,...,J — [+ 1 such that

S0 Mg (o, to)ofv;, + ee® = p(xo, to)-

Under the metric g(ty), we use parallel translation along geodesics ema-
nating from x( to extend each v; to a smooth vector field in a neighbor-
hood of xy. We still denote these vector fields by v;. By the assumption
on h, for any tangent vector X on M,

VX[h(v,-,vj)] = h(VXUi,Uj) + h(v,-, Vij) =0
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Hence it is clear that v; are still orthonormal under the metric h. Write
F(z,t) = S M p020) + et — p.

By our choice, F(zg,tg) = 0 and F(x,t) > 0 when t < tg and F(z,ty) >
0, z € M. Hence
OF <0, AF>0.

Using the equations for M,z and p, we have
O F = 0 <E;’;11+1Ma5vf‘viﬁ + ee’ — ,o)
= 2T AM,5 + Nog)vio! + eet — Ap.
By our assumption, (M,g) > 0 implies (Ny3) > 0. Therefore

O F > E;.Iz_llH(AMa@vf‘vf) +eet — Ap
= AF + e’ = e’ > 0.
This contradiction shows that (5.2.4) and consequently (5.2.3) is true.
Hence the rank of M,g(x,t) is at least [ in D x (0,77. Since rank

is an integer, there exists a 6 > 0 such that the rank of M,g(x,t) is a
constant in D x (0, 4].

Step 3. In this step we take t € (0,d] where § is given at the end of
the last step. Here we prove the statement on the null space of M,g.

By Step 2, the rank of M,3 are constants, we can find smooth
sections for its null space.

Let v € V be any smooth section of V' in the null space of M,g.
Then we compute

0 = 0y (Mopv°0?) = 8 (Mup)v®v® + 2M, 50" 00° (525

= Oy (Myp)v®0”. o

Also
0 = A(Mysv°0"P)

= A(Mug)v*0? + 4¢PV, M5 vV 0
+ 2Maggpqvpvo‘quﬁ + 2Magvo‘Afuﬁ.
The last term is 0 since v is in the null space of M,z. Hence
0 = A(Map)v®0P + 4gPIV , Mog vV 0P + 2M,5gPIV 0"V 0P

Notice
0= Vp(Mag’Ua) = Vp(Maﬁ)’Ua + Maﬁvpva.
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Combining the last two identities with (5.2.5) and using the equation
(5.2.2), we arrive at

Nagvafuﬁ + 2Maggpqvpuaquﬁ =0.

Taking an orthonormal coordinate at any given point where the above
equality holds, we have

Nopv®v? + 2M,5V,u Vv = 0.
Since both M,z and N,g are nonnegative, we conclude that
v € null(Nqg), Vv € null(Myg), p=12,...

Hence null(M,3) C null(Nyp) and null(M,g) is invariant under par-
allel translation.

Step 4. We prove that null(M,g) is invariant in time when ¢ € (0, d].
This is done if can prove dyv € null(M,pz), where v is a smooth
section of V' in the null space of (M,z). We again work in an orthonor-
mal coordinates around a point x € M. By the definition of second
covariant derivative, for any tangent vectors X and Y on M, it holds

VxVyv = Viyv = Vx(Vyv) — Vy,yv.

By Step 3, from v € null(M,g), we know Vxv,Vyv,Vy,yv €
null(Meyg), which then imply

VpVqv = Vo0 € null(Mag).

Therefore
Av = gPV, Vv € null(Myg).

It follows that
GPIN , MgV 0 = gPINV (Mg V qv®) — MogAv® = 0.
This shows:
0= A(Mypv®) = A(Mapg)v™ + 2677V, M5V v + Moz Av®
= (AM,p)v°.
Thus
0 = 0y (Mqapv®™) = (AMag + Nog)v® + Mog0iv® = Mog0iv®, i.e.
O™ € null(M,p)

which proves that null(M,g) is invariant for t € (0, d]. O
One quick implication of the strong maximum principle is the fol-
lowing important
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Theorem 5.2.2 (Hamilton [Ha2]) Let g = g(t), t € [0,T), be a Ricci
flow in a complete manifold with bounded curvature at each time slice.
Suppose the curvature operator Mg (Definition 5.1.3) of the initial
metric is nonnegative. Then, in a time interval (0,6] C (0,7T), the
image of Mg is a Lie subalgebra of so(n), which has constant rank
and is invariant under parallel translation and invariant in time.

PRrROOF. Apply the weak maximum principle Theorem 4.5.2 and The-
orem 5.2.1 to equation (5.1.25). We leave the detail as an exercise. [

Exercise 5.2.1 Prove Theorem 5.2.2.

Remark 5.2.1 The rank of M,z may not be a constant for all time
n (0,T). See Exercise 6.63 on p248 [CLN].

The next result, called Hamilton’s advanced maximum principle,
allows one to control a tensor evolving by certain nonlinear heat equa-
tion via a system of ordinary differential equations. This theorem works
for general evolution equations. However we will just present the Ricci
flow version for the sake of clarity.

Let g = g(t) be a smooth Ricci flow on M x [0,T], where M is
a complete manifold with bounded curvature tensor. Let V' be a vec-
tor bundle over M with a time independent metric h = h,g, and a
connection V = V(t) = {I'fy} which is compatible with hg.

Let N : Vx[0,T] — V be a fiber preserving map which is continuous
in the variables (z,t), i.e. N(z,0,t) is a time dependent vector field
defined on the bundle V' such that

N(z,0,t) €V, if o€V,
Here V,, is the fiber of V at x. Moreover we assume
]N(a;,al,t) — N(w,dg,t)‘ < CB’O'1 — 0'2‘

for all x € M, t € [0,T] and |o;| < B, i = 1,2. Here Cp is a positive
constant depending on B only.
The PDE under consideration now is

Ao(z,t) — Owo(x,t) +uVo(z,t) + N(z,o(x,t),t) =0. (5.2.6)

Here A is again the rough Laplacian on tensor with respect to g = g(t);
u is a smooth, bounded vector field on M and uVo(z,t) is defined as
u'V;o(z,t) in a local coordinates. We assume o = o(z,t) is a smooth
solution of the PDE in M x [0,T].
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Theorem 5.2.3 (Hamilton’s advanced mazimum principle [Ha2]) Let
K be a closed subset of V' satisfying:

(1). K is invariant under parallel translation defined by the connec-
tion V(t) for each t.

(2). In each fiber V., the set K, =V, N K is closed and convez.

Suppose, for any x € M, any solution to the ordinary differential
equation

d

dt
which starts in K, at a time tg € [0,T] will remain in K, for all later
time. Then any solution o(x,t) of (5.2.6), t € [to,T], remains in K
provided that o(x,tg) € K for all z € M and o is uniformly bounded
in M x [tg, T], under the bundle metric hgp.

by = N(z, by, t) (5.2.7)

The proof of the theorem relies on two calculus lemmas whose proofs
are left as an exercise.

Lemma 5.2.1 Let f : [a,b] C R — R be a Lipschitz function. Assume,
for some constant C,

dr h) —
d—f = ligzgpw <Cf(1),

whenever f(t) >0 on (a,b).
If also f(a) <0, then f(t) <0 on [a,b].

Lemma 5.2.2 Let X be a complete smooth manifold and Y a compact
subset of X. Let f(x,t) be a smooth function on X X |a,b] with [a,b] C
R. Define

h(t) = sup{f(y,t) | y € Y}.
Then h is Lipschitz and
d 0
—h(t) <sup{_f(y,t) | y €Y, f(y, 1) = h(t)},a.e.
dt ot
Exercise 5.2.2 Prove the above two lemmas.
Now we are ready to provide
PROOF. (of Theorem 5.2.3) The statement of the theorem is local in

space time. Without loss of generality, we may assume K is compact.
Suppose there is a solution o(z,t) to the PDE (5.2.6) which satisfies
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o(x,tg) € K, for all x € M and which goes out of K at some later time
to. Since K is closed, there is a time t; > to such that o(z,t;) € K, for
all z € M, but for any ¢ € (t1,t2] there exists = such that o(z,t) € K¢.

To simplify the presentation, we introduce two more notations.
Given vy,v9 € V,, x € M, we use |v; — v3] to denote the distance
between v and w9, under the time independent metric h; and we use
v1 - v to denote h(vy,ve).

We consider the function

f(t) = sup dist(o(z,t), K;) = sup inf |o(x,t) —v|, t € [t1,ta].
xEM Z‘EMUEKI

By assumptions, we know that f is continuous and

f(tl) =0, f(t) >0, te (tl,tg]. (528)

For any v € 0K, let S, be the subset of V., which is consisted of
outward unit normals of the supporting hyperplanes of K, at v. Then
one can prove that

f(t)=sup sup sup n-(o(x,t) —v).
rEM vEOK: nESy

By Lemma 5.2.2, we have

.
LI < sup Lin- (o 1) ). (5.2.9)

where the sup is taken over all x € M,v € dK,;,n € S, such that
n-(o(z,t) —v) = f(t). By (5.2.6), we compute

9 3}
a[n (o(z,t) —v)]=n- aa(:ﬂ,ﬁ)

=n-Ac(z,t)+n-uVo(z,t) +n- N(z,o(z,t),1).

(5.2.10)

By the assumption on the ODE (5.2.7), we claim that
v+ N(z,v,t) € C, K,

where C, K, is the tangent cone of K, with vertex at v, i.e. the smallest
convex cone with vertex v, which contains K,. Here is the proof. We
pick v € 9K, and a time ty. Let b = b(t) be the solution of the ODE
(5.2.7) with the initial value b(tp) = v. By the definition of the convex
cone C, K, and the assumption that b(t) € K, C C,K,, we know that
the ray

{v+s(b(t) —v)|s €[0,00)}
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lies in C,K,. Take s = 1/(t — to) and let t — tI, we know
v+ N(z,v,t9) € C,K,. Since t( is arbitrary, the claim is true.
Therefore
n-N(z,v,t) <0

for any n € S, and any ¢ € (t1,t2). This shows
n-N(z,o(z,t),t) <n-N(z,0(x,t),t) —n-N(z,v,t)
<IN, 02, 0),8) — Nz, 0,0)] < Clo(a, 1) — o
=Cf(t).

Suppose we can show that

n-[Ac(x,t)] <0, n-[uVo(z,t)] = 0. (5.2.11)
Then using this, (5.2.9) and (5.2.10), we will obtain
drf(t)

TR Cf(t), te(t,t2)
Lemma 5.2.1 then implies f(¢) < 0 when ¢ € (1, t2). This contradiction
with (5.2.8) will prove the theorem.

So all we need is to prove (5.2.11). Pick a small neighborhood
O, C M, containing x. For any y € O, let v,,n, € K, be the par-
allel translation of v,n € K, taking place along the unique minimum
geodesic connecting = and y. Recall that V is compatible with the met-
ric h and K is invariant under parallel translation. Hence we still have
vy € 0Ky and n, € S,, for K, at v,. By the maximality of f(t), we
deduce

ny-(o(y.t) —v,) < f(H),  yeO..

The function ny - (o(y,t) — vy) thus reaches a local maximum at y = .
Hence
0

8—yi[ny : (U(yvt) - Uy)] = 07 y=x,
Alny - (o(y,t) —vy)] <0, y=u.

Here {y',...,y"} is a local coordinates centered at y. Since n, and v,
are generated by parallel translation, we know that

Vny =Vu, =0, Any=Av, =0, y=uz.
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Using the assumption that h and V are compatible (c.f. (5.2.1)), we
see that

9 9
0= 81/@ [ny ‘ (U(y’t) o Uy)] = 8—yih(nyv (O‘(y,t) - 'Uy))
= W(Vo0y 1y, (0(9,1) = ) + 1y, Voo (o(y,1) = )
=ny - Vajio(y,t), y==z.
Hence

n-lu(x,t)Vo(x,t)] =n- [ui($,t)v8/axi0($,t)]
= u'(x,t)n - Vg ppo(z,t) = 0.
Similarly, we also see that
n-Ao(x,t) <O0.

So we have finished the proof of (5.2.11) and the theorem. O
An important consequence of the advanced maximum principle is
the

Theorem 5.2.4 (Hamilton Ivey pinching theorem [Ha'7] and [Iv] ) Let
(M,g(t)), t € [0,T] be a Ricci flow on a three dimensional complete
(compact or noncompact) manifold with bounded curvature for each
te€[0,T). Let v=v(z,t), . € M, t €[0,T], be the smallest eigenvalue
of the curvature operator at the point (x,t). Suppose att =0, v > —1.
Ifv =v(z,t) <0 at a point (x,t), then the scalar curvature R = R(z,t)
satisfies
R > —v[ln(—v) — 3].

Remark 5.2.2 The main point of the theorem is that the scalar curva-
ture is much larger than the absolute value of a very negative sectional
curvature. This theorem is of fundamental importance in the analysis
of singularities of 3 dimensional Ricci flow.

PRrROOF. Since the dimension of the manifold is 3, by Corollary 5.1.1,
the curvature operator M,z obeys the equation

O Mg = AMg + M25+ M:

where M* is the adjoint matrix of (Magp). At a given point, say € M,
we can diagonalize M,z so that

(Maﬁ) = dmg()\, K, V)
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where A > p > v. Accordingly
(Mgﬁ) = di(lg()\2, M27 V2)7

(Mig) = diag(puv, \v, \w).

Hence the ordinary differential equation in companion with the above
curvature equation is
N =N 4 v

O = p? + v (5.2.12)
o =v?+

Let f be the one variable function on R

f=f(a) =a(lna—3).

We introduce the set K which is consisted of those matrices M, 3 whose
eigenvalues A > u > v satisfy

Atp+v>-3
(5.2.13)
A p+v > f(—v).

Since the function f is continuous and convex, it is easy to see that the
set K is closed and convex. The equation (5.2.12) infers

d
E(A+u+u):A2+u2+z/2+uz/+Au+>\u20.

Hence the first condition in (5.2.13) is preserved under the ODE
(5.2.12).
When v < 0, we consider the function

_A+M+V_
N —v

H In(—v).

By direct calculation from (5.2.12), we have

dH
i = = v i M)+ (A ).
If u <0, then
dH
e T (TR 1 ST ED V1) g

dt
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If > 0, then
H
Vz(ii—t = v (- )N 4 ) > 00
So in any case
.
dt —
Thus, if v <0, then
d d (A +p+v
Log =S (AR (- > 0.
dt( +3) dt( - n( u)+3>_0

By our initial condition that 0 > v > —1 and that R > 3v when t = 0,
we see
H(0)+3=(—v)""(R— (-v)In(—v) — 3v) > 0.

Therefore, whenever ¢ > 0 and v < 0, it holds.

Atpt+rv

—V

In(—v)+3>0

which shows that K is preserved by the ODE (5.2.12). The theorem
now follows from the advanced maximum principle Theorem 5.2.3. [J

Theorem 5.2.3 has been extended by Chow and Lu to the case when
the convex set K may depend on time.

Theorem 5.2.5 (Chow and Lu [CL2]) Let K(t), t € [0,T] be closed
subsets of V', which satisfy:

(1). K(t) is invariant under parallel translation defined by the con-
nection V(t) for each t € [0,T].

(2). In each fiber V,,, the set K, (t) = V,NK(t) is closed and convex
for each t € [0,T].

(8). The space time track Usejo. (0K (t) x {t}) is a closed subset of
V % [0,T].

Suppose, for any x € M, any solution to the ordinary differential

equation
d

dt
which starts in K;(to) at a time to € [0,T] will remain in K, (t) for all
later time. Then any solution o(x,t) of (5.2.6), t € [to,T], remains in
K(t) provided that o(x,tg) € K(to) for all x € M and o is uniformly
bounded in M x [0,T], under the bundle metric hqp.

by = N(l‘, bmyt)
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Actually Chow and Lu proved more general results which allow o
to be certain unbounded solutions. But this result already provides a
proof of an improved Hamilton-Ivey pinching theorem. It is useful when
one considers long-term behavior of Ricci flow.

Theorem 5.2.6 ( [Ha9] Theorem 4.1) Let (M,g(t)), t € [0,T] be a
Ricci flow on a three dimensional complete (compact or noncompact)
manifold with bounded curvature for each t € [0,T]. Let v = v(x,t),
x € M, te[0,T], be the smallest eigenvalue of the curvature operator
at the point (x,t). Suppose att =0, v > —1. Ifv = v(x,t) <0 at a
point (x,t), then the scalar curvature R = R(x,t) satisfies

R> —v[ln(—v) +1In(1+1¢) - 3].

ProoF. With Theorem 5.2.5 in hand the proof of this theorem is al-

most the same as the proof of Theorem 5.2.4. One just replace the

function f(a) = a(Ina — 3) there by fi(a) =a(lna+In(1+¢)—-3). O
We close this section by presenting

Theorem 5.2.7 (Hamilton rounding theorem) Let (M, gy) be a com-
pact three manifold with positive Ricci curvature. Then the normalized
Ricci flow %g = —2Ric+ g, g(0) = go has a unique smooth solution
fort € [0,00). Moreover, ast — oo, the metric g(t) converges exponen-
tially fast in every C*-norm to a C™ metric goo with constant positive
sectional curvature.

Consequently, a compact three manifold with positive Ricci curva-
ture is diffeomorphic to the three sphere S or its quotient of finite
group.

For the original proof one can consult [Hal]. The book [CLN] con-
tains an updated proof. The maximum principles play a fundamental
role.

5.3 Qualitative properties: Gradient estimates,
Harnack inequalities, compactness,
x noncollapsing

In this section we discuss a number of qualitative properties of the Ricci

flow, which are consequences of the evolution equations from the last
section.
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The first result is due to W. X. Shi, which says that bounds on
curvature tensor imply bounds on the covariant derivatives of the cur-
vature tensor. Such a result is a generalization of the classical Bernstein
gradient estimate to the Ricci flow setting. The main idea of the proof
is to construct a quantity involving the norms of curvature and its
derivatives. This quantity is then shown to satisfy a scalar heat type
equation to which the maximum principle is applicable.

Theorem 5.3.1 (Shi’s derivative estimate [Shi]) There exist positive
constants Cy,, m = 1,2,... such that if the curvature of a complete
solution to Ricci flow satisfies

|[Rm| < A

up to time t with 0 < t < A~Y, then the m — th covariant derivatives
satisfy
IV Rm| < Cp AJt™/?

for 0 <t < A™l. Here the tensor norms are taken with respect to the
evolving metric.

ProOOF. We will just deal with the case m = 1 on compact mani-
folds. The rest can be done by induction. Denote by Rm and VRm
the curvature tensor and its covariant derivative tensor. According to
Proposition 5.1.1,

ORm = ARm + Rm x Rm (5.3.1)

where Rm x Rm is an abbreviation of sums of certain tensor products.
From Proposition 3.1.1, in an orthonormal coordinate {z!,..., 2"},

Ri isk = 0p, Riy. iy — ZﬁzlrérkRilir,llir+1i4-
Therefore, at center of the coordinate,
O R, igk = 02, 0c Ry iy — 2?:15tF§TkRi1ir.,112‘”1@'4
By Proposition 5.1.1 again,
oIy = —g"(ViRj + V;Ry — Vi Ryj).
Since 8tffj is an linear combination of components in V Rm, we have

0, VRm = AVRm + Rm x (VRm). (5.3.2)
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By this and (5.3.1), we arrive at the inequalities
Oi|Rm|* < A|Rm|* — 2|[VRm/|? + ¢|Rm?, (5.3.3)

o|VRm|?> < A|[VRm|? — 2|V2Rm|? + ¢|Rm||VRm|>. (5.3.4)

Here ¢ is a constant depending only on dimension. Picking a constant
a > 0 and setting
F =t|VRm|* + a|Rm|*.
Then
O F < AF + |VRm|*(1 + tc|Rm| — 2a) + ca|Rm/|>.

Taking a > ¢ + 1, we obtain, using ¢t < A~!, |[Rm| < A,
HF < AF 4 c1 A
for a dimensional constant ¢;. The maximum principle shows
F(x,t) <sup F(-,0) 4+ ¢ A3 < (a + ¢1)A?,

which yields
IVRm|*(x,t) < (a+c1)A%/t. O

By constructing suitable cut-off functions, Shi also proved a local-
ized gradient estimate.

Theorem 5.3.2 (Shi’s local derivative estimate [Shi]) Given 6 >
0,A > 0, assume the curvature of a solution to Ricci flow (M, g) sat-
isfies

|Rm| < A, on U x[0,0A7} (5.3.5)

where U is an open set containing B(p,r,0), p € M, r > 0. Then there
exist positive constants C,,, m = 1,2,... depending on dimension and
0, such that the following statement holds:
the m — th covariant derivatives satisfy
1 2
V™ Rm(p,t)| < C A( + 7 + A™/2)
for 0 <t <OA~'. Here the tensor norms are taken with respect to the
evolving metric.
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PrOOF. We will only prove the main case m = 1 and refer other details
to the original paper [Shi] and [Ha7] or [CZ] p. 192. See also [Tao] for
a simplified proof, where he found a simpler auxiliary function than
(5.3.6). The proof is divided into three steps.

We assume, without loss of generality, that

r<6/VA.

Step 1. constructing a Bernstein type auxiliary function.
This time the key quantity to consider is

F BA? + |Rm|?)|VRm/|?. (5.3.6)

b
:ﬂ(

Here b and B are positive constants such that b < ¢/(1 + B)?, where
¢ depends on dimension only. By straightforward computation, we can
choose ¢ small so that (5.3.3) and (5.3.4) imply,

OF < AF — F? 4 A% (5.3.7)

Step 2. constructing cut off functions.
We construct a smooth, spatial cut-off function ¢ supported in
B(p,,0) such that, for t € [0,0A71],

¢(x) =r, when d(p,z,0) <7r/2,0<¢<Cor
where Cj is a positive constant. Indeed one can take
o(x) = rA(d(p,x,0)/r)

where )\ is a suitable one variable function.
Now define the barrier function

a? 1

H=Z5+7+4 (5.3.8)

in the space time domain B(p,r,0) x [0,§A~!]. Note H is co on the
parabolic boundary

OB(p,r,0) x [0,0A7] U B(p,r,0) x {0}.
By continuity, there exists S € [0,0A~!] such that

F<H, in B(pr0)x]0,5]. (5.3.9)
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Let T be the supremum of the times S so that (5.3.9) holds. We claim
that T = §A~" when a is sufficiently large. The theorem then follows
from the claim.

We show that there exists a positive constant o;, depending on
0,b, B, but independent of a, such that

Volgwy < o1, 0[V20lgwy <or(l+a), ¢<T. (5.3.10)

The covariant derivatives are with respect to g(t) for all ¢ € [0,7].
Using the assumed curvature bound and r < 6/ VA, it is very easy
to verify the derivative bounds in (5.3.10) at time ¢ = 0. If ¢ > 0,

one works under the evolving orthonormal frame {F?(z,t) a?ci} given in
Proposition 5.1.2. Here { 6‘;} is an orthonormal frame around p, with

respect to ¢g(0). By Proposition 5.1.2,
OVt = O(F N i0) = FiV 016 + VioRLFY = Ry Vo,

Here R} = ¢“ Rjj. From the assumed bound on curvature (5.3.5), it
follows that
h|Ve[> < CAIVe[.

Hence, if [V¢| < Cy at t =0 for some C; > 0, then
IVo|? < C2et04 < 0002 = o2 (5.3.11)

for all ¢ € [0,6/A].
Next, by Proposition 5.1.1 (4) and Proposition 5.1.2, there is the
identity

OUV20) = DFLEIV26) = oy (FiE (00— 90
ab atb Vig atb OxtOxI Y Ok

= RucVi¢ 4+ RpeV2e — (VeRap — VaRoe — VoRae) Ve,

which induces
8| V?¢| < C|Rm||V?¢| + C|VRm|[V|.
This, (5.3.11) and assumption (5.3.5) imply
9,|V2p| < CA|V?¢| + Coy|[VRm|, te (0,0/A].
For t € [0,T], we assumed (5.3.9) holds, i.e. F' < H. Therefore

A% a2 1490
2
< Z (82T,
|V Rm)| _bB((b2+ " )
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Hence
r(1+40) L
Vit VbB

Integrate the above inequality from 0 to 7. Because T' < 6/A and
r < 0/vA, we deduce

O (p|V29]) < CAG|V2p| + CA(

)0'1.

B|V2p| < Cyo1(1 4 a).

Here C5 is independent of a. Hence the bounds (5.3.10) hold after
adjusting the constants.

Step 3. applying the maximum principle.

By direct calculation,

2_ 2 2
i et <% gt A>
2 4 1
< —;4 (6]V¢]* + 20| V2g]) — (% e Az) '

Note that 9;H = —1/t?, which, together with the bounds (5.3.10) im-
plies that

2 4
AH—H2§%6[a%+01(1+a)]+8tH—A2—% < O,H — A

when a is chosen sufficiently large. Thus
OH >AH— H*+ A?, in B(p,r,0) x [0,T].
From this and (5.3.7), we deduce
W(F—-H)<A(F-H)—(F+H)(F—-H), in B(pr0)x][0,T].

Also note that H dominates I on the parabolic boundary of B(p,r,0) x
[0,7]. In fact H = oo there. Hence the strong maximum principle
for scalar heat equation tells us F' < H in B(p,r,0) x [0,T]. Unless
T = A~ the final time when the assumption |Rm/| < A is made, this
is a contradiction with the assumption that T is the supremum time
that /' < H holds. This proves the desired bound when m = 1.
Higher-order bounds follow from induction. O

If there is more derivative control on the initial curvature, then one
has the following improved local derivative estimates. For a proof of an
even more general result, see Lu and Tian [LT], Appendix B.
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Proposition 5.3.1 Given 6§ > 0,4 > 0, let (M,g) be a Ricci flow
defined on the time interval [0,0 A~]. Let Rm be the curvature tensor
and V'Rm the l-th covariant derivative of Rm, | = 1,...,m. Let U
be an open set containing a ball B(p,r,0), r > 0. Assume, for some
positive constants A and B, that

|Rm| < A, on U x [O,HA_I],

B
|VlRm(:17, 0)] < T

forxeU andl=1,...,m.
Then exist positive constants C,,, m = 1,2,..., depending on di-
mension, A, B and 0, such that the following statement holds:
forl=1,2,...m,
C
|V!Rm(z,t)] < T_ll
where 0 < t < QA" and x € B(p,7/2,0). Here the tensor norms are
taken with respect to the evolving metric.

PrROOF. We just give a proof for the case m = 1. The higher order case
is similar and is left as an exercise. The proof is almost identical to the
previous theorem. However, since the initial data has derivative bound,
we can replace the barrier function H in (5.3.8) by

a?

in B(p,r,0) x [0,0A7!]. By choosing a suitably, we deduce
0=0.J >AJ—J?>+ A% in B(p,r0) x[0,T].

with 7" being the largest time when F' < J. From this and (5.3.7), we
deduce

OF —J) < A(F —J)— (F+ J)(F—J), in B(p,r0) x [0,T].

By the initial bound on VRm and the fact that J = oo on the
sides OB(p,r,0) x [0,0A7!], we also know that J dominates F on
the parabolic boundary of B(p,r,0) x [0,0A7']. Here the constant
a = a(A,B,0) in J is chosen sufficiently large. The strong maxi-
mum principle tells us F' < J in B(p,r,0) x [0, 7], which implies that
T = HA~!. The desired inequality when m = 1 follows. O
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Exercise 5.3.1 Prove Proposition 5.3.1 when m > 1.

From the results in [LY], [Hab] presented in last chapter, we have
seen that positive solutions to the heat equation satisfy differential
Harnack inequalities. The scalar curvature under Ricci flow is a solution
of a nonlinear heat equation. Does it satisfy a Harnack inequality?
Hamilton [Ha6] shows that the answer is yes if the curvature operator
is nonnegative.

Theorem 5.3.3 (Harnack inequality for the scalar curvature) Let g(t),
t € (0,7), be a complete solution of the Ricci flow on a manifold M.
Suppose the curvature operator of g(t), t € (0,T), is nonnegative and
bounded. Then for any one form W, and any two forms Uy, there
holds, under an evolving orthonormal frame,

MabWaWb + 2Pachach + RabchabUdc > 0.
Here

1 1
Mab = ARab - §Vava + 2RcabdRcd - RacRbc + ERaba
Pabc = vaRbc - vaac-

Remark 5.3.1 As one can expect, the proof of this Harnack inequal-
ity requires rather intense and technical calculation, although the un-
derlying idea is still the maximum principle. We refer to the original
paper [Ha6] and the book [Cetc] for detailed proof and motivations.
Hamilton first established a similar Harnack inequality for positive so-
lutions of the heat equation with fized metric in [HaJ].

The assumption that the curvature operator is monnegative means
RapeaUabUqge > 0 for any two forms U. See also Definition 5.1.3. Note
the order of the indices d and c are reversed on U. This is due to
the contraction convention for tensors we are using. It may seem quite
restrictive at the first glance. However, in three dimension case, this is
sufficient for singularity analysis. Recently S. Brendle [Br] is able to
relax the curvature condition to certain extent.

In many applications, the following trace form of the theorem is
enough.

Corollary 5.3.1 (trace Harnack inequality under Ricci flow) Under
the same assumption as the theorem, for any one form Vg, it holds

O R+ ? + 2V, RV, + 2RV, Vi > 0.
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PrOOF. Take 1
Uab = §(VaWb - %Wa)

and take trace over W, in the previous theorem. O

Let us mention an important classification result of ancient solu-
tions by Hamilton, which is just one application of the trace Harnack
inequality.

Theorem 5.3.4 Let (M, g(t)), t € (—00,0) be a complete solution to
the Ricci flow with nonnegative curvature operator, positive Ricci cur-
vature. Denote by R the scalar curvature. Suppose that Sup sy (—so,0) B
is attained at some point in space time. Then (M, g(t)) is a steady
gradient soliton.

A proof can be found in [Ha4] or Theorem 10.48 [CLN]. The concept
of gradient soliton is given in Definition 5.4.2.

Next we turn to the concepts of convergence and compactness for
Ricci flow. They are rooted in the classical theory on convergence of
manifolds developed by Cheeger, Gromov and others. They are is very
useful in the analysis of singularities of Ricci flow, when one needs to
extract convergent subsequence from a sequence of scaled metrics.

Definition 5.3.1 (C}%. convergence of manifolds) Let (My, gi, pi) be
a sequence of marked complete Riemann manifolds. Let B(pk,rk) be a
sequence of geodesic balls in My with 1, — 1o < 00 as k — oo. We
say that B(pk, k) converges in the Cp2. topology to a marked manifold
(Moo, Goos Poo) = {p|d(Poo, Py goo) < Too} if there exists a sequence of
exhausting open sets O C My, containing peo and a sequence of dif-
feomorphisms fi : O — Vi, C B(pg,rr) C My satisfying the following
conditions: fr(peo) = pr and the pull-back metrics g, = (fx)*gr con-
verge in C'° topology to gso on every compact subset of My, when
k — oo.

We say the marked manifolds (My, gk, pr) converge to (Muo, Goo, Poo)
in Cp2 topology if in addition fi,(Oy) contains any ball B(py,r) C My
with v > 0 when k is sufficiently large.

Remark 5.3.2 This notion of convergence is also called Cheeger-
Gromov, or geometric convergence.

The above definition of convergence can be modified to fit metrics
evolving by Ricci flow in the following manner.
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Definition 5.3.2 (C}X.  convergence of evolving manifolds) Let
(My, gr(t), pr) be a sequence of marked complete Riemann manifolds
where the metrics gi(t) evolve smoothly by Ricci flow in the time inter-
val t € (a,b] with a <0 < b. Let

B(pk,71,0) = {p| d(p, pk, 9x(0)) < 71}

be a sequence of geodesic balls in My with T, — T4 < 00 a$
k — oo. We say that the marked sequence {B(pg,7k,0),gr(t), vk},
t € (a,b], converges in the Cy5. topology to an evolving marked manifold
(Muo, goo(t), Poc ), t € (a,b] if there exists a sequence of exhausting open
sets O C My containing poo and a sequence of diffeomorphisms

Jr: Op — Vi, C B(pg, r,0) C My

satisfying the following conditions:

ft(Poo) = pi and the pull-back metrics gi(t) = (fx)*gx(t) converge
in C* topology to goo(t) on every compact subset of My, X (a,b], when
k — oo.

We say the marked evolving manifolds (Mg, gi(t),pr) converge to
(Mo, 9o (t), oo) in Cps. topology if in addition fi(Oy) contains any
ball B(pg,r,0) C My with r > 0 when k is sufficiently large.

Remark 5.3.3 In the triple { B(pg,,0), gk (t), px }, the ball B(pk, Tk, 0)
is defined in terms of the metric g (0). But it is equipped with the evolv-
ing metric g(t), under which all geometric objects are computed.

In [Ha8] Hamilton proves the next compactness result for Ricci
flows. It roughly says that a sequence of Ricci flow is compact in C}%,
topology if the curvature tensors are uniformly bounded on compact
sets and the injectivity radii are uniformly bounded from below at
certain marked points at one time level. We refer the reader to [Ha8],

or Section 4.1 of [CZ] for a detailed proof.

Theorem 5.3.5 (Hamilton compactness theorem for Ricci flow)

Let (My, gx(t),pk), t € (a,b] with —o00o < a < 0<b< 400 be a se-
quence of marked complete Riemann manifolds where the metrics gy (t)
evolve by Ricci flow smoothly. Let B(pk,rk,0) = {p|d(p,pk, 9x(0)) <
ri} be a sequence of geodesic balls in My with ry, — 1o < 00 ask — oo.
Suppose the following conditions are met:

(i) for every r € (0,7), there exist positive constants C(r), inde-
pendent of k such that the curvature tensor Rmy, ) satisfies

|Rmg, | < C(r), on B(pg,r,0) x (a,b]
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when k is sufficiently large;
(ii) there exists a constant § > 0 such that the injectivity radii of
My at pr under the metric gi(0) satisfy the lower bound

inj(My, p, gr(0)) > 6 > 0, k=1,2,....

Then there exists a subsequence of evolving marked sequence
((B(pks7%,0), 95 (t), pr) over t € (a,b], which converge in C}%. topol-
ogy to a marked evolving manifold (Meo, goo(t), Pso) where the metric
Joo(t) evolves by Ricci flow smoothly in (a, b].

Moreover, at t = 0, My is the open geodesic ball centered at ps
with radius roy. Further My is complete if roo = 00.

In the study of singularity of Ricci flow, one often needs to scale
the flow near singularity and take the limit. Thus the compactness
theorem is quite useful if one has the requisite injectivity radius lower
bound. Historically, finding such a lower bound under Ricci flow is very
difficult. The following property, introduced by Perelman [P1], implies
the injectivity radius lower bound (cf. Theorem 3.6.2). In the next
chapter, we will prove Perelman’s theorem that any Ricci flow satisfies
this property in finite time.

Definition 5.3.3 (k noncollapsing or k noncollapsed property)

Let (M, g(t)) be a Ricci flow defined on the time interval [a,b] and
k be a positive number. Let xyg € M, tg € [a,b], 7 > 0 and suppose
to — 2 > a. Then M is k noncollapsing or k noncollapsed at (xq,to)
at scale v if |[Rm| <r~2 on

P($07t07ra —7"2) = {(:Evt) |l’ € M7t € (tO - T27t0)7 d(ﬂi‘,ﬂj‘o,t) < 7"}

and |B(zg,r, to)]g(to) > ks,

5.4 Special solutions: Solitons, ancient solu-
tions, singularity models

Generally speaking, explicit or special solutions to partial differential
equations are very useful, in part because there are not many of them
available. The fundamental solution to the heat equation in R™ is one
such example. In the case of the Ricci flow, two classes of special solu-
tions, namely Ricci solitons and ancient solutions, provide important
clues to the structure of solutions to Ricci flow equation near singu-
larity and the topology of the underlying manifold. An oversimplified
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description of a result by Perelman [P1] goes like this. When the so-
lution of Ricci flow develops singularity at a time 7', the norm of the
curvature tensor at time t will tend to infinity as ¢t — T~. By scaling
the metrics suitably, one obtains, as limiting metrics, a solution to a
new Ricci flow of a new time variable, say s. This solution exists when
s is between —oo and a fixed time say s = 0. Therefore it is dubbed an
ancient solution. Ancient solutions are already special. In three dimen-
sion case, when s — —o0, one can scale the metrics again to extract a
subsequence which converges to even more special solutions: Ricci soli-
tons. These Ricci solitons are actually generated by the gradient of a
scalar function, which makes them ever more special. In fact there are
only a few of them which can exist only on a few particular manifolds
such as S3, S? x R etc. Perelman then proves that a three dimen-
sional Ricci flow near singularity behaves just like these gradient Ricci
solitons. Clearly this result has important topological consequences.
Let us present the formal definition of these special solutions.

Definition 5.4.1 (ancient solutions, k solutions) A smooth, compact
or noncompact Ricci flow is called an ancient solution if it is complete
and the time of existence is (—oo,T') for some finite number T .

A Kk solution or ancient k solution is an ancient solution such that:

(i) It is k noncollapsed at all scales.

(ii) It has nonnegative curvature operator.

(iii) It has bounded curvature at each time slice.

(iv) It is nonflat, which means the curvature tensor is not identically

A Ricci soliton g(t) = gj(x,t) is, after all, a solution of the Ricci
flow equation. What is special is that g(¢) is obtained as a pullback of
the initial metric ¢(0) by a diffeomorphism ¢;, modulo a scaling func-
tion of time only. The Ricci flow equation then forces the initial metric
to satisfy certain time independent equation. The diffeomorphism ¢,
can not be arbitrary either. They are generated by a time independent
vector field. On the other hand, any initial metric satisfying this time
independent equation produces a Ricci soliton. For this reason one does
not necessarily distinguish the initial value g(0) with the Ricci soliton
g(t) it generates.

Definition 5.4.2 (Ricci solitons) Let M be a Riemann manifold
equipped with a metric go. Let g = g(t) be the Ricci flow generated
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by go as the initial value. Suppose, for a number A € R and a vector
field V', go satisfies,

2Ric + Ly go + 2\go = 0. (5.4.1)

Then go or g = g(t) is called a steady, shrinking and expanding Ricci
soliton respectively if A =0, A < 0 and A > 0 respectively. Here Ric is
associated with go.

If V is a gradient field, i.e. there exists a scalar function f on M
such that V- = grad f, then gy or g = g(t) is called a steady, shrinking
and expanding gradient Ricci soliton respectively.

Remark 5.4.1 By Proposition 3.1.3, for any vector fieldsY , Z on M,
(Lvgo)(Y,Z) = go(VyV, Z) + go(Y,V V).

So, under a local coordinates {x',...,x"}, the Ricci soliton equation
can be written as

2Rij + 9k ViV + g ViV + 2Xgi; = 0.
Here V¥ is given by V = Vka%k. Also Vij is gwen by V o V =
oxJ
\14F"

OzF

Remark 5.4.2 By the formula for Hessian of f, for gradient Ricci
solitons, gg satisfies

Rij + viij + /\gij =0.

Proposition 5.4.1 Let gy (or g(t)) be the Ricci soliton given in
the definition. Let ¢¢ be the one-parameter family of diffeomorphisms
generated by the vector field (1 4+ 2X\t)71V, i.e. %qbt(:n) = 1+
20) "V (¢4 (2)), ¢o = I. Then

g(t) = (1 + 2Xt)%; go-

PRrOOF. To prove this identity, we just need to verify that its right-
hand side satisfies the Ricci flow equation. By Proposition 3.1.4 (ii)
and the semigroup property of ¢, for time independent vector fields
Y, Z on M,

d
(1+2A1) (%Qﬁkgo)(Ya Z) = (1+2Xt) ¢; (L1g2n)-1v 90) (Y, Z)

= Lvgo((¢1):Y, (¢1)+2)
= —2Ricg,((1)+Y, (01)«Z) — 2290 ()« Y, (P1) Z), by (5.4.1)
= —2(¢} Ricy, ) (Y, Z) — 2X\(b7 g0) (Y, Z)
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This shows

d . . d .
Z1(1+20)6790](Y, Z) = 2067 90(Y. Z) + (1 + 27) =i g0 (V. 2)
= —ZR’L'C@QO (K Z) = —2Ri6(1+2>\t)¢:g0 (Y, Z).

In the last step, we have used the fact that the Ricci tensor is invariant
relative to the metric under scaling by constants. This means that under
a fixed background local coordinates, which is determined by some
vector fields independent of time and metrics, the local expression for
the Ricci tensors of cg and g are the same. O

Interestingly, there are not many 3-dimensional gradient shrinking
solitons which are noncollapsed. They are all classified by Perelman [P1]
in

Proposition 5.4.2 (Classification of 3-dimensional gradient shrink-
ing solitons)

Let (M, g(t)) be a nonflat, three dimensional gradient shrinking soli-
ton. Assume also (M, g(t)) has bounded and nonnegative sectional cur-
vature and is k noncollapsed at all scales for some k > 0.

Then (M, g(t)) is either

(i) the standard three sphere S3, or one of its metric quotients, or

(ii) the standard S* x R, or one of its Zy quotients.

Note the Z, quotients are RP? x R and the twisted product of
S?2%R where the group Z» flips both S? and R.

PrOOF. Case 1. The first case is when the sectional curvature is 0
somewhere. Consider the pull back of the soliton to its universal cover,
(M, §). This is a simply connected (by definition of universal cover),
nonflat x solution with 0 sectional curvature somewhere. According to
Theorem 5.2.1, the pull back (M ,g) splits as the metric product of a
2 dimensional x solution and R. By [Ha3], the only 2 dimensional
solution are the standard S? or RP2. Since M is simply connected but
RP? is not, we know that M = S2 x R, and the radius of the 2 sphere
can be chosen as \/—2t at time ¢ < 0. Hence the original gradient soliton
is M = S%? x R/T, a metric quotient of the round cylinder. If M were
compact, then at a very ancient time ¢, the scalar curvature would be
¢/|t]. Since the size of M in the R direction does not change with time,
the volume of the ball with radius \/m would be comparable to c|t|, the
volume of the 2 sphere at the very ancient time t. But this contradicts
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with the fact that x solutions are x noncollapsed at all scales at any
time. Therefore M is noncompact. Since the projection I's of I" on the
factor R is an isometry group of R and the image of R under I'y is
noncompact, we know I'y is either {1} or Z,. Thus there is a I invariant
cross sphere, say S% x {0}, on which I" acts isometrically and without
fixed point. This implies that I itself is either {1} or Z,. Consequently
M is S? x R, or one of its Z5 quotients.

Case 2. The second case is when the manifold M is compact and has
positive sectional curvature everywhere. Let ¢y be a very ancient time.
With (M, g(to)) as the initial value, Hamilton’s rounding Theorem 5.2.7
shows that (M,g(t)), t > to, is getting rounder as t increases. This
means that the ratio between highest and lowest sectional curvature
tends to 1. Thus (M, g(0)) is rounder than (M, g(ty)). But these two
only differ by homothetical scaling, modulo diffeomorphism. Therefore,
M must be the standard S® or its metric quotients.

Case 3. The third case is when the manifold M is noncompact and
has positive sectional curvature everywhere. But such gradient shrink-
ing soliton actually does not exist. The proof of this is the hardest part
of the proposition.

We divide the rest of the proof into several steps.

Step 1. Properties of the potential function.

Without loss of generality, we can assume that the soliton becomes
singular at time ¢t = 0. By definition of gradient shrinking soliton, there
exists a potential function f = f(x,t) such that, in a local orthonormal
coordinates,

1
VZ-ij + R;j + ﬂgi]— =0, —o0 <t<O. (5.4.2)

Taking the divergence (cf. Definition 3.3.2), we deduce
AV;f+ V;R;; =0.
Recall from Proposition 3.2.3 and Bochner’s formula:

1
ViRij = 3V, R,

3
AV]f = V]Af + R]kka = Vj(—R — ﬂ) + R]kka

Therefore
ViR =2R;;V,f. (5.4.3)
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Fixing time at t = —1 and choosing a base point g, let ¢ = ¢(s) be
a minimum geodesic connecting zg with a point x, parameterized by
arclength. Write d(zg,z,—1) = and X (s) = ¢/(s). To save notations,
we still use f to denote the function f(-,—1). Then, from (5.4.2),
d*f(c(s)) _ d

1
752 d8<Vf,c(s)> <VxVf, X > Ric(X, )+2

Therefore

df(c(s)),  _ df(c(s))

1 b
ds ls=1 = s \Szo—l-—l—/o Ric(X, X)ds.

2

Since the curvature is bounded globally, by Proposition 5.1.5, there is
the bound

l
/ Ric(X, X)ds < C
0
which is independent of I. Hence

df (<(s)) 1
o=y > =l —C. 5.4.4
D> (5.44)
Next let Y = Y (s) be a unit parallel vector field along ¢ = ¢(s),
which is perpendicular to X = X(s). Then, by equation (5.4.2) again,

d d
EY(f(c(s))) = < VY >=<VxVfY >= —Ric(X,Y).

After integration, this becomes

l
Y(Pa) = Y(f)lan) = [ Rie(X.¥)ds.

By Cauchy-Schwarz inequality
! 2 l

[ / |Rz’c(X,Y)|ds] < / |Ric(X,Y)|2ds
0 0

l l
<1 / |Rie(Y, )| |Rie(X, X)|ds < Cl / |Rie(X, X)|ds < CL.
0 0

Hence
Y (f)(@)] < C(VI+1). (5.4.5)
By this and (5.4.4), we know that
l l
——C<<X,Vf> <-4+,
2 [zl =g (5.4.6)

| <Y, Vf> ()| <CVI+C,  d(zg,z,—1) =1
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When [ is large, these two inequalities imply that f has no critical point
and the gradient of f becomes more and more parallel to the tangent
of the minimum geodesic. So the gradient shrinking soliton looks like
a cylinder near infinity.

Step 2. We show that the scalar curvature R tends to 1 at infinity.
By (5.4.6), for large [, it holds

2
|f(z) - ZZI <C(+1). (5.4.7)

Hence the portion of M near infinity, relative to z¢, is covered by
UX {z | f(z) > a}. Let ¢ = q(s) be an integral curve of the gradient
flow ¢'(s) = Vf(q(s)). Then, by (5.4.3),

w =< VR, {(s) >=2Ric(V,Vf) >0. (5.4.8)

These show that

R= limsup R(z,—1)>0.

d(zo,x,—1)—00

Pick a sequence of points (xy,—1) such that R(xj,—1) — R.
By the x noncollapsing assumption, we can apply Hamilton’s com-
pactness Theorem 5.3.5. So, there is a subsequence, still denoted by
(M, (x,—1)), of marked manifolds, which converges to an ancient so-
lution (M, g) in Cf° topology. By Proposition 7.1.1, the limit solution
splits off a line, i.e. M = My x R. Observe that M, is a 2 dimensional
ancient solution which is also k noncollapsed at all scales. By [Ha3]
(Theorem 7.1.3), My is either the standard S? or RP?. Note that M,
with strictly positive sectional curvature, is orientable by [CG2]. Hence
My = S? and M is the standard shrinking cylinder S? x R, existing in
the time interval (—oo,0]. At time ¢ = —1 the scalar curvature of the
limiting flow is R. Thus R < 1, for the limit flow would blow up before
time 0 otherwise.

Since the soliton (M, g) is assumed singular at time 0, Proposition
5.4.1 shows that

g(t) = —téig(—1)

where ¢; is the one parameter family of diffeomorphisms generated by
V f. Hence

inf R(z,t) = ||~V inf R(z,—1) > C|t| "' > 0.
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This implies that the limit soliton (M, §) must blow up at time 0. By
definition of R, the limit soliton is the standard shrinking cylinder with
scalar curvature R at t = —1. To blow up exactly at time ¢ = 0, there is
no other choice but R = 1. We can carry out the same argument for any
sequence {xy }, tending to infinity, with the property that R(xy, —1) has
a limit. Therefore
lim R(z,—1)=1, and R(z,—-1) <1,
d(wo,x,—1)—00 (5.4.9)
when d(xg,x,—1) large.

The last statement is due to (5.4.8).

Step 3. We prove
Area{f =a} < 8« (5.4.10)

when a is large. Here {f = a} is the level surface of f at value a. If
it has more than one connected component, then we just pick one of
them.

Let {e1, e} be an orthonormal basis of {f = a} and e be the unit
outward normal. Then {ej, ey, e3} is an orthonormal basis of M. Let
V2f = (fij) be the Hessian of f under this basis. For the rest of the
proof, expressions involving derivatives and components of curvature
tensor are exclusively under this basis.

The second fundamental form of the level surface is

V ..

hij =< Vi€3,€j >=< Vilv—jzl,ej‘ >= ’é}’,
Here we have used < Vf,e; >= 0, j = 1,2. Observe, by (5.4.2) and
(5.4.9), and t = —1,

i,j=1,2 (5.4.11)

|

>0, i=1,2

N | —

1
— — Ric(e;,e;) >

fii:2

when a is large. Here we also have used the property that Rg > 2Ric,
which is equivalent to positivity of sectional curvature in dimension 3.
This is confirmed by the following calculation in a local orthonormal
coordinates which diagonalizes the Ricci curvature.

Since Ric;j = R;ky;, we have

Rici1 = Ri221+Ri331, Ricoy = Ro112+Ra332, Riczz = R3113+R3203.
Therefore

R = Riciy + Ricog + Riczs = 2R1991 + 2R1331 + 2R9332.
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This shows Rg > 2Ric and
R — 2RiC33 = 2R1221. (5.4.12)

By the first variation formula for area (see Chapter 1, section 8
of [CLN] e.g.),

fi1+ foo / 1-R 0
{

d
—Area{f:a}:/ —_—> — >
da (f=ay VS f=ay V]

when a is large. So Area{f = a} is an increasing function for large a.
We claim
lim Area{f =a} =8n (5.4.13)

which then implies (5.4.10) and completes the step.

By the last step, we can pick a sequence a; — oo and points x;
tending to infinity such that x; € {f = @;} and that (M, z;,¢(t))
converges to the standard cylinder with scalar curvature 1 at time —1.
Consider the functions

Fi(w) =2/ f(x) — 2¢/ f ().
By (5.4.6), (5.4.7) and (5.4.2),
IVE| = |VfI/Vf—1 [VF|

V2f 1|Vf]? - C
f1/2 9 £3/2 | < f1/2

= | — 0, a— oo.

By (5.4.2) again, |V3f| = |V Ric| < C, which implies by straightforward
calculation that |V3F;| — 0 when a — oo. Hence the function F}
converge to a C? function F,, satisfying

V2Fy =0, |VEy|=1.

By standard elliptic theory, F' is a C'®° function defined on the limit
soliton: the standard cylinder. Now we know F, is a radial function and
F'(a) are totally geodesic 2 spheres with constant curvature, which
are normal to the geodesic lines. Since (each component of) {f = a}
converges to a 2 sphere of scalar curvature 1, and the scalar curvature
of a sphere with radius r is 2/r%, the radius of the 2 sphere is v/2 and
its area is 87. Hence the claim (5.4.13) is true, completing the proof of

Step 3.

Step 4. Reaching a contradiction with the Gauss-Bonnet formula.
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Denote by N the level surface {f = a}, X its unit normal vector
and Ry the intrinsic (Gauss) curvature, which is 1/2 of the scalar
curvature. Let h;; be the second fundamental form. According to the
Gauss-Codazzi equation, (5.4.2) and (5.4.12) in step 3, we have

RN = Rigo1 + det(hij)

— Z(R - 2Ric(X, X)) + %f‘_ﬁ?
< =(R—2Ric(X, X)) + Wlfp[fll + fao]?
1

[1 - (R — Ric(X, X)))?

(R — 2RiC(X,X)) + W

1— Rice(X,X) — (1= R+ Ric(X, X))

N = N = N = N =
—

(1 — R+ Ric(X, X))?
2[Vf?

When « is sufficiently large, we already know that 1 — R 4+ Ric(X, X)
is bounded and positive. Also |V f| is large by (5.4.6). Consequently

1

Now by Gauss-Bonnet formula
1
dr = / RydA < - Area(N)
N 2

so that
Area(N) > 8.

This is a contradiction with (5.4.10), which proves the proposition. [

Detailed proofs can also be found in [Cetc], [CZ], [KL] and [MT].
Generalizations and improvement of this result have appeared in [Ni3],
NW], [PW], [Nab].

Like many nonlinear evolution equations, the Ricci flow may de-
velop singularity in finite time. The analysis of singularity is important
for the understanding of the equation and the underlying manifold.

Definition 5.4.3 (mazimal solutions, almost mazximum points) Let
g(t) = gij(z,t) be a Ricci flow on M x [0,T), T < oo, where M is
either compact or (M, g(t)) is complete and has bounded curvature. If
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the supremum norm of Rm under g(t) becomes unbounded as t — T,
then g = g(t) is called a mazximal solution.

A point (z,t) € M x [0,T) is called an almost maximum point if
there exist positive constants a and a € (0,1] such that

|Rm(x,t)| > aKmaz(s), sSEt—

where
Kmam(s) = sup |Rm(x78)|g(s)'
zeM
Hamilton [Ha7] introduced the following notions for maximal so-
lutions, which classify all maximal solutions according to the rate the
curvature tensor tends to infinity.

Definition 5.4.4 (types of mazximal solutions) A maximal solution of
the Ricci flow in [0,T) is called

Type I, if T' < 0o and supp 7y(T — ) Kinaz (t) < 00;

Type 11 (a), if T < oo but supjo, ) (T — t) Kipaa () = 00;

Type II (b), if T = oo and sup[o, 1) t Kz (t) = 00;

Type I (a), if T = oo, supr)tKma(t) < oo and
lim sup,_, o, tKpaz(t) > 0;
Type 11 (b), if T = oo, supgyp)tKme(t) < oo and

lim sup;_, oo tKmaz(t) = 0.

The next theorem states that maximal solutions with certain injec-
tivity radius bound can be scaled to one of the singularity models given
by

Definition 5.4.5 (singularity models) Let g(t) = g;j(x,t) be a Ricci
flow on M which is either compact or (M, g(t)) is complete with
bounded curvature. Then g(t) is called a singularity model if it is not
flat and is one of the three types.

Type I: The solution exists for all t € (—oo,T) for some constant
T € (0,00) and

|Rm(z,t)| <T/(T —1), (z,t) € M x (—00,T)

with equality holds at some x € M and t = 0;
Type II: The solution exists for all t € (—o0,+00) and

|[Rm(x,t)] <1, (z,t) € M X (—00,+00)
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with equality holds at some x € M and t = 0;
Type III: The solution ezists for allt € (—A, +00) for some positive
constant A and

|[Rm(x,t)] < A/(A+1), (x,t) € M x (—A,+00)
with equality holds at some x € M and t = 0;

Theorem 5.4.1 (scaling of mazximal solutions to singularity models)
Let M be a compact manifold. Suppose (M, g(t)), t € [0,T) is a maz-
imal solution of Type I, II (a), (b) or III (a) satisfying the injectivity
radius condition:

for any sequence of almost mazimum points {(zk,tx)}, tx — T,
k — o0, there exists a constant ¢ > 0 such that

C
ZnJ(M7$kag(tk)) Z B e ] ]{7:1,2,
Kma:c(tk)

Then there exists a sequence of dilations of the solution around (xy,ty)
which converges in the C. topology to a singularity model of the cor-
responding type.

PRrOOF. We will just present proofs of the cases for Type I and Type 11
(a) maximal solutions. The rest is similar. The proofs are modeled after
Theorem 4.3.4 of [CZ], which also contains the details of the remaining
cases.

Type I case. Define

w = limsup(T — t) Koz ().
t—T

Observe that w is a finite positive number. The finiteness of w comes
from the assumption of Type I maximum solution. That w is positive
is a result of the maximum principle working on the evolution equation
of curvature. Indeed from Proposition 5.1.1, item (5), it is easy to see
that

Ot|Rm| < A|Rm| + ¢|Rm|?.

Since M is a compact manifold, K4 (t) is reached by |Rm| somewhere.
Therefore
Ot Kmaz < CK2

max
This implies, after integration K. (t) > ¢/(T —t) > 0, which shows
w > 0. With a little more assumptions and efforts, this argument actu-
ally works for certain noncompact manifolds too.
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Now we take a sequence {(xg,tx)} with ¢ — T such that

w = limsup(T — tg) Kmaz (tk)-

k—o00

With the scaling factor

e = |Rm(ap, ty,)|7V/?

we introduce the scaled metrics
g8 = %g( tk + ), 1€ [~tu/ed, (T —t)/e}).

Evidently ¢ is also a Ricci flow, namely

8gg(k)(',t) = 2Ricg(k)(,’g).
When k — oo, the life span of g*) expands to (—oo,w) since
tk/ei = tk]Rm(xk,tk)] — 0OQ, (T—tk)/ei = (T—tk)\Rm(a;k,tk)\ — W.

Since w = limsup;_ (T — t)Kpaz(t), for any 6 > 0, there exists
S < T such that

[Rm(z,t)] < (w+6)/(T —1)
holds for all ¢ € [S,T]. When k is sufficiently large,
[tk — gy (t), tk] € [S,T).

Hence, for t € [t — KL, (tk), k], it holds, for a sufficiently small §

Kinaz(t) = sup [Bm(z,t)] < (w+0)/(T —t) < (w+8)/(T —tx)
< C|Rm(x, ty)].

For t < S, it holds (T —¢)~! < (T — S)~! < (T —#;)~! and hence we
also have
Kmax(t) § C/(T - S) § C]Rm(mk,tk)\

These two bounds on K4, mean (xy,t) is an almost maximum point
for the maximal solution g(t), t < t;. The assumption on the injectivity
radius shows

C
inj(M, 2y, g(tr)) > ———— > Ces.
Kma:c(tk)
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Therefore, for the scaled metric ¢®), it holds
inj(M, z, g*) (0)) > C.

Denote by Rm®*) the curvature tensor of g(*). Then, for # € [(S —
te)/ei (T —t)/€}),

|IRm™) (2,1)| = ¢|Rm(z,1)]
< (w4 (T — t) |[Rm(ay, ti)|] 7
= (w4 [T — tg) |Rm(zg, tr)| + (tp —t) \Rm(azk,tk)\]_l
— (w+36)/(w—1), k — oo.

This curvature bound and the above injectivity lower bound allow us
to use Hamilton’s compactness Theorem 5.3.5 to conclude: There ex-
ists a subsequence, still denoted by {g(*) ()}, which converges in cr.
topology to a limit metric ¢(°°) (f) on a limiting manifold M. Moreover

g (f) is a complete solution, existing for ¢ € (—oo,w), satisfying

[Rm>)(#)] < w/(w — 1)

everywhere on M x (—o0,w) with equality holding somewhere at £ = 0.

Type II (a) case.

This time g = g¢g(t) exists for t € [0,7) but limsup, (T —
t) Knaz (t) = 00. Pick xp € M and times tx, Ty such that ¢, < T <T
and tp — T when k£ — oco. We also require that, for a sequence of
numbers ap — 1_,

(Ty, — ty)|[Rm(zp, ty)| > ax  sup (T} —t)|Rm(x,t)| — oo
EMLI<T),

when k — oo.
As in the previous case, we take

€ = ]Rm(mk, tk)’_1/2
and define the scaled metrics
g (1) = e 2g( t + €xD), T € [~ty/ep, (Ti — tr)/€r).

Note that, when k£ — oo,

tk/e% = tk\Rm(xk,tk)\ — 0Q, (T—tk)/ei = (T—tk)]Rm(xk,tk)] — OQ.
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This means the life span of g*) tends to (—oo, o).
Also, for t € [—tkef, (Ty, — tk)egz), using t =t + e%f, we deduce,
[Rm® (2, 8)] = ef| Rm(a 1)
<ap (T — t1)(Th — )~
]Rm(xk, tk)‘
(Th — ti)|Rm (g, t)| —

— 1, k — oc.

= a; (T}, — ty,)

As in the previous case, (z, tx) is an almost maximum point. By Hamil-
ton’s compactness Theorem 5.3.5 again, there exists a subsequence, still
denoted by {g*)(f)}, which converges in C° topology to a limit met-
ric ¢{°)(f) on a limiting manifold M. Moreover ¢(*(f) is a complete
solution, existing for £ € (—o00, 00), satisfying

|[Rm(>®)| <1

everywhere on M x (—00,00) with equality holding somewhere at =
0. O

Singularity models should be much simpler than a general Ricci flow
since the former reflects the microstructure of the later. This belief is
partially confirmed by the following result of Hamilton’s:

Theorem 5.4.2 (Type II singularity model with nonnegative curva-
ture) Any Type II singularity model with nonnegative curvature opera-
tor and positive Ricci curvature to the Ricci flow must be a steady Ricci
soliton. O

PROOF. See [Ha4] and Proposition 9.29 [CLN]. In a 3-dimension case,
the Hamilton-Ivey pinching theorem Theorem 5.2.4 tells us that the
curvature operator of a Type I and 11 singularity model is nonnegative.
So, a natural question is: what can one say about the structure of
these singularity models? Of course, Theorem 5.4.1 also hinges on the
injectivity radius lower bound, which is only an assumption so far.
These two issues had been big obstacles in the study of Ricci flow.
There is also a problem about the structure of limiting solutions when
the curvature at the blow up points are not comparable with maximal
ones. These were all overcome by Perelman [P1] in 2002. We will start
to explain Perelman’s work in the next chapter.

We should mention that these issues for the special case of three
manifolds with positive Ricci curvature were largely understood by
Hamilton [Hal]. See Theorem 5.2.7 here.



Chapter 6

Perelman’s entropies and
Sobolev inequality for
Ricci flow, the smooth case

6.1 Perelman’s entropies and their
monotonicity

In a truly remarkable paper [P1], Perelman discovered several quan-
tities which are monotone under Ricci flow. These are the analytical
breakthroughs that led him to the proof of Poincaré and geometriza-
tion conjectures. One of the monotone quantities is the F' entropy. Its
monotonicity implies the monotonicity of the first eigenvalue of the
operator —4A + R. This can also be regarded as a family of Poincaré
inequalities which are uniform in time. The other quantity is called the
W entropy, which is a family of log Sobolev inequalities in disguise. Its
monotonicity implies the crucial no local collapsing result under Ricci
flow.
Perelman’s entropies are constructed via solutions of the conjugate
heat equation
H'uw=Au— Ru+0u=0 (6.1.1)

which is attached to the Ricci flow artificially. Here A is the Laplace-
Beltrami operator and R is the scalar curvature, both under the metric
g = ¢g(t). Perelman [P1] mentioned that he was inspired by similar
formulas in string theory. We would like to provide another motivation
which is rooted in the classical Boltzmann entropy. Such a view has
been mentioned in [Cetc] and [To] e.g. This point of view seems more

225
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natural and results in somewhat simpler proofs. Later in the section we
will present Perelman’s original proof for a slight generalization of the
W entropy.

Let u be a positive solution to the conjugate heat equation. The
classical Boltzmann entropy is

B = /M ulnudp(g(t)). (6.1.2)

Our first observation is
Proposition 6.1.1 Let u be a positive solution to (6.1.1). Then
[Vul®

— + Ru.

H*(ulnu) = »

ProoOF.
H*(ulnu) = A(ulnu) — Rulnu + 9y (ulnu)
=Au Inu+2VuVInu +uAInu — Rulnu + dyu Inu + Oyu

2
= 2@ + udiv(@) + Oyu

Vel |vup
u u

_ v
u

+ Au + Owu
+ Ru. O

Proposition 6.1.2 Let u be a positive solution to (6.1.1). Then

2 2 iU\ 2 4
YV gy 2 2 (uj U “’) +2VRVu + — Ric(Vu, Vu)
u u u u
+ 2| Ric|*u + 2V RVu + 2uAR.
Here (uij — “fj)2 = |Hess u — @P; VRVu = g(VR,Vu).

PRrOOF. The proof is very similar to that in [Ha5] where Hamilton

2
considered the evolution of % where v is a positive solution of the

linear heat equation.
Write v = y/u. Then

’VUP 2 2 2
T) = 4A(‘V?}‘ ) = 4(1)2- )kk = S(Uikvi)k = 8vikkvi + 8Uik'

A(

Here and later we are using local orthonormal coordinates when neces-
sary.
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O(

Since u is a solution of the conjugate heat equation, it is easy to check
that

) = 48t(gijvivj) = 8v;vy; + 8Ric(Vu, Vo).

[Vul?
U

2
v = —Av— @ + Rv/2.
Hence
VUl o — o2 1) 4 80 SR
O ( » ) = 8vi(—vgr — vgv )i + 8v;(Rv/2); + 8Ric(Vv, Vo).

Combining the above equalities and applying Bochner-Weitzenbock for-
mula, we deduce

o[Vl
H
Qi
9 20, VL VL4 U,%fu? )
= 8v;(Vikk — Vkki) + 8 | v}, — 5 + 2 + 4v; Rjv + 8Ric(Vv, Vv)
VEU;

= 16Ric(Vv, Vo) + 8(vig — — )2 4 4v;R;v.

Also observe that
H*(Ru) = 2|Ricl*u + 2VRVu + 2uAR.
Therefore we have, after bring back u = v2,

2 2 i\ 2 4
Vul” | puy =2 (wi = “=2)" +2VRVu + = Ric(Vu, Vu)
u u u u

+ 2|Ricl*u + 2VRVu + 2uAR.

H*(

O

Definition 6.1.1 (F entropy and W entropy) Perelman’s F entropy is
the integration of H*(ulnw), i.e.

F :/ VL R, (6.1.3)
M. U

His W entropy is a combination of the F entropy and the Bolzman
. . . dr
Zn;;mpy together with certain scaling factor. Let T be such that G = —1,
efine

W=rF-B— g(lnzm) —n. (6.1.4)
1.€.

B |Vul|? n
W = /M [T(T + Ru) —ulnu — 5(1114717') u—mnul| du(g(t)).
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With the above preparation we can give a short proof of:

Theorem 6.1.1 ( [P1]) Let u be a positive solution of the conjugate
heat equation then Perelman’s F' and W entropy are nondecreasing in
time t. Moreover

iF = 2/ |Ric — Hess(Inw)|? u du(g(t)),
dt "
d , 1
—W =27 Ric— Hess(lnu) — —g| u du(g(t)).
dt M 27
Proor. Note that
d Vul? | Vul?
or = [ -t roantoo) = [ s Ruauto),
M u M u

By Proposition 6.1.2, we have

d 2 U5\ 2 4
Cr= | |2 (- YY) L oVRVU+ —Rie(Vu, V
" / [u <u3 " ) +2VR u—l—uch( u, Vu)

+2ARiclu] dn(a(0)
where we have used the identity
/M(QVRVU + 2uAR)du(g(t)) = 0.
With the help of the contracted second Bianchi identity in Proposi-

tion 3.2.3: V;R = 2V, R;; (in orthonormal system) and integration by
parts, we realize that

| VRVudu(o() =2 | VR Viudu(s(t)
M M

— _2/ < Ric, Hessu > du(g(t)).
M

Therefore
iF_/ E(U.._ui“j>2+4R..(%_u--)+2R2u du(g(t))

=2 /M [% (s =) - Rij\/ar dulg (1))

= 2/ |Ric — Hess(Inu)|* u du(g(t))
v (6.1.5)
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This is the desired formula for the F entropy.
For the W entropy, note that %B = F by Proposition 6.1.1. Hence

d d n
W= _Firir_F4+
i T tor

From (6.1.5)

iW = 27'/ |Ric — Hess(Inw)|? u du(g(t))
M

dt
_9 /M <|V5I2 —|—Ru> du(g(t)) + /M %ud,u(g(t)).

In a local frame, it holds

/ g" [Rij — (Inw)i;]u dp
M

/ [ Au \Vu]z}
= -——+— u dp
M u u

2
z/ (ﬂ + R u)dp.
M

u

Here dp = du(g(t)). Substituting this into the formula for %W, we

obtain
2

u d.

d 1
%W =27 /M ‘Ric — Hess(lnu) — 5.9

O

An immediate consequence of the monotonicity of W entropy is

Perelman’s finite time x noncollapsing theorem, a result of fundamental
importance.

Theorem 6.1.2 (local noncollapsing theorem) Let (M, g(t)), t € [0,T)
be a smooth Ricci flow on a closed manifold M. If T < oo, then for any
r >0, there exists k = k(g(0),T,r) > 0 such that the flow (M, g(t)) is
k noncollapsed, in the sense of Definition 5.5.3, below the scale v for
allt € [0,T).

We will not repeat Perelman’s original proof of the theorem here.
Instead, let us mention that the theorem is an immediate consequence
of the Sobolev imbedding Theorem 6.2.1 below and Theorem 4.1.2.

As a comparison, we outline Perelman’s ([P1]) original proof of the
monotonicity of the F entropy, which has a variational flavor. A careful
proof can be found in Section 1.5 of [CZ] e.g.
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Lemma 6.1.1 Let g = g(t) be a solution to the Ricci flow and f be a
solution to the equation

Af+R+0f =V
Then the F entropy defined by F(g, f) :== [ (R+ IV f|?)e™f du satisfies

% _ 2/ \Ric + Hess(f)2e~! du > 0. (6.1.6)

Here dp = du(g(t)).

PRrROOF. (sketch).
Let 6g;;j = v;j and 0f = h be variations of g;; and f respectively.
First we show that the first variation of the F' entropy is given by

5F(Uij, h)
v _
- /M (v Ry + (Hess ) + (5 — EAS = [V P+ R)] ey
(6.1.7)
Here v = gijv,-j.
By direct computation, we have

OR = —Av + V;V,vi; — Rjjvij,

S|Vf2 = -0V, fV,;f +2< V[, Vh>,

and v
S(eFdp) = (5 —h)e Tdp.

From these the variation formula (6.1.7) follows.

Now, we take v;; = —2R;j, v = —2R and h = 0;f in (6.1.7). Using
integration by parts and contracted second Bianchi identity, we can
then prove the lemma. O

The next pointwise inequality due to Perelman [P1] clearly implies
the monotonicity of W entropy. It is also useful when one attempts to
localize. The quantity P below seems mysterious at the first glance.
However, it arises from the Euler-Lagrange equation associated with
the W entropy.

Proposition 6.1.3 Let
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be a positive solution to the conjugate heat equation (6.1.1), where
dr/dt = —1. Define

P=[r2Af = |VfP+R) + f —nu

\V4 2
= 7(—2Au+ [Vl + Ru) —ulnu — g(ln A7T)u — nu.
Then
H*P = 27|Ric+ Hess(f) — %|2u (6.1.8)
Here H* is again the conjugate heat operator A — R + 0.
See [To.
PrOOF. Notice that
= —Inu — 5 In(4nT)
Vf=-Yu
f== , (6.1.9)
Af = -5+ |V
a u n
o=t
We obtain the evolution equation for f,
of 9 n
- =-A — —. 1.1
S = —Af+ VPRt o (6.1.10)
Write P = %u, we find that
P P 0 P P
H*P=H"(—u)=—H" —+ A ) (—)+2(V—,Vu).
(Co =Tt u( g+ 6) () + 275V
Since H*u =0, and Vf = —%, we have
H*P 0 P P
=|=4+A)(—)=2(V—,V[). 6.1.11
L (Gro)-Ave .

For the first term on the right-hand side,

- <%+A> (5):— <%+A> [rQAf — |VF2+R)+ f — n]
= (2Af = |Vf*+R)

B ) B
_T<E+A> @Af = |V f +R)—<E+A>f.
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Using the evolution equation for f in (6.1.10) on the final term, we
reduce this to

0 P 9 n
- <§+A> (E)—2Af—2\Vf\ +2R—§
0
—T<a+ﬁ> (2Af — |Vf* +R).
Recall from Proposition 5.1.1 that
9 2
+ A )2Af —|VfI*+ R)

ot
= 4( Ric, Hess(f)) + AV f|> = 2Ric(V f,Vf)
— AV, V(=Af + |Vf|> = R)) + 2|Ric|? .

(6.1.12)

Also

2<v§,w> =21(VEASf — |V 4+ R),Vf) +2|Vf]?.

Combining the above expressions altogether, we find that

_H'P

=2Af+2R — % — 7(4( Ric, Hess(f)) + 2|Ric|*)
+ T[=AIVFP 4 2Ric(V £,V f) + 2(Vf,V(Af))].
The three terms in the square brackets simplified to —2|Hess(f)|?, so
_H*P

= 20f +2R—
— 7[4(Ric, Hess(f)) + 2|Ric|> + 2|Hess(f)|?]
= 2Af + 2R — % — 27 (|Ric + Hess(f)|)?

= 2(Ric + Hess(f), gij) — % — 27 (|Ric + Hess(f)])?
— ; _9p
= —27|Ric + Hess(f) 27_] .

O

Remark 6.1.1 One can also prove the proposition by using Proposi-
tions 6.1.1, 6.1.2 and by computing H*(—271Au) directly.

Exercise 6.1.1 Give an alternative proof of Proposition 6.1.3 using
the above remark.
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Corollary 6.1.1 Let u = u(z,t) = G(x,t;y,T), t < T, be the fun-
damental solution of the conjugate heat equation and f be given by
uw=-eT/(4n(T —t))"?). Let P = P(u) be as in the previous proposi-
tion. Then P < 0. Moreover, for any smooth curve ¢ = c(t) on M, it
holds

1

(R(c(t),t) + | (1)) — T =)

2 ettty < Flelt). 1)
PrROOF. When t — T, the fundamental solution G is asymptotically
the fundamental solution of the heat equation in R™. For the latter the
corresponding quantity P is zero. By the previous proposition, P(u)
is a subsolution of the conjugate heat equation. Hence the maximum
principle implies that P < 0. A detailed proof can be found in [Ni2].
Note that the reduced distance was used in the proof. However one can
also use the geodesic distance function. See [LX] e.g.

In terms of the function f, the inequality P(u) < 0 can be written
as

(T —t)2Af — |[Vf? +R)+ f —n <0.

Since u solves the conjugate heat equation, we know by (6.1.10) that
f solves

~-A 2_Ry
O f f+ 1Vl R+2(T—t)
These two expressions show
(R T
“R—= B —)
8tf+2R 2\Vf\ 2(T—t)_0

On the other hand
d / 1 2 1 / 2
S F(Elt),8) = ~0uf— < V() >< -0 + 3|V + 51 ()P

The desired inequality follows from adding the last two inequalities. [

As a comparison, here in this section, we will present a slight gen-
eralization of the W entropy and outline a proof by Perelman’s original
method. The result first appeared in [Lj].

Define a family of generalized W entropy for the Ricci flow by:

a

Wig, f, )= /M< i (R + |Vf|2)—|—f—n> wdp (6.1.13)

-
2
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where R is the scalar curvature, 7 =T —t > 0;
e—f
(4772

u =

such that [udp =1, du = du(g(t)).

Theorem 6.1.3 Let g(t) be a solution to the Ricci flow, that is, a—? =
—2Ric on a closed manifold M for t € [0,T), and uw : M x [0,T)

(0,00) with u = ﬁ be a positive solution to the conjugate heat
equation (6.1.1). For 0 < a* < 2m, the functional defined in (6.1.13) is

increasing according to

0

5 Wi(g, f,7) > —/ |Ric + Hess(f) — T]2udu20. (6.1.14)

PROOF. (of Theorem 6.1.3) Notice

2

27T

|@w§\

=3 [r(R+ [Vf?) + f = nludp
T JM

(1-25) (/Mfudu> S-S

Here f is given in the statement of the theorem. We split the derivative
of W over time t into two parts,

0 29
Wt = 5 ([ e 192 4 1 - udn)

08 (] o)

a’, o
27r8t/ Pdu—k(l——)E(/Mfud,u),

where the quantity P is given in Proposition 6.1.3. We compute for
each term,

a’ 0 odp a’
%a/MPd ——/ Ptd,u—l—P Ot) %/M(Pth+P(—R)dﬂ)

2
:2—/ H*Pdu——/ APdu:a—/ H*Pdp,
T M 27'(' M 27T M

_|_
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where the last equality comes from | v AP dp = 0 for closed manifold
M. By Proposition 6.1.3, we have

a’? 0 a’r g
— Pdy=— ic+ H — L2 > 0.
5 t/ dp / |Ric ess(f) 5 [“udp >0

It suffices to prove the non-negativity of % ( f v fu d,u). By direct com-

putation,
;(/ fudu> /ftUdN+futh+f (dtu)

— [ AT+ VI =R+ uds
M T
+ / (f(=Au+ Ru) — Rfu) dp
M
Using integration by parts, we have
0
5 ([ rudn) = [ CongarvsPudas [ 8- Ruds
A
= [ =t = viPdut [ (G-~ Ryud
= [ —IviPudut [ (G-~ Ryud
_n 2
-2 /Muwr + Ryudp.
(6.1.15)

Now we turn to estimate of F(g,7) = [,,(IVf[* + R)udp.
From Lemma 6.1.1, we have

6—1; :2/|Ric—|—Hess(f)|2ud,u:2/(Z|Rij—|—fij|2)udu
i,
2 1 2
>2/(Z|Rij+fij| )Ud“22/E(ZR“+Zf“) wdp
i=j

:%/(R+Af)2udu.

The last inequality comes from 4/ aj+- +a" > ate +“” for a; > 0. Also
by Cauchy-Schwarz inequality, we have

[+ apvavia < </(R+Af)2udu>2 </udu>é |
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Since [udp =1, the above inequality can be simplified as

(/(R+Af)udu>2 < /(R+Af)2ud,u.

Then the evolution of F' along the time ¢ would be estimated by

66_1: > % (/(RJrAf)udu)z = % </(R+ !Vflz)udu>2

due to the following equality in closed manifold M

yAN
/ (AF — [V udy = / (—22 4 VF2 = VP udp
M M U

:—/ Audp =0
M

> [ @pudu= [ [9iPudp.
M M
From the definition F = [(R + |V f|*)udu, we get

8_F>2F2>0.
o —n
We claim n
F(t) < ———.
()_2(T—t)
Here is the proof of the above claim,
dF _ 2 dF _ 2 Tar _ 2
— > ZF? — > — — > (T —t
dt —n :>F2_ndt:>/tF2_n( )
1 1 2 1 2 1
(e — ——) > (T —t > S2(T—-t)+ ——
Fm  Fe) 22T Y 2 r 2 a T 0

If F(T) > 0, then ﬁ > 2(T —t), that is, F(t) < 52
If F(T) <0, since % > 0, then F(t) < 0 < 5 for all t € [0,7),

therefore,

2T—1)

P) = [(R+ (9P < g = 5

plugging into (6.1.15), we obtain

0 n

— du) = — — 2 du>0.

at</Mfu u) 5 /M(!Vf! + R)udp >0
Thus we complete the proof of Theorem 6.1.3.
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At the end of this section we briefly touch on the concepts of re-
duced distance and volumes, introduced by Perelman [P1]. The reduced
distance is a space-time distance function weighted by the scalar curva-
ture. The reduced volume, derived from the reduced distance, is another
monotone quantity under Ricci flow. These two quantities are crucial
to Perelman’s proof of the Poincaré conjecture. Though not used in
this book, they are presented here for completeness.

Let M be a compact Riemann manifold or a complete one with
bounded curvature. Here it is convenient to write the Ricci flow in
the form of 0,9 = 2Ric, where 7 is a backward time, i.e. 7 =T — ¢t
for some fixed T. Given a smooth curve ¢ = ¢(7), 7 € [11,72] on M,
parameterized by 7, the L length is defined by

L(c) = / b VT [R(e(r),7) + g(1)(d (1), (1))] dr. (6.1.16)

Definition 6.1.2 (L distance and Reduced distance ) Let (p,71) and
(q,m2) be two space time points in M X [a,b] where a smooth Ricci flow
is defined.
The L distance, denoted by L(p,T1,q,72), is the infimum of the L
lengths of the smooth curves ¢ = ¢(7) such that ¢(11) = p and c¢(m2) = q.
The reduced distance, denoted by l(p,T1,q,72), is

L(p7 71,4, 7—2)

l(p7 TlaanZ) - .
2\/ |T2 — T1|

Definition 6.1.3 (Reduced volume) Fizing a point (pg,To) in space
time and T > 19, the associated reduced volume is

7 (po, 0, 7) = /M<4w<f o)) ™2 exp(—1(po, 10, p, 7)) du(g (7).

Perelman’s reduced distance is related to the weighted distance in-
troduced in [LY] for Schrédinger heat equation in the fixed metric case.
Perelman discovered a number of amazing and sharp differential in-
equalities or even equalities for reduced distance and volume, which
are not expected for such complex quantities. For instance, Perelman
showed that the reduced volume is nondecreasing in 7, with equality
holding only on gradient shrinking solitons. We refer the reader to [P1]
and [CZ], [KL] and [MT] for detailed information.
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6.2 Log Sobolev inequality and Sobolev
inequality under Ricci flow

In this section, we strengthen the monotonicity of Perelman’s W en-
tropy to a uniform Sobolev inequality along Ricci flow. This result first
appeared in the arXiv version of [Z2] (June 2007). There was an er-
ror in the Sobolev coefficients for large time, which was corrected in
the erratum. Later it appeared in [Y] with the same error in the first
version (July 2007) and in [Hs]. We know that Sobolev inequality con-
tains a host of analytical and geometric information. These include
noncollapsing and isoperimetric inequality e.g. It is an important tool
in studying elliptic and parabolic differential equations on manifolds. In
the papers [CH], etc., [Se2] and [Rul] some applications of such Sobolev
inequality to Kéhler Ricci flow are already found.

Theorem 6.2.1 (Sobolev inequality for smooth Ricci flow) Let M be
a compact Riemann manifold with dimension n > 3 and the metrics
g = g(t) evolve by the Ricci flow Org = —2Ric. Let A and B be positive
numbers such that the L? Sobolev inequality for (M, g(0)) holds, i.e.
for any v € W12(M),

(n—2)/n
( / vz”/("_z)du(g(o))> <A [ 10l duto(0)

M M
B /M v dp(g(0)).

Also let Ay be the first eigenvalue of Perelman’s ' entropy, i.e.

o= inf /M(4|Vv|2+Rv2)du(g(0))

l[oll2=1

Then the following conclusions are true.

(a) Suppose the Ricci flow is smooth for t € (0,Ty) where Ty < oo
is the life span of the Ricci flow. Then there exist positive functions
A(t), B(t) depending only on the initial metric g(0) in terms of A and
B, and t such that, for allv e WH2(M, g(t)), t € [0,Ty), it holds

(n—2)/n
( [ -2 dmg(t))) <A [ (Ve + R dulo(0)
+B() [ dulo().

Here R is the scalar curvature with respect to g(t).
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Moreover, if Ao > 0, which holds if R(z,0) > 0,z € M, then A(t)
is independent of t and B(t) = 0, i.e. there exists a constant Ay inde-
pendent of time t such that, for all v € WY2(M, g(t)), t € [0,Typ), it
holds

(n—2)/n
</U2n/(n—2)du(g(t))> < AO/(’VU’2 + isz)du(g(t))'

(b) Suppose the Ricci flow is smooth fort € (0,1) and is singular at
t=1. Lett = —In(1—1t) and §(t) = 15 9(t) which satisfy a normalized
Ricci flow

9;G = —2Ric + .

Then there exist positive constants A, B depending only on the ini-

tial metric g(0) such that, for all v € WH2(M, g(t)), t > 0, it holds

(n—2)/n B N - -
</U2n/(n—2)du(§(f))> < A/(\VU\Q + %RUQ)dM(ﬁ(t))
+B [ vau(gld).

Here R is the scalar curvature with respect to §(t).

Remark 6.2.1 In part (b), B = 0 if the initial metric satisfies

Ao = inf 4|\Vo|? + Rv®)du(q(0)) > 0.
0= it / (A0 + Ru?)du(g(0))

Proof of the theorem
Since Case (b) is an immediate consequence of Case (a) by scaling,
we just prove Case (a). The proof is divided into a few steps.

Step 1. We show that the monotone property of W, the Perelman
W entropy, implies the Log Sobolev inequalities (6.2.8) below.

Let us assume that the Ricci flow exists in the time interval [0, to].

It is convenient to work on the scaled time and metric ¢ = t/ty and
G = g/to. Clearly j(t) still satisfies the Ricci flow equation.

For any € > 0, we take

r=rt)=€+1—-1

so that 71 = 1+ €% and 75 = €2 (by taking t; = 0 and # = 1).
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Recall that Perelman’s W entropy is
WG for) = [ (e [9A2) + £ = n) wdula(@)

where u = W Let ug be a minimizer of the entropy W (g, f, 72) for

all u such that [udu(g(f2)) = 1. We solve the backward heat equation
with the final value chosen as uy at ¢ = t. Let uqy be the value of the
solution of the backward heat equation at t = #;. As usual, we define
functions f; with i = 1,2 by the relation u; = e~ % /(4m;)"/?, i = 1,2.
Then, by the monotonicity of the W entropy

Z‘nffuodu(g({ )= IW( ( ) f07Tl) <W( ( )7f177-1) < ( ( ) f277-2)
t

= i fudu(a(in)=1 W (9(t2), f,72),
(6.2.1)
where fo and f are given by the formulas

uy = e_fo/(47r7'1)"/2, U = e_f/(47r7'2)"/2.

Using these notations we can rewrite (6.2.1) as

inf (62(R + |VInu?) —Inu — 1n(47762)"/2) wdp(g(tz))
lulli=1./m

> inf / <(1—|—62)(}~2+|@lnu0|2)—lnu0
M

l[uoll1=1

~In(4n(1 + 62))"/2)% du(3(0)).

Observe that the In(47)™? terms on both sides of the above inequality
can be canceled. Denote © = /u and 0y = /ug. We obtain,

inf / (62(R@2+4\%12)—@2ln@2> du(§(F2)) —nlne
M

oll2=1

> inf /M ((1+62)(R?~JS + 4|Vio?) — o3 lnvo) du(g(0))

lFo[l2=1

—In(1 4 )™2.

(6.2.2)
Now we want to go back to the original metric g and time ¢. Using
the conversion formulas R = toR, du(g) = du(g)/tg v = v/t"/4 and
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vy = ﬂo/tg/4, we obtain

| 1||nf ) (to€®(Rv* + 4|Vu[*) — v* Inv?) du(g(to)) — In(toe?)™/?
vll2=1 Jm

> nf / (to(1 + ) (Rv} + 4|Vwol?) — 03 In o) du(g(0))
voll2=1 JM

— In[to(1 + €2)]™2.

Because ¢ is arbitrary, we can rename +/tgpe as €. Then the above in-
equality becomes

inf / (2(Rv? + 4|Vu|*) — v* Inv?) du(g(to)) — Dipe?
loll2=1/nm 2

> it [ (0 + B + 490 ) — o) dula(0)

llvoll2=1
- gln(to + é%).
(6.2.3)
Since (M, g(0)) is a compact Riemann manifold, the Sobolev in-
equality as described in Section 4.1 holds, i.e. for any vg € WH2(M),

there exist positive constants A and B depending only on the metric
g(0) such that

([ a2/ autoon) T s [ 19l dn(a(0)

+B [ s duta o))

By the work of [Hebl], we know that A can be any number strictly
larger than the Euclidean Sobolev constant; and B depends on A,
the injectivity radius and the lower bound of the Ricci curvature of

(M, ¢(0)) only.
Recall

Ao = inf (4| Vg |* 4+ Rud)du(g(0))
lvoll2=1 /v

which is the infimum of Perelman’s F' entropy for (M, ¢(0)). Then we
can convert the above Sobolev inequality to

(n—2)/n
( [ e du(g(O))> < 4o [ (4907 + Rof) o)

4 By / o8 du(g(0).
v (6.2.4)
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Here the constants Ay and By are given below.

Ag= A4 4+ BN\ + A4 sup RT(4,0)0, ", Bo=0 if Ao > 0;

Ag=A4"', By=A4"'supR (-0)+ B, if M <O.
(6.2.5)
The following argument is similar to Proposition 4.2.1 (I) to (II).
Applying Holder and Jensen inequalities, we have, for all vy € W12(M)
verifying ||vo|l2 = 1,

/M v Invd du(g(0)) < %nln <A0 /M(Zl]Vq;O’? + Rvd) du(g(0)) + B()).

By the elementary inequality Inz < gz —Ing—1, ¢,z > 0, we know
that

n
[ madautoo) < Sa( o [ @9nl? + ) duto(o) + 50
M M
o
g Ty
In the above, we choose ¢ so that §qAq = to + €2, ie. q = 2(tg +
€2)/(nAp). Then
| s auo(o) < o+ ) [ @Tw + Red) dulo(0)

n (to + €2) By o 2(to + €%) n

A 2 nAg 2

After rearrangement, this inequality becomes

(to + ) /M<4|wo|2 + Ro?) dyu(g(0))
(6.2.6)

of In v du(g(0)) — 5 In(to + €)

=

> —(to + €)BoAg ' —n27 In(nAg2™t) + n27t.

Substituting the log Sobolev inequality (6.2.6) to the right-hand
side of (6.2.3), we deduce

inf (Rv? + 4|Vv|?) — v Inv?) d to)) —nlne
Jof M( ( [Vol?) ) du(g(to)) 627

> —(to +€)BoAg ' —n27  In(nAg2™ ) + n27t
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Therefore, we reach the uniform log Sobolev inequality:

/ v? Inv? du(g(ty)) < 62/ (4/Vol? + Rv?)du(g(to)) — nlne
M M

+ (to + €2)Bo Ay +n2 7 In(nAg2™) —n271.
(6.2.8)

Step 2. Fix a time ty during the Ricci flow or £y during the nor-
malized one. Suppose on (M, g(to)) or (M, §(fo)), the Log Sobolev in-
equalities (6.2.8) holds. We show that they imply upper bound for the
heat kernel (fundamental solution) of

Au(a,t) — iR(az, to)u(z, t) — dyul, £) = 0 (6.2.9)
under the fixed metric g(to) or §(fy). We stress that the time ¢ here is
no longer the time in the Ricci flow which is frozen at time tg.

The proof of the upper bound, which does not distinguish between
the Ricci flow or the normalized Ricci flow case, follows the original
ideas of Davies [Da]. There is only one extra issue to deal with here.
Namely the negative part of the scalar curvature may make the semi-
group generated by A — %R not contractive. However the modification
in the proof is moderate since the most negative value of the scalar
curvature does not decrease under either the Ricci flow or the normal-
ized one in the theorem. This statement is a result of the maximum
principle applied to the equation

AR — 0;R + 2|Ric|* = 0.

For this reason, we will be brief in the presentation.
Let u be a positive solution to (6.2.9). Given T'> 0 and ¢ € (0,7,
we take

p(t) =T/(T =)
so that p(0) = 1 and p(T") = co. By direct computation

1/p(t)
Arllullpe = at< /M e (m,t)da;)

P'(t)
20 llllp() In /M ul® (x,t)dx

1 o) (1/p(t))—1
+ — / U z,t dm)
p(ﬂ( M (1)

X [ /M uPD (Inw)p (t)dx + p(t) /

M

PO~ Ay — iRu)dm .
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Here dr means the integral element with respect to g(tp). We adopt
this notation to emphasize that g(to) is not evolving with respect to t.
Using integration by parts on the term containing Au and multiplying
both sides by pz(t)Hqugg, we reach

p(t) p(t)

P’ Ol el = ' @) llullh) ™ In /M O (2, t)de
40Ol (1) [ o nu(z, )iz
M
=0 = Dlul [ 02 Vul e t)da
1
=Pl [ R0t
M
Dividing both sides by [|ul|,), we obtain
PA()ull2) 00 n ([l = —p () ]lullofy) In /M " (2, t)da
+p(t)p'(t)/ wPD Inu(x, t)de
M
—4(p(t) — 1) / V(@) 2 (2, t)d — p (1)
X / —R(a;,to)(up( )2)2(z, t)du.
M 4
Merging the first two terms on the right-hand side of the above equality
and making the substitution v = wP®)/2 /||uP®)/2||y, we arrive at, after
R p(t)
dividing by Hqu(t)
p* ()0 In |Jullp)
:p/(t)/ Pl (2, t)de — A(p(t) — 1)/ Vol (2, t)dz — p(1)
M

/ —R(x,tg)v*(x,t)dx
=p'(t) /MU Inv? (x,t)dz — 4(p(t) — 1) /M(\VU\Q(x,t)
+ %R(m,to)zﬂ)daz

) =1 = H0) [ TR0 w0
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It is easy to check ||v||2 = 1 and also

IO A
Ap(t) = 1) —p*(t) _ (T —t) —T°
e 0] T =Y

Hence

PR fuly <0 [ o e
M

—74(1)(15)_1) v|?(z 1 x v2)dz su (x
P (t) /M(|V 1°( vt)+4R( ,to)v?)dz + Tsup R~ ( ,t0)>.

Taking € so that

€ _4Ap®) -1 _ .,

™ Pt
in the log Sobolev inequality (6.2.8), we deduce

P20 Jully < 70 (—nln VA — P+ LT sup Rz, o>>

where

L= (to+€)BoAy' +n2 7 In(nAg2™ ') —n27?

. o o . (6.2.10)
< (to+7T)BoAy, " +n2 " In(ndp2™") —n2™".

Here we also used the fact that sup R~ (z,t9) < sup R (z,0) as re-
marked earlier.
Note that

PO/ ) =1/T,  Alp(t) —1)/p'(t) = 4T —t)/T.

Hence
1
OpIn [lul[ ) < T < — g In7d4t(T —t)/T + L+ Tsup R (z, O)) .

This yields, after integration from t =0 to t =T,

Dl

O S g )+ L+ Tsw R (@0 (6:2.11)
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Denote by p = p(z,t,y) the heat kernel of (6.2.9). Since

uwnzAﬁ@ﬂwwmw

(6.2.11) shows

exp(L + T'sup R~ (x,0))
(4nT)n/2

p(z,T,y) < (6.2.12)

Recall that
L < (to +7T)BoAy "t +n2 In(nAg2™t) —n271. (6.2.13)

If Ao > 0, then By =0 (cf. (6.2.5)). So the above bound becomes

exp(n2~ 1 In(nA4g271) —n271h) oTsup R™(@.0)

p(z,T,y) <
n/2
(_A‘fTT) (6.2.14)
- ca(A+BA, +1) (T'sup R (2,0)
- Tn/2

where ¢; and ¢y are numerical constants. The last inequality is due to
(6.2.5) where Ay is given.

Using integration by parts and the monotonicity of Perelman’s F
entropy (Theorem 6.1.1), it is easy to see that

d
— p2(y,s,w)dy=2/ p(Ap — Rp/4)dy
S JM M
1
=——/ (4|Vp|* + Rp*)dy
2 Jm
1 [\ (4|Vp? + Rp*)dy
_ _Lhmvel > ) / P’ (y, s, x)dy
2 Ipll5 M

1 .
<-3 /MP2(y,s,x)dy inf{F(v) [v € WM, g(to)), [lv]l2 = 1}
< —%/ P (y, s, x)dy.
M

Here F'(v) is the F' entropy. Therefore, for s > 1,

pw%msz%@@@saWHW/pwmm@
M M

= e_)‘o(s_l)/zp(a:, 2,x).
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By the reproducing formula for the heat kernel p, it is easy to see that

p(z,2s8,y) < \/p(x,2s,2)\/p(y, 25,y).

The last two inequalities can be combined to give

p(z,25,y) < e ETV2 (a2, 2)/p(y, 2, y).

By (6.2.14), we see that, for s > 1,

c1(A+ B);gl + 1) 25up R (2,0) ,—Xo(s—1)/2
on 2 ’

p(z,2s,y) <

Thus we arrive at the following uniform bound that depends only on
the initial metric g(0) but not on the underlining metric g(to).
If Ao > 0, then, for all T' > 0,

-1 co B
p(z,T,y) < aldt ?2‘/02 U 2o 002075, (6.2.15)

If A\g <0, from (6.2.12) and (6.2.13) again, we have

exp(c1[(BA™Y +sup R™(+,0)) (to+T) + A% + 1)]
Tn/2 ’

p(x,T,y) <
(6.2.16)

Step 3. We show that the above heat kernel upper bound implies
the Sobolev imbedding in Theorem 6.2.1.

This is more or less standard.

Case 1. Suppose A9 < 0.

Let tp be a fixed time during Ricci flow. Let F' = sup R~ (z,0) and
pr be the heat kernel of the operator A — %R(:E,to) — F — 1. Since
R~ (z,ty) < F, from the upper bound for p in (6.2.16), we know that
pr obeys the global upper bound

A
pr(z,t,y) < vt t > 0.
Here A depends only on L in (6.2.10) and F'. Moreover pp is a contrac-
tion. By Holder inequality, for any f € L?(M), we have

1/2
| / Pt y)f )dy|<( /Mp%u,t,y)dy) 1£ll2 < AV2E4) £ .

The Sobolev inequality in Theorem 6.2.1 now follows from Theorem
2.4.2 in [Da] (see Theorem 4.2.1 here), i.e. there exist positive constants
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A(to), B(tg) depending only on the initial metric through A and ¢y such
that, for all v € WH2(M, g(t9)), it holds

(n—2)/n 1
</U2n/(n—2)dlu(g(t0))> < Alty) /(\VU\Q + Zsz)du(g(to))
+B(to)/v2du(9(to))-

The same also holds for the normalized Ricci flow. Since ¢y € [0, Tp) is
arbitrary, the proof is done.

Case 2. Suppose A\g > 0.

The bound in (6.2.15) is independent of ¢y. Consider pr again. The
statement in Theorem 4.2.1 about the relation between the constants
in the heat kernel bounds and the Sobolev inequality shows:

for v € C*°(M), and a positive constant Ay independent of ¢y, and
a constant C,

(n—=2)/n
([ 2auon) < A [(VeP + {RPutatio)
+ C(supR™ (z,0) + 1) /vzd,u(g(to)).

By the monotone increasing property of the F' entropy mentioned
above, we have

[ Pantateo) <55 [@of + Ro?)auto(t).

Consequently, there exists a constant, still denoted by Ag such that

(n—2)/n
([ 2autaton) < a0 (9 + LR dutato)

i.e. the last statement in part (a) of the theorem is true.
One can also prove the Sobolev imbedding by establishing a Nash
type inequality first and using an argument in [BCLS]. O

6.3 Critical and local Sobolev inequality

In this section, we state and prove a critical and a local Sobolev inequal-
ity under Ricci flow. They are not used in the proof of the Poincaré
conjecture.
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First we show a uniform critical Sobolev inequality under Ricci flow.
This can be regarded as a generalization of the imbedding I/VO1 Q) into
certain Orlicz space, which was described in Theorem 2.2.1. A gener-
alization of this Euclidean imbedding to compact manifolds with fixed
metrics can be found in [Fo]. The Sobolev constants in our theorem in

general are not as nice as the fixed metric case or as those in Theorem
6.2.1.

Theorem 6.3.1 Let M be a compact Riemann manifold with di-
mension n > 3 and the metrics g = g(t) evolve by the Ricci flow
0,9 = —2Ric. Let A and B be positive numbers such that the L*> Sobolev
inequality for (M, g(0)) holds, i.e. for any v € Wh2(M),

(n—2)/n
( /M v?/(n=2) du(g(O))> <A /M Vol? dpu(g(0))
+BAHWMWW-

Also define \g be the first eigenvalue of Perelman’s F entropy. i.e

Ao = inf /(4]Vv]2+sz)du(g(O))
lvll2=1Jm

Suppose the Ricci flow exists for t € [0,Ty) where Ty < oo is the life
span. Given oo > 0 and p > 0, define

k
n/(n—1) 1 _
D(p) = e R prh/ 1),

Then for any v € WH™(M, g(t)), it holds

[ ju(a)
M\ [Vl + /5B + B oal

du(g(t)) < C(n,a),

provided that o <

as follows.
(1). b> 0 is a numerical constant;

(2).

GO expzzthl)]n/(nﬂ)‘ Here, the constants are defined

B — 0, ’if Ao > 0;
YT h(A, B, Ao, sup R(5,0)) > 0, if Ao < 0;
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(3) hy = hQ(A,B,)\(]) > 0;
(4)-

b 1, if X >0;
(h1 — baAg) + 1, for a positive constant by, if Mg < O0;

(5).

OM) = sup sup
Be(ln/(n=1)) =

exp(—eod(z,y, 1)) v
(1=t - 1) [ SRS o)

where ey > 0 is a small positive number.

The statements in the theorem take particularly succinct forms in
two special cases. The first one is when the Ricci curvature is bounded
from below by negative constants, due to classical volume comparison
theorem. The other is the 3 dimension case, which is presented as a
corollary.

Corollary 6.3.1 Let M be a 8 dimensional, orientable compact man-
ifold and the metrics g = g(t) evolve by the Ricci flow 0yg = —2Ric,
with normalized initial metric.

Suppose the scalar curvature for g(0) is nonnegative. Then, there
exists a positive number o, depending only on the initial metric such
that the critical Sobolev imbedding holds for all t during the life span of
the Ricci flow:

for any uw € WL(M,g(t)), there exists a positive constant
C(a, g(0)), depending only on o and g(0), such that

I ) dulg(t) < Clasg(0))
M\ [Vl + IR+l

Here n = 3, and as in the theorem,

k
apn/(n=1) n—1%" nk/(n—
®(p) = e - Zk:éﬁp k1),
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PROOF. (of the corollary) By the maximum principle, we know that
the scalar curvature immediately becomes positive when ¢ > 0, unless
the manifold is Ricci flat. In this special case the metric is stationary
and the result is well known [Fo|]. Hence we can just assume that the
initial scalar curvature is positive.

Since the initial condition is normalized, we know that the Ricci
flow is controlled by the initial value explicitly in a fixed time interval,
say [0,0]. So we only need to prove the corollary when ¢t > 4. For
convenience we just take § = 1 and assume t > 1. Since the scalar
curvature is positive, the life span of the flow is finite though.

By the assumption on the initial scalar curvature, we know that
X >0, h =1, and hy = 0 in the theorem. So the corollary follows
from the theorem once we can show the following quantity (M) is
uniformly bounded when ¢ > 1. Here

Be(Ln/(n-1)) =

St )= (fn = ot -1 | PO D uio(r) )

1/8

(6.3.1)

To continue, we need to get a little ahead of ourselves by looking at
Theorem 7.5.1, which establishes the canonical neighborhood property
of 3 dimensional Ricci flow. For a fixed small positive number e and
for the whole finite life span of the flow, let ry be the parameter in the
canonical neighborhood property with accuracy e. For ¢ > 1, rg > 0,
and © € M, consider the ball B(x,rq,t). We have three cases to deal
with.

Case 1 is when the scalar curvature is bounded from above by 1/r2
in the ball.

Then by Hamilton-Ivey pinching Theorem 5.2.4, we know that

[Ric(y,t)] < 2R(y,t) + C <2/r3 +C,  y € Bla,ro,1),

for a positive constant C'. By standard volume comparison theorem, for
any r € (0,70], we have

‘B(xo, T, t)’g(t) < eC(ral—i-l)T’chn, n=3.
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Therefore

O R e = 0)

1
<[n—pn- 1)][/d(m,y,t)§r0 Wdu(g(t))
1
-
! /d(m,y,t)wo d(z,y,t)B0m—1) 1(g(t))]
1

S8 -] [ e dutolt)

d(z,y,t)<ro d(l’, Y, t
+ g PV o1(M, g ().

Notice that

1
e gt
/d(x7y7t)g7‘0 d(w,y,t)ﬁ(n—l) ( ( ))
1

=32 / —————du(g(t
0 9 (+1)ro <d(a,.t) <20 d(l’,y,t)ﬁ(n_l) ( ( ))

< 22y )0 du(g(t)
d(l‘,y7t)§27i7”o
< cnec(ral—i-l)ro 22920(224-2'/7,0)(71—1)6(2—i7,0)n
1
n—(n-1)3
Here the second from last step is by the volume upper bound mentioned
above. Combining the last two paragraphs, we deduce

écnec(ro +1)ro,r,6l (n=1)p

o= 5= )] [ SR du(a(0) < o)1+ vol(M.g(0)].
(6.3.2)

Here we just used the fact that the volume of M is decreasing in time
since the scalar curvature is nonnegative. Therefore, in this case

J(z,t,3) < C(ro, g(0)).

By Theorem 7.5.1, rg depends only on €, the initial metric and the life
span. The life span is bounded from above by a quantity involving only
min R(+,0). So J(x,t,3) depends only on the initial value in this case.

Case 2 is when the ball B(z,rg,t) contains a point y such that
R(y,t) = %
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According to Perelman’s singularity structure theorem [P1] (Theo-
rem 7.5.1 here), the ball B(z,70,t) under the re-scaled metric 74 2g(t)
is € close, in C [e™] topology, to the corresponding ball in an (ancient)
% solution. Let us use § and d to denote the metric Ty 2g(t) and the
corresponding distance. Then

1
T A tAY
/‘1(x7y,t)<r0 d(w,y,t)ﬁ(n—l) ( ( ))

_ n—(n—l)ﬁ/ 1 ~
=17 N S |
’ dy,t)<1 d(z,y,t)P0n=1) #(9g)

The Ricci curvature for g in the unit ball is bounded from below by a
negative constant depending only on e. This is so because the near by
% solution has nonnegative sectional curvature. Therefore by the same
computation as above, we have

1
/d(x,y7t)<ro d(z,y, t)ﬁ(n—l)

Fixing a small €, this shows, as in Case 1,

J(@,t,8)" =[n—B(n—1)] /M eXdp(;_;Oj)(ﬁai;y—jl?)d’“‘(g(t)) (6.3.3)

< ¢(ro)[1 + vol(M, g(0))].

1

du(g(t)) < C(E)Tg_(n_l)ﬁm-

Case 3 is when every point y in the ball B(z, 7o, t) satisfies R(y,t) >

Oﬁt\)| L

According to Theorem 7.5.1, the ball is either a compact manifold
with positive curvature or it is contained in an € horn or capped € horn.
The definitions of these two objects can be found in Definition 8.1.1.
If B(x,ro,t) is a compact manifold with positive curvature, then we
again can use the classical volume comparison theorem to prove

J(x,t,3) < C(ro, g(0)).

Now we assume that B(z,79,t) is contained in an € horn. We claim
that there exists a constant C' > 0 such that

|B($7r7t)|g(t)/’r3 < Ca re [0,7"0].

If the ball B(z,r,t) is contained in one € neck, then the claim is ob-
viously true. Suppose, for a k > 3, the ball B(x,r,t) contains k — 2 €
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necks and B(z,r,t) is contained in the union of k € necks. Let z; be at
the center of the i-th € neck, where i = 1,..., k. Then

r~ e 'SF L R(xy) V2

Here R(z;) is the scalar curvature at x; and time ¢. Note the volume
of the i-th € neck is CR(z;)~%/2¢~ 1. Hence

3
|B(z,7,t)]g(1) ~ 6_1Ef:lR(:Ei)_?’/2 < ¢ [e_lEleR(xi)_lp] < Crs.

This proves the claim.
Now we can just proceed as in Case 1, using the claim to replace
the classical volume comparison theorem there to deduce

J(:Ev t, ﬁ) < C(T07 9(0))

Finally, if B(z,79,t) is contained in a capped € horn, a proof of the
bound on J(z,t, ) can be done similarly.

Thus we have shown in all cases that J(x,t,3) has a bound which
depends only on the initial metric. By (6.3.1), this bound implies the
bound on ©(M) and the corollary. O

Proof of Theorem 6.3.1

We follow the notations of Theorem 6.2.1. Suppose the Ricci flow
exists in the time interval [0, to].

Step 1. Off diagonal bound for p, the heat kernel of A — R/4 at time
to.

In this step, we prove a Gaussian type upper bound for p, the heat
kernel for A — R/4 under the metric g(tg). We emphasize that A and R
are with respect to the fixed metric g(tg). We will again use dz, d(z,y)
and B(z,r) to denote the volume element, distance and geodesic balls
under g(tg) respectively. If the scalar curvature R were absent, then
the Gaussian upper bound follows immediately from the on diagonal
bound (6.2.12) and the main theorem in Grigoryan’s paper [Gr]. In our
case we will couple Grigoryan’s method with Perelman’s monotonicity
for the F' entropy to treat the scalar curvature term.

This step is divided into a few substeps.

Step 1.1. Monotonicity of certain weighted L? norms of solutions.

Let u be a positive solution to the equation

Au—iRu—@ﬂLzO
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where the underlying manifold is (M, g(tg)). Given a weight function
ef(®:5) o be specified later, we compute

i/ uefdr = / u?etd e dx +/ 2u(Au — 1Ru)egala:. (6.3.4)
ds M M M 4
Note that
/ ulAuetdr = —/ VuV (uef)dx = —/ VuV (uet/? e¢/?)da
M M M
= —/ Vu [V(ueé/z) ef/? 4 ue§/2Ve€/2] dx
M
— [ [VesPde - [ a?vesPaa.
M M
Substituting this to the right-hand side of (6.3.4), we obtain
i/ u’eSdr = / (0s€ + 1’V§‘2)u26§d$
ds M M 2
— 2/ [\V(uef/z)\2 + 1R(uegﬂ)2 dr.
M 4

Let

A(to) = inf fM [4|V(uef/2)|2 + R(uef/2)2] dx
0 0 Jop u?etda )

Recall that dz is actually the volume form du(g(tg)) where g is a
moment during the Ricci flow. Therefore A(tg) is actually the infimum
of Perelman’s F' entropy at time ¢o. By Perelman [P1] (Theorem 6.1.1
here), it holds

Ato) = A(0) = Ao

Hence
A2 Live?yuleban — L 2,6
uesdr < [ (O£ + =|VE|[*)u“esde — =g [ u’e>dx.
ds M M 2 2 M
If we choose £ so that
1 2

then we deduce

/u2e§dx‘ Se_)‘o(sl_sz)ﬂ/ u2egda:| (6.3.5)
M S1 M 82
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when s9 < s7.

Step 1.2. Once we have the above monotone formula, we can use
the idea in [Gr] to prove the Gaussian upper bound. Since the proof
is not identical to that in [Gr|, due to the presence of the exponential
term in (6.3.5), we will present it here.

Taking a point x € M and s,r > 0, define

= u2 S . ..
I(s) = /M_B(m (4, 5)dy (6.3.6)

We aim to show that I,-(s) has certain exponential decay for u(y,s) =
p(y, s, x). Picking two numbers A and o( such that A > 2 and oy > s,
we choose

_ (r—d(z,y))? d(z,y) <

= = Aoo—s) ’
§£=¢(y,s) {07 dog) > 1

Then, for y € B(z,r),

(r—d(z,y)* 200 —d(z,y))?
Aog— )2 T Ao —s2 =V

By (6.3.5), we have, for sy < s1 < sq,

/ uzefdx‘ §e_)‘°(81_52)/2/ u2e§dx‘ .
S1 52
M M

1
835 + §|V£|2 = -

Since £(y, s) = 0 when d(x,y) > r, this implies

Ir(sl) = / u2(y,sl)dy < / u2(y731)e§(y751)dy
M- B(z,r) M
< / u?(y, 82)65(9782)(13/ e~ ro(s1—s2)/2
M
For a number p < r, we can write this inequality as
I’I‘(Sl) < / u2(y, 32)65(y’s2)dy e—)\o(sl—SQ)/2
B(z,p)
+ 6_)‘0(81_82)/2/ u2(y,s2)65(y782)dy_
M-B(z,p)

This shows

IT’(S].) S e—>\0(31—52)/2 [[p(82) _|_ e_(r_p)2/(A(00_32)) / u2(y7 S2)dy] .
B(z,p)
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So far the bound holds for all positive solutions to the equation
Au— Ru/4 — 0su = 0. Now we take u(y,s) = p(y, s,x) the heat kernel.
For this u, it holds

1
u? ,8d</ 2(y, s9,2)dy = p(x, 289, ) < .
/B(x’p) (y, s2)dy < o7 (y, 82, x)dy = p(x, 252 )_f(252)

Here f is given by the right-hand side of the on-diagonal bound in
(6.2.15) and (6.2.16). We know that there are two positive constants
hy and ho such that, for all 7" > 0, it holds

1 N hg exp[(T + to)hl]

= 6.3.7
F(T) 772 (037
where
he = ha(A, B, Ao)
and
0, if A 0;
D ' (6.3.8)
hi(A, B, Ao,sup R~ (-,0)) > 0, otherwise;

Thus we reach the inequality

1
I(s1) < e~ Mo(s1—-52)/2 |:[ $9 +e—(r—p)2/(A(ao—52)) 7:| '
Observe the above inequality depends on oy only in the exponential
term, which is the parameter in the definition of £. So we can just take
og = s1 to get

L(s1) < e Polsms2)/2 [10(82) + e~ (r=p)*/(A(s1—s2))

where r > p, s1 > s9 and A > 2.
Now fixing 7, s > 0, we define the sequences, as in [Gr]

1 1 S
= — = — k=0,1,2,...
Tk < +k’+2> Sk ok’ y Ly 4y

where a > 1 will be chosen later. Applying (6.3.9), we deduce

Irk(sk) <e Aok —si41)/2
1 (6.3.10)

+ e—(T’k—Tk+1)2/(A(8k—8k+1))
) o)

|: Thk41 Sk—l—l
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Remember that I, (s;) = fM_B(x’Tk)p2(y,sk,x)dy. When k& — oo,
s — 0 and p(y, sk, x) — 0(y,z) which is concentrated at the point
x. Hence limy_,o I, (s) = 0. This argument can easily be made rig-
orous by approximating p with regular solutions whose initial value is
supported in B(z,r/2).

After iterations of (6.3.10), we obtain

1
I (8) = T (30) < Sz i Ao,
Using the relation
e — rrg1 > 1/ (k + 3)2, Sp — Sp1 = (a — 1)s/a" 1,

we arrive at

1 ak 1 2 R
I, <Y — — - 0(5_5k+1)/2‘
() < 07 me ) P < 3 (a—1) As) ¢

Using (6.3.7)

1 a(k+1)”/2h2 exp[(s + to)hl]
f@2sie1) — s"/2 '

Substituting this to the last inequality concerning I,.(s), we deduce, for
some constant ¢ = ¢(a) > 0, depending on the sign of g,

I(s) < ha eXp[(S/"; to)hl] e—)\osc(a)zzozoa(k-i-l)nﬂ
gn

gkt 2
X exp <_(l<: +3)* (a—1) As> '

By making the constant a sufficiently large, it is easy to check that

IT(s) = / p2(y’ s, :E)dy < ho GXP[(TSL/‘;‘ tO)hl] e—)\osc(a)e—hgr2/s
M-—B(z,r) S

(6.3.11)
for some numerical constant hg > 0.
Define, for a small positive number m < hg,

E,(s) = /M Py, s,x)emdz(y’x)/sdy.
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Take r = /s and split the integral for E,,(s) as

Ep(s) < e™ / P (y, s, 2)dy
B(z,r)

+ 322, / P2y, s, )™ W)/ gy
k?” T k 17“
Prd@y)<sr (6.3.12)
< em/ P (y, s,2)dy
B(z,r)

2(k+1)
+ SR e™? / P*(y,s,x)dy.
2kr<d(z,y)<2k+1r

Using integration by parts and the monotonicity of Perelman’s F' en-
tropy again, it is easy to see that

a
dSM

. / (VP + Rp?/4)dy
M

< —%/ P*(y, s, z)dy.
M

P (y, s, z)dy = 2 /M p(Ap — Rp/4)dy

Therefore
/ p*(y, s,2)dy < e‘Aos/“/ p*(y, /2, x)dy
M M
= e_)‘os/4p(x, s,x) < e_’\°8/4/f(s).

Applying this and (6.3.11) to the last two terms of (6.3.12), we have,
for a sufficiently small m > 0,

Em(s) = /M pz(ya S, Z')emdz (y,w)/sdy < c1hs exi[£j2+ to)hl] e—cons

(6.3.13)
where ¢; and co are positive, numerical constants; the constants hq
and hg depend only on the initial metric, as given by (6.3.8). It is well
known ( [Gr] e.g.) that (6.3.13) implies

—b3d?(z,y)/s

p(z,5,y) < brhgelo™ el =0220)sC = (6.3.14)

Here by, by, bg are positive, numerical constants.

Step 2. Integral gradient bound for Green’s functions.
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Consider I' = I'(z, y), the Green’s function of the operator

Rt
Lh:A—T—h

where h = (hy — boA\g)™ + 1. Here hy,be, \g are the same as those in
(6.3.14). Denote by py, the heat kernel of Lj,. Then (6.3.14) shows

e_b3d2 (xvy)/s

pp, < pe” " < byhgetohies e (6.3.15)
Therefore, there exits C' > 0 and by > 0 such that
[(z,y) = /Ooph(y s,x)ds < C’hgetohlLd(x’y). (6.3.16)
VT, s e

When y # x, the Green’s function I'(x,y), as a function of y, satis-
fies the equation
Rt
Al'— —T — hl' = 0.
4
Applying a standard argument using test functions of the form I'¢?,
we know that

Rt
/ VI )Py + | (o W, y)dy
2k <d(x,y)<2k+1 2k <d(z,y)<2k+1
C
< %z, y)dy.
= 92k /2k1§d(gc,y)§2k+2 (z,y)dy

(6.3.17)
In the above, ¢ is a cut-off function and ¢ is a positive constant.

For any number g € (0,2), by Holder’s inequality and (6.3.17),

/ VT (z,y)Pdy
9 <d(a,y) <2+

B/2 1-(8/2)
< (/ VD (z, y)IQdy> (/ dy)
2k <d(z,y)<2k+t1 2k <d(z,y)<2k+1

B8/2
< (& / M2(eg)dy|  |Bla, 2 — B(a, 28)-/2)
22 Jyr-1 <a(a,y)<on+?
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Using (6.3.16) on the last term, we deduce

chg exp(toh1 ) exp(—Q(k_2)ﬂb4)
9kB9(k—1)(n—2)8

/ VT (e, y)Pdy <
2k <d(z,y)<2k+1

B2
- ( / dy) B, 21) = B(a, 25)[' 7
2k—1 Sd(ﬂc,y)SQk*z

- chy exp(toh18) exp(—2~2)8by)

) 2R T2 [B(2,2%) — B(z, 27|

Summing up for all integers k, we have

/ VT (z, )| dy
M

_9o(k-2)
< chg exp(toh1 ) X532 exp( Bba)

k+2 k—1
k=—o0 9kB9(k—1)(n—2)3 |B(3§‘, 2 ) - B($7 2 )|

Since
|B(2,2"%) = B(,2"7")| = |B(x,2""?) — B(z,2""")]
+ |B($72k+1) - B($72k)| + |B($72k) - B($72k_1)|7

we can split the preceding sum to three and shift the indices to get

_o(k=4) 3y,
8 o0 exp (-2 5by)
/M VI (z,y)|"dy < cexp(toh1) X2 _o [2(k—2)62(k—3)(n—2)ﬁ

exp(—24~9) gby) eXp(—2(k_2)ﬁb4)}

9(k—1)Fo(h—2)(n-2)5 | kBok—1)(n-2)8
x | B(x,2F) — B(x, 25 1)| nS.

This tells us

/ VT (z, )| dy
M

exp(—2-220"% by
o0 QB h=D(n=2)p
exp(=27%20"1 5by)

e /zklgd(w)gk 9Pk (n—1)~A(n—2)

exp(—273d(z,y)Bbs)
< chf exp(tohi3) T3
< chy exp(toh1B) X2 _ o /2k1<d(x,y)<2k d(z,)Pn—1)

< chf exp(toh, 8) T2 |B(z,2F) — B(z, 2" 1)

= chg exp(toh18) X5

dy.
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Therefore

exp(—27d(x, y)5bs)
d(z,y)sn=b

/ |VF(x,y)|ﬁdy < chg exp(tohi) /
M M

(6.3.18)
By (6.3.17),

[VRT41 + hT(x, y)]ﬁdy

/2k <d(z,y)<2k+1

B8/2
< (/ [VRT4~1 4+ hT(z, y)]zdy>
2k <d(z,y)<2k+1

1-(8/2)
2k <d(z,y)<2k+1
C

B8/2
<= / T2z, y)dy | |B(,2) — B(a, 291~/
22 Jyr-1<d(a,y)<ar+2

From here we can use exactly the same argument as in the previous
paragraph to show

/M[\/ RH4=1 + hT(z,y)]?dy < chl exp(tohy3)

/ eXp(—2_3d(w,y)ﬁb4)d
M d(z,y)f-D v

(6.3.19)

Step 3. Proof of the Critical Sobolev inequality.

Once we obtain the integral gradient bounds (6.3.18) and (6.3.19),
the proof of the theorem can be finished in the standard way, as in
Chapter 2.

Let w be a smooth function on M. Then

1 1
Au — (ZRJr + h)u = Au — (ZRJr + h)u.
Since I' is the fundamental solution, it holds
1
u=- [ Ploy)du- GRT+ Bl
M

Upon integration by parts, it follows

u :/ VF(m,y)Vu(y)dy+/ F(az,y)(%RJr + h)u(y)dy.
M M
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For any ¢ > n, applying Young’s inequality with the parameters
satisfying

1
=1+-,
q

_l’_

IS

S|

we deduce
[ully < sup [[VT(,2)l|g [[Vull,
x

1 1
+ sup HF('J)\/ ZRJ’ +hlig |l ZRJF + hu|n-

According to (6.3.18) and (6.3.19), this implies

_ /B
exp(—2-3d(z,y)Bbs) | \'
llullq < chaexp(tohy) Sl;p </M ()P0 dy

1
IVulla + 11/ 7B + 1 UIIn] :

X

Note that 8 € (1,n/(n—1)) and so § < 2. Hence, there exists a positive
number e, such that

exp(—eod(x,y)) , \*
|lullq < chaexp(tohi) sgp </M A )P dy

(6.3.20)
1
X (IVulla + 11/ 3B + hulla).

Recall the quantity

1/8
o(M) = ) [ SRt ,)
)= s s (a1 [ SRR

(6.3.21)
Then (6.3.20) implies

lully < cOMD)h2 exp(toha)ln—B(n—1)] "% (| Vull,+y/ iRJF + hulln).

(6.3.22)
Given integers k = n,(n+ 1),..., we take ¢ = nk/(n — 1). Then the
above becomes

nk/(n—1)
/ |ul(y) dy
M\ ([Vulln + |14/ BT + hulln)
k41
< [¢®(M)hy exp(tohy )™/ (=D (%) :
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For a number « > 0, this inequality shows
nk/(n—1)

k
[ o ul(y) "
MR (19ul + AR+ hula)

n

< SR, 7 (O (M)A excp(tohy )]/ () < > ‘

By Sterling’s formula, there exists a constant b = b(n) only, such that
the right-hand side of the last inequality is convergent, provided that

b
: 3.2
@< [O(M) Ay exp(tohn)/@—D) (6.3.23)

O

The next theorem is a localized version of Theorem 6.2.1 on the
evolution of Sobolev imbedding along Ricci flow. It shows that Sobolev
imbedding in a metric ball propagates to a larger ball in future time
provided that the curvature tensor is bounded in a portion of the space
time. Perelman’s no local collapsing theorem II (Theorem 8.2 [P1]) is
a special case by Theorem 4.1.2.

Theorem 6.3.2 For any A > 0, let g = g(t) be a Ricci flow defined
for t € [0,72] for some 19 > 0. Suppose that |B(20,70,0)[g(0) > A=t
and that |[Rm| < 1/(nr3) for all (x,t) € B(xo,70,0) x [0,73]. Then the
following Sobolev imbedding holds in B(xq, Arg, 7‘8).

For all v € Wol’z(B(mo,Aro,rg)), there exists one Ay = C(A,n)
such that, at t = 7‘(2],

(n—2)/n
([ 2auaen) " < a2 [v? + R)duto(0)

A
+ = [ Vidu(g(t)).
7o
ProoFr. We divide the proof into several steps.
Step 1. By scaling invariance, we can just take ro = 1.

Given o > 0, define
A =Ay2(g(1))
= inf{ [02(4)Vv]? + Rv?) — v? Inv?] du(g(1)) —nlno
B(Z‘07A,1)

‘ CAS C(())O(B(x()vAv 1))7 ”U”Q =1 }
(6.3.24)
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We aim to find a lower bound for A when o € [0, 1]. So, without loss
of generality we assume A < 0. Let v1 be a minimizer of the functional
in (6.3.24). Recall that the existence and smoothness of the minimizer
of the above functional in the whole manifold case were proven in [Ro].
The current case under Dirichlet boundary condition can be dealt with
similarly. The proof is left as an exercise. Consequently, v is smooth
and positive in B(xg, 1, A) and it obeys the equation
0?(4Av; — Ruy) + 2v1 Inwy + Avy + n(lno)vy = 0; (6.3.25)

vi(x) =0, x € 0B(x0,A,1). o

Here every term is relative to the metric g(1).
Next we define

P(v1) = [0?(—4Av; 4+ Rvy) — 2vy Inwy — n(Ino)viJvy = Avi. (6.3.26)

We regard v; and P(v1) as functions on (M, g(1)) by assigning zero
value outside of their support. The function v; is Holder continuous
and lies in W1°°(M). This fact can be proven by the method in [Ro]
using the property that dB(zg, 1, A) is Lipschitz. The basic idea is to
divide the ball into two parts D and D>. In D1, it holds v; < 1. Then
v1 Invy is bounded. We treat it as a bounded inhomogeneous term in
the Laplace equation. Then we know that vy is Lipschitz. On the other
part Ds, it holds v; > 1. By Jensen’s inequality and [|vi]l2 = 1, we
know that Inv; € LP(Dg) for any p > 1. The standard elliptic theory
also shows v is Lipschitz. We leave the detailed proof as an exercise
again.

Let u be the solution of the conjugate heat equation on the whole
manifold and ¢t € (0, 1),

H*u= Au — =
e frut O =10 (6.3.27)
u(z, 1) = vi(x).
Define, for v = \/u, Perelman’s quantity
P(v) = P(v)(x,t) = [(6* + 1 — t)(—4Av + Rv) — 2vlnwv
(6.3.28)

- g(ln(c;? +1 - ).

This is a smooth function when ¢ > 0.
Step 2. We prove P(v) <0.
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According to Proposition 9.1, in [P1] (Proposition 6.1.3 here), we
know that

AP(v) — RP(v) + 0;P(v) > 0. (6.3.29)
Since P(v)|=1 = P(v1) = Av? <0, we claim that
Pv) <0 (6.3.30)

for all x € M and ¢ € [0, 1], by the maximum principle.

We mention that the behavior of P(v) when ¢ is near 1 can be
tricky, since Awv; is not continuous across the boundary. Therefore, a
careful proof of the claim is necessary. In terms of the solution u of the
conjugate heat equation, we can write

2 |V ? n 2
Pw)(x,t) = (6°+1—t)(—2Au+——+Ru)— ulnu—§(ln(0 +1—t))u.
(6.3.31)

We will show that P(v) is a proper sub-solution to (6.3.29) such

that:

lim [ P(v)(x,t)0(x)du(g(t)) = /M P(o1)(@)0(x)du(g(1)) <0

t—1 M

for any smooth function § > 0. Then we can apply the maximum
principle to prove the claim.
For a positive smooth function § = 6(x) and ¢t > 0,

/"mmuwm@www>
M
VP

:/ (02 +1 - £)(—2ud0(x) + "2 0(x) + Rub(x))
M

—f(z)ulnu — g(ln(a2 + 1 —t)ub(x)]du(g(t)).

Recall that the final value of u is u(z,1) = vi(z), where v; solves
(6.3.25). This function, defined on M after extension by zero value,
is Holder continuous and lies in W1°°(M). Therefore u(x,t) — v?(x)
when ¢t — 1. Hence

lim [ P(v)(x,t)0(x)du(g(t))

t—1 M

:/[ (—202A0(x) + Rv20(x)) — 0(x)v? Inv?
M

~ 2 (n0?)0}0()]dulg +gg/‘ dulg(1)).
(6.3.32)
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Notice that lim;_,; [Vul? (w,t) = 4|V (z)|? when z is not on the bound-

ary of the ball B(zg, A, 1). In order to take the limit inside the integral,
we need further justification, which comes from the fact that |v“| (z,t)
is bounded for (x,t) € M x [0,1). To prove this boundedness, We recall
Proposition 6.1.2 states:

2 2 S 2 4
H* <—|W| + Ru> = = (wy = “22)" + 2VRVu + - Rice(Vu, Vu)
U U u u

+ 2|Ricl*u + 2V RVu + 2uAR.

2 2
H” (’VS‘ +Ru> > K1<\Vu!+]u\+w Y )

where the constant K7 (> 0) depends on the supremum of |VR|, |AR)|
2
and the lower bound of Ric. Since |[Vu| < % + u, we deduce

2 2
(2 ) s (P )k om

Hence

u

where K5 depends on Kj, the supremum of |R| and uw. We mention
that all the curvatures involved here are bounded since the Ricci flow
is smooth by assumption. The function « is bounded by the maximum
principle since u(z,1) = v? is bounded. Recall that, when t = 1,

2
ﬂ = 4|V, ’2
u
which is bounded. Applying the maximum principle on (6.3.33), we

find that % is bounded for all ¢ € [0, 1]. This process can be made
rigorous by considering {ux} which is an approximation sequence of u,
defined by

H*uy, =0, up(z,1) = v} + k71, k=2,3,....
Now that we know %
to deduce

is bounded, we can take limit for (6.3.32)

lim | P(v)(x,t)0(x)du(g(t)) = /M P(o1)(2)0(x)du(g(1)) < 0.

t—1 Jnm
(6.3.34)
Note that u is a bounded function. Also, by differentiating (6.3.27),
it is easy to see that Vu is bounded. By the format of P(v) in (6.3.31),
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we know that P(v) € L>([0, 1], W~12(M)). Applying an integral form
the maximum principle to (6.3.29), we conclude that P(v) < 0, i.e.
(6.3.30) holds. Here is why. Pick to,¢; € [0,1) such that to > ¢;. Let
6 = 6(x) be a positive, smooth function. Let f = f(z,t) be the solution
of the forward heat equation

Af_atfzov te[t17t2]7$€M
fla,t1) = 0(x), z € M.

Then f is smooth and positive. Performing integration by parts, we
obtain

d

o | P fdulg(t) =/ [(0:P(v) = RP())f + P(v)0; fldu(g(t))
M

M
= [ (@P(0) = RP() + AP() fdlg(t) =0

Letting to — 1, we deduce, by using (6.3.34) (with 6(x) replaced by
f(z,1)),

/ P)f(@)dpu(g(tr)) < / P(o)f (, Ddu(g(1)) <0
M M

Since 0 and ¢; are arbitrary, we know that P(v) < 0 throughout.

Step 8. Proving a local monotonicity formula with suitable cut-off
function.

Let h be the solution to the heat equation with initial Dirichlet
condition in the region

{(z,t) | d(xg,z,t) <14 (2A —1)t, t € [0,1]}.

Ah — 0th =0,
h =0 on the sides, (6.3.35)
h(z,0) = ho(x), d(xg,z,0) < 1.

Here hg is a nonnegative function to be chosen later.
We write

J(t) = /M P(v)h(z,t)du(g(t)). (6.3.36)

Then

J(t) = /M@P(v)—RP(v))hdu<g<t>>+ /M P(v)Ahdu(g(t)). (6.3.37)
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Note P(v) < 0 and g—z < 0 on 0B(xg,1+ (2A — 1)t,t) where n is the
exterior normal. We have

/ P(o)Ahdu(g(t)) = / Py as
M 8B(z0,1+(2A—1)t,t) on
_/ MWMw+/Jﬁmwwmm
0B(z0,1+(2A-1)t,t)  On M

> [ hAP(@)dn(gle)
M
Substituting this to (6.3.37) and using (6.3.29), we deduce
J'(t) > 0. (6.3.38)

Next, we establish a lower bound for h. Let A = A(+) be a decreasing
real valued function to be specified later. Define

¢ = Nd(zg,z,t) — (1 + (24 — 1)t)]. (6.3.39)
Then, it is clear that, in the distribution sense,
(A —0)p=NA—-0)d+ (24— 1)\ + X',

Using Lemma 8.3 [P1] (Proposition 5.1.5 here) for those x such that
d(xg,x,0) > 1 and the standard Laplacian comparison theorem for
other x, we have

(A - at)d(x07$7t) < S0

where sq is a positive number depending on 7y (chosen as 1 here) and
n only. Recall that A is nonincreasing. Hence

(A=09)p>Nsp+ (24 —-1)N + \". (6.3.40)
We will make the function A so that
As)=1, s<—=1/2;A(s) =0,5 >0; X'(s) <0, se[-1/2,—1/4];
N'(s) 20, s € [-1/4,0];  [Nloo, [IA"[loc <8
For s € [-1/8,0], we take
A(s) = agle™(so2A=Ds _ ]2

where ag is chosen so that A(—1/8) < A(—1/4) and that all the above
properties for A hold.
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By this choice of A, it is clear that

0, d(zo,z,t) — [1+ (24 — 1)t] < —1/2,
—c(1+s9+ A), —1/2 < d(xg,z,t)

14 (24 - 1)f] < —1/8,
0, d(zo,z,t) —[1+ (2A — 1)t] > —1/8.

(A=0)p(x,t) =

Here ¢ is an absolute constant. Therefore, there exists a constant () =
Q(s0, A) > 0 such that

(A=) > —Qo.
This shows, via the maximum principle
h(x,t) > E_thb(:Ev t)

provided that hg = ¢(z,0).

Note that the above shows h(z,1) > e~ 9 when d(zg,z,1) < A.
Recall also that P(v)(z,1) = Av? while v; is supported in B(xo, A, 1).
From the definition in (6.3.24), we have, since A < 0,

J(1) = A/u%h(x, Ddu(g(1)) < Ae@. (6.3.41)
Therefore the monotonicity of J(¢) (6.3.38) shows
A > e2.J(0). (6.3.42)

Next we find a lower bound for J(0). By definition
50) = [ P0)o(a,0)dn(s(0))
_ / (02 +1)(~4Av + Rv) — 20Inv — Z(In(o? + 1))e]od(z, 0)dp(9(0))
Using integration by parts, it is easy to see that
50) = [ |6 + DU VB + ROVEP) - (03P (037
- 3VEP (e + 1) auta(o)
~4(0* + 1) [ IVVEPRue0) + [ (/5 5 dulg(0))
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It is clear that we can choose A in the definition of ¢ so that

IVVo(z,0)2<C,  Voln/o(z,0) > —e.

Here C is an absolute positive constant. Since the L? norm of vy is 1
and that u = v? is the solution of the conjugate heat equation with
final value v}, we know that the L? norm of v = v(-,t) is always 1.
Hence

J(0) > / (02 + DAV (/D) + RwVB)?) — (03/8)* In(0/3)?

~ 5(0V/6) In(0” + )] du(g(0) - C.
Write w = vy/é(,0)/||v\/é(:,0)||2. The L? norm of w is 1 and
) > [ov/B(,0 HQ/ (0% + )4Vl + Ru?)
—w?lnw? — gw2 In(o? 4 1))du(g(0))

~ ov/6(-, 0)[3 In loy/6(-, 0)]I3 —

Minimizing the right-hand side, we deduce

0) > [[o/é(-, 0)[[5A 241 (g(0)) — C.

Therefore
A= A ( > 6 HU V (b H2 0'2+1 LE(), 170)79(0)) - C]
(6.3.43)
Here

A02+1(B($0, 17 0)79(0)) = inf { / [(0'2 + 1)(4|V’U|2 + RU2)
B(x0,1,0)

—v?Inv?] du(g(0)) — gln(a2 +1)
’ O C{)’O(B(xo, 1,0)), ”U”g =1 }
Step 4. Completion of the proof.

With the curvature and volume assumption of the theorem at time
t = 0, a Sobolev inequality holds for functions in VVO1 ’2(B(:170, 1,0)),
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ie. for all v € W01’2(B(:E0, 1,0)), there exist constants S; = S;(A,n),
1 = 1,2, such that

(n—2)/n
([ 2aua))" " <1 [ + mautso)
+ Sg/vzd,u(g(o))-

This is a version of the Sobolev inequality in [Au], which is fitted for
bounded domains. The proof of this is similar to the full manifold
version, as given in Theorem 4.1.1. We leave it as an exercise.

By Theorem 4.2.1, a log Sobolev inequality in the form of (II) in that
theorem and perturbed by the scalar curvature term holds for functions
in VVO1 2(B(x0,1,0)). The constants depend only on dimension. This
means that

Ag241(B(20,1,0),9(0)) > —ci(o0 +1)* — ¢y

where ¢; and ¢y are constants depending on n and A. Using (6.3.43),
we know that, for all o > 0,

Ay2(g(1)) > —c30” — ¢4

where c3 and ¢4 are positive constants depending only on n and A.
Using Theorem 4.2.1, we can proceed as in the end of the proof of
Theorem 6.2.1 to show that this family of log Sobolev inequalities for
VVO1 2(B(0, A, 1)) induces the desired Sobolev inequality. O

6.4 A differential Harnack inequality for the
conjugate heat equation

In this section we prove a differential Harnack inequality for all posi-
tive solutions of the conjugate heat equation. This can be regarded as
a generalization of the main results in [AB] and [LY] to the Ricci flow
setting. Perelman [P1] (Proposition 6.1.3 here) actually proved a differ-
ential Harnack inequality for the fundamental solution of the conjugate
heat equation. However, there is one place where some improvement is
still desirable, namely Perelman’s differential Harnack inequality does
not apply to all positive solutions. For instance, for the Ricci flat man-
ifold S' x S'. The constant 1, as a solution to the conjugate heat equa-
tion is a counterexample. Here we present a result in [KZ] which holds
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for all positive solutions. It remains to be seen whether a sharper gra-
dient estimate exists. Recently similar results have appeared in [CaH]
and [Cx2].

The main result of this section is

Theorem 6.4.1 Let (M, g(t)) be a smooth Ricci flow, where M is a
closed manifold and t € [0,T). Let u : M x[0,T) — (0,00) be a positive
c>! solution to the conjugate heat equation H*u = Au+ uy — Ru = 0.

Let u = ’ f% and T =T —t. Then the following inequalities are true:
T

(i) if the scalar curvature R > 0, then for allt € (0,T) and all points,

2
oONf — |V +R< 7"; (6.4.1)

(ii) without assuming the non-negativity of R, then for t € [%,T) and
all points,

ONf— [Vf2+R< Tn (6.4.2)
Remark 6.4.1 Since f = —Inu — §In(477), if we replace f by u in
the above inequalities, then we get
2
WZ’ Lol g R0
v (6.4.3)
|Vul 3n _
o 2— —R< 0 if R changes sign and t > T/2.

It is similar to the Li-Yau gradient estimate for the heat equation on
manifolds with nonnegative Ricci curvature, i.e.
Vul?  w _n

_ 22
u? u 2t

for positive solutions of Au — Jyu = 0.

Remark 6.4.2 Some related gradient estimates with various depen-
dence on the Ricci and other curvatures can be found in [Gro] and [Ni].

PROOF. (of Theorem 6.4.1). By a standard approximation argument
as in [Cetc] Vol. 2 e.g., we can assume without loss of generality that
g = ¢g(t) is smooth in the closed time interval [0,7] and that wu is
strictly positive everywhere. Indeed, by Theorem A.23 in [Cetc] Vol. 2
(due to W.X. Shi), the curvature tensor is uniformly bounded in the
time interval [0,7 — 0] with the bound depending only on the initial
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data and 9, a positive number. Moreover the lower bound of the scalar
curvature is nondecreasing since the scalar curvature R satisfies (c.f.
p209 [CK])
2
AR — O;R + ;RQ <0.

Therefore, we can just work on the interval [0, T—4] first. In the proof, it
will be clear that all constants are independent of the curvature tensor.
They only depend on the lower bound of the scalar curvature, which is
nondecreasing with time. Hence we can take § to zero to get the desired
result on [0,7).

(i) By standard computation (one can consult various sources for
more details ([CK] or Proposition 5.1.1 here e.g.)),

(% + A) (Af) = ? + 2(Ric, Hess(f)) + A(AS)

= A(=Df+ VP~ R+ %) + 2(Ric, Hess(f))
+A(Af)
= 2(Ric, Hess(f)) + A ([Vf* = R) .

Also using the evolution equation of g,

vof

<8+A> IVf2=2Ric(Vf,Vf)+2(Vf,V >+A|Vf|2

ot
= 2Ric(Vf, V) +2(Vf,V (—Af +|VfP? - R))
+ AV
Notice also

< gt + A) R = 2AR + 2| Ric|*. (6.4.4)

Combining these three expressions, we deduce
9 2
—+ A |2Af = |VfI*+R)

ot
= 4( Ric, Hess(f)) + AV f|? — 2Ric(V £,V f)
—2(Vf,V(=Af +|Vf]? = R)) + 2|Ric]*.

(6.4.5)

Denote
a(x,t) = 20f — |V ]2 + R.

By Bochner’s identity, writing Hess f = f;; in a local coordinates,

AV =2/f;12 +2VIV(AS) + 2R fif5,
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the above equation becomes

<§t + A) q=4R;jfi; + (2fij|* + 2V V(AF) + 2Rij fif;) — 2Rij fif;

—2VfV(=Af+ |V = R) + 2R}
= 4Ry; fij + 2| fij|* + 2R}, + 2V V(2Af — [Vf[* + R)
=2|Ry; + fi;|* +2VfVq

that is,

(gt + A) q—2VfVq=2|Ry + fij|* > (R+ Af)2. (6.4.6)

(We note that equation (6.4.6) was also shown in [Cetc].)
Since

q=20f—|VfP+R=2(Af+R)—|Vf]*-

and hence
R+Af = (q+|Vf|2+R)

we have
) 1 2
at+A q—2vaq>2—(q+|Vf| +R) (6.4.7)

By direct computation, we also have, for any € > 0

0 2n
(3 +2) 7= 297

2n )_i( 2n )2
T—t+e! 2n\T—t+e

Combining the above two expressions, we get

0 2n
(5i2) o770 297 V-

2n )
T—t+e

1 2n 9 2n 9
> S e .
_2n<q+T_t+€+|Vf| —|—R><q T_t+€+|Vf| +R>
(6.4.8)

We deal with the above inequality in two cases:

Case 1. At a point (x,t), ¢ + +|Vf|> + R <0, then also

T— t—i—e

2n

— 4 IVFP+R<0
T—t—l—e—H fP+ER<

q_
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thus,

0 2n 2n
<aﬁﬁ>( T—isc VIVl )20

+|Vf|?+R > 0, then the inequality

Case 2. At a point (z, t), q+T e
(6.4.8) can be transformed to

0 2n 2n
(i +2) - 77550 29V 257

1 2n 9 2n
_%<q+T—t+e+’vﬂ +R> <q_T—t+e>

1 9 2n 9
> — _ >0.
_2n(|Vf| +R)<q+T_t+€—|—|Vf| +R>_0

Defining a potential term by
0;

1fq—|—T 2+ |Vf*+ R<0at (z,t)
o (0 + 72 iTe +|Vf?+R);

if g + =22 P+ VP +R>0at (2,t).

V=V(xt) = (6.4.9)

We know V is continuous; further, by the above two cases, we conclude

2n

0 n
(EJFA)(Q_T—HE)_va(q_T—tJre)
2n
A

Since we assumed that the Ricci flow is smooth in [0, 7] and that u(z,t)
is a positive C%! solution to the conjugate heat equation, thus

Vul?2  2Au
w2 u

q=20f—|VfP+R= +R

u
is bounded for ¢ € [0, T']. If we choose e sufficiently small, then ¢(z,T) <
20 thus by the maximum principle ([CK], e.g.), for all ¢ € [0,T],
q(z,t) < 7= t+6 Let € — 0, we have for all ¢ € [0 T},

2n
Tt

q(z,t) <
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Recall ¢ = 2Af — |[Vf|? + R, 7 = T — t, then we have
9 2n
ANf — |V f] +R§7. (6.4.10)

Further, f = —Inu — §(477), then the above yields

- T _R<Z (6.4.11)

Proof of (ii). Next we prove the gradient estimate without the
non-negativity assumption for the scalar curvature R. Let ¢ > 2n be a
constant to be determined later; denote

B=|Vf*+R.

Similar to the inequality (6.4.8), we also have,

<%+A> (0 =)~ 29F V(- )

> %(QJFB)Z— m

= %[(‘”B)Q T —i 97 " (T—ct2+ 2T —2?1 5

=%[(q—%m+3)(q+%m+3)+@(_%]-
(6.4.12)

We deal with the previous inequality at a given point (z,t) in three
cases:

Case 1. B >0, and q + 7—77- + B <0, then also

C
__° iB<o
17 457 P=

thus,
c

0 c
(5 +2) - =50~ 29Vl =) 20

Case 2. B > 0, and ¢ + 7= + B > 0, then the inequality (6.4.12)
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can be changed to

1 c 4B c
o \ 1 T —t+e LR
c

> —B ——+ B >0.

= on <q+T—t+e+ >—

Case 3. B <0, then the inequality (6.4.12) can be changed to
0 c c
a5y ovv(g—
<8t+ >(q T VIVl

+

—t—i—e)
1 n c
Z o\ e

C
B I
><q T—t+e>
+LB B c +i 2Bc N c(c—2n)
o\ 1T T —tve) T \T—tre (T—tre2)"

To continue, we need the following estimate of the scalar curvature R
under the Ricci flow i.e.

n
>
B2 2(t+e)

(6.4.13)

for some € > 0 depending on the initial value of R. This lower bound is a
result of the weak maximum principle applied on differential inequality
9% > AR+ 2R? (c.f. [CK], e.g.). Thus

n n

- 2 >R>— > —
B=IVfP+RzR2 00052 501749

fort>lbecauset>% = t>T—-t = t+e>2T—t+e = HLES

Consequently

1 2Bc N c(c—2n)
n \T—t+e (T —1t+e¢)?

T—t+e t—i—e

> % <_ 2(T —nt+ ) T—2f+ - (;(i;"zrne))2>
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Therefore

C

0 c
<§+A> -7 "2Vl )

1 c c
- _° 9B - °
2n<Q+T—t+e+ )(q T—t+e>

c(c—3n)
(T —t+e)?

Taking ¢ = 3n, we have,

0 2n 2n
(EJFA)(q_T—He)_va(q_T—He)
2n
Ve o) 20

where V' = V(z,t) is a bounded function defined by

)

; if B>0,q+
w0+ 72 +B); ifB>0,q+ 72
g+ 72 +2B); i B<0at (z,1).

+ B <0 at (z,t)
+ B >0 at (z,t)

T— t-‘,—s
V =

(6.4.14)
Follow the similar argument for the inequality (6.4.1), by the maximum
principle again, we have, after letting ¢ — 0,
3 Vul? 2 3
N (VIR +R< D g NVUE 2 p 30
T T

(6.4.15)
]

u? u

An immediate consequence of the above theorem is:

Corollary 6.4.1 (Differential Harnack Inequality) Given a smooth
Ricci flow on a closed manifold M, let u : M x [0,T) — (0,00) be a
positive C*' solution to the conjugate heat equation.

(a). Suppose the scalar curvature R > 0 fort € [0,T). Then for any
two points (x,t1), (y,t2) in M x (0,T) such that t; < to, it holds

n\"  fo [ (s)]? + (1 — 72)? R]ds
T2> eXP 2(7’1—’7’2) '

u(y,te) < u(w,ty) (

Here 7; =T —t;, 1 = 1,2, and vy(s) : [0,1] — M is a smooth curve from
z toy.
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(b). Without assuming the nonnegativity of the scalar curvature R,
then for to > t1 > T/2, it holds

1

u(y, ta) < u(z,ty) <—>3n/2 ex

Jo[41 ()P + (r = 72)* R] ds
Y 2(r1 — m2) ’
Here R = R(v(s),T — 1) with T = 75 + (1 — 5)(11 — 72) and |7/ (s)]* =
g(T—T)(’Y/(S)afyl(s))-

T2

ProOOF. We will only prove (a) since the proof of (b) is similar.
Denote 7(s) ;=19 + (1 —s)(11 —72), 0 <19 <71 < T, define
((s) = u((s), T — 7(5))
where £(0) = In u(x,t1), (1) = In u(y, t2).
By direct computation,

Ol(s) _ dufds _ Vudy ur(m—)
ds uw  u Os U

= (1 — 72) &.\/57/(3)_&
V2u T — T u

219 (s)* | [Vul ur
< (n-m) ((7'1 — T9)? + 22w

2P - <|VUI2 B 2&)

+
(’7’1—7’2) 2 u2 u

By our gradient estimate, if R > 0, then

- T <R+=— (6.4.16)

where 7 = 79 + (1 — s)(71 — 72). Therefore

ol(s) 21 ()P -7 2n
< — ] .
0s — (1 — 12) - 2 Rt

Integrating with respect to s on [0, 1], we have

1 1
- 2f0 17 (s)|? ds N (11 —Tg)fo Rds +nlnl.
(11 — 72) 2 T

(1) = £(0) <
Recall £(0) = In u(x,t1), (1) = In u(y, t2), then

u(y,ta) _ fo[4/ ()2 + (11 — m2)? R ds n\"
bty < 2 — ) +1n < >
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Therefore, given any two points (x,t1), (y,t2) in the space-time, we
have

n)nexp Jo 4/ ()2 + (71 = ) Rds

) < uetw) (2 21— 7)

O

6.5 Pointwise bound on the fundamental solu-
tions of heat type equations

In this section, we specialize to the case of nonnegative Ricci curvature.
We establish a certain Gaussian type upper bound for the fundamental
solution of the conjugate heat equation. We will begin with the tra-
ditional method of establishing a mean value inequality via Moser’s
iteration and a weighted estimate in the spirit of Davies [Da]. However,
there is some difficulty in applying this method directly due to the lack
of control of the time derivative of the distance function. The new idea
to overcome this difficulty is to use the interpolation result of Theorem
6.5.1.

Let us recall and define some notations to be used in this section.
We will use B(x,r;t) to denote the geodesic ball centered at x with
radius r under the metric g(t); |B(x,r;t)|s to denote the volume of
B(x,r;t) under the metric g(s). In this section we will use dg(z,t) to
denote the volume element of the metric ¢g(¢) at the point .

The main result of this section is Theorem 6.5.2 below, which was
first proven in [Z1]. Note that the theorem is qualitatively sharp in
general since it matched the well-known Gaussian upper bound for the
fixed metric case [LY]. Also there is no assumption on the comparability
of metrics at different times. In this theorem, we assume the manifold is
compact. This accounts for the extra 1 on the Gaussian upper bound.
Even in the case of fixed metric, the heat kernel converges to a positive
constant for large time. The theorem still holds for certain noncompact
manifolds under suitable assumptions. In this case the extra 1 in the
upper bound should be replaced by 0.

Remark 6.5.1 In the case of Ricci > —k with k > 0, then certain
integral Gaussian bound can still be proven by the same method. How-
ever, so far we are not able to derive a pointwise Gaussian upper bound
without an exponentially growing term e*t. This is due to a lack of an
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efficient mean value inequality for the second entries of the fundamental
solution, which satisfies the forward heat equation after a time reversal.

First we state and prove Theorem 3.3 in [Z1], which will also be
used at the end of Step 2 in the proof of Theorem 7.2.1. See also [CaH].

Theorem 6.5.1 Let M be a compact or complete noncompact Rie-
mann manifold with bounded curvature and equipped with a family of
Riemann metric evolving under the forward Ricci flow 0,9 = —2Ric
with t € [0,T]. Suppose u is any positive solution to Au — dyu = 0 in
M x [0,T]. Then, it holds

]Vuxt \/7
In ——
u(zx,t)

for M = supygy oy v and (z,t) € M x [0,T7.
Moreover, the following interpolation mequalzty holds for any 6 > 0,
z,y EMand 0 <t <T:

u(y’ t) < clu(x, t)l/(l—l—é) M&/(l—l—é) eczd(m,y,t)2/t.

Here c1,co are positive constants depending only on §.

PROOF. This is almost the same as that of Theorem 1.1 in [Hab], except
for a cancelation effect induced by the Ricci flow. By direct calculation

M M. |Vuf?

|Vul? 2 J;udju 2
- = 2189,0;u — 2292 > . 5.
(A= a)(=5) = S fodu— F > 0 (6.5.2)

The first inequality in the statement of the theorem follows immediately
from the maximum principle since

|Vul? M
t—— —uln —
U U
is a subsolution of the heat equation.
To prove the second inequality, we set
l(z,t) = In(M/u(z,t)).
Then the first inequality implies

IVV1(z, )] < 1/Vt.
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Fixing two points « and y, we can integrate along a geodesic to reach

d(z,y,1)
5

The result follows by squaring both sides. O

VIn(M/u(z,t)) < /In(M/u(y, 1)) +

Exercise 6.5.1 Prove (6.5.2).

Theorem 6.5.2 Assume that the conjugate heat equation (after rever-
sal of time)

Au— Ru — Ou =
{ uw— Ru— Ou =0, (65.3)

0yg = 2Ric

has a smooth solution in the time interval [0,T] and let G be the funda-
mental solution. Suppose that Ricci > 0 and that the injectivity radius
18 bounded from below by a positive constant i throughout. Then the
following statement holds.

For any s,t € (0,T), s <t, and x,y € M, there exist a dimensional
constant ¢, a dimensionless constant ¢ and a constant A depending
only on i such that

1 1 2
Gz, t;y,s) <ch Al 1+ + e~ cd@ys)°/(t=s),
(i200) < end (14 G =)
Remark 6.5.2 By Perelman’s local noncollapsing theorem, the condi-
tion on the injectivity lower bound can be replaced by scalar curvature
upper bound.

PrROOF. We divide the proof into two steps.
Step 1. Proving the on diagonal bound, i.e. the one without the
exponential term.

First we use Moser’s iteration to prove a mean value inequality. The
only new factor is a cancelation effect induced by the backward Ricci
flow. So we will be brief in the presentation at this part of the proof.

Let u be a positive solution to (6.5.3) in the region

Qor(z,t) ={(y,5) | z€ Mt — (o1)* < s <t, d(y,z,s) <or}.
Here r > 0,2 > o > 1. Given any p > 1, it is clear that

AuP — pRuP — 0P > 0. (6.5.4)



284 Chapter 6. Perelman’s entropies and Sobolev inequality

Let ¢ : [0, oo) — [0 1] be a smooth function such that |¢'| < 2/((c—
Dr), ¢ < >0, ¢(p) = 1 when 0 < p < r, ¢(p) = 0 when
p=>or. Let 77 : [0,00) — [0 | be a smooth function such that |n/| <
2/((0—1)7‘)2,n/>0, >0, 7n(s) =1 when t —r2 <5<t n(s)=0
when s <t — (0r)2. Define a cut-off function

Y= T,Z)(y, 8) = QS(d(l‘,y, 8))77(3)

Writing w = v? and using wi? as a test function on (6.5.4), we
deduce

/V(wz!ﬂ)deg(y, s)ds —|—p/Rw2¢2dg(y,s)d8
(6.5.5)

- / (Ouw)widgy, s)ds.
By direct calculation
[ Pt Tudgty. sds = [ 190 Pdgty. s~ [ 1V0Pudgly.s)ds.
(6.5.6)

Next we estimate the right-hand side of (6.5.5). Here we will use
the backward Ricci flow.

—/(asw)wzlﬂdg(y, s)ds = /wzip@s?pdg(y, s)ds
+5 [ worRdg(y,9)ds - 5 [ woPdgly. )

Observe that

05t = n(s)d'(d(y, , 5))0sd(y, x, 5)+(d(y, =, 5))n (s) < d(d(y,z, ) (s).

This is so because ¢/ < 0 and 9sd(y,x,s) > 0 under the backward
Ricci flow with nonnegative Ricci curvature (see Proposition 5.1.1 (3)).
Hence

_/ (Osw)widg(y, s)ds < / w e (d(y, @, )’ (s)dg(y, s)ds
+%/(w1/1)2Rdg(y, s)ds — 1/( V)2dg(y,1).

Combining (6.5.5) to (6.5.7), we obtain, in view of p > 1 and R > 0,

/ IV (wp) dg(y, s)ds + » / (wih)2dg(y, 1)

Cc

< 7/ w?dg(y, s)ds.
(O- o 1)2T2 Qo‘r(z,t)

(6.5.7)

(6.5.8)
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By Hoélder’s inequality

(n=2)/n
[wupeemagy,s) g( [wupne=ag, s>)

X </(ww)2dg(yvs)>2/n-

Let us assume that B(x,or, s) is a proper sub-domain of M. In this
case, for manifolds with nonnegative Ricci curvature, it is well-known
that the following Sobolev imbedding holds (see [Sal] e.g.)

(n—2)/n e 22
(/(¢w)2n/(n_2)d9(y, 3)) §m
ST 0P + 2 wwPldg(y. o).
(6.5.10)

For s € [t — (or)%,], by the assumption that the Ricci curvature is
nonnegative, it holds

(6.5.9)

B($7 or, S) ) B(ﬂj‘, or, t); |B(3§‘, or, 8)|S 2 |B(ﬂ;‘, or, 75)|t—(crr)2 :
Therefore we have, for s € [t — (or)2, 1],

(n=2)/n 02T
( /(¢w)2n/(n—2)d9(y, S)> < 2/n
1B(z.or, )%,

JUv @)+ @)
(6.5.11)
Substituting (6.5.9) and (6.5.11) to (6.5.8), we arrive at the estimate

7‘2

|B(x, 07, t)]

/ w?dg(y, s)ds <c, 2
Qr(x,t)

t—(or)?

1 / ) 0
— w?dg(y, 8)d8> )
((U ~1)%r% Jo, (@)

with § = 1+ (2/n). Now we apply the above inequality with the pa-
rameters ' _ '
g) = 270i =2— 2}:12_], pPi = 0.



286 Chapter 6. Perelman’s entropies and Sobolev inequality

This shows a L? mean value inequality

2 Cn 2
sup u” < / u“dg(y, s)ds. (6.5.12)
Qr/Z(mvt) T2‘B(‘T7 T, t)‘t-?"2 Q’,«(SCJ,)

From here, by a generic trick of Li and Schoen [LS] e.g., applicable here
since it uses only the doubling property of the metric balls, we arrive
at the L' mean value inequality, for = > 0,

Cn
sup u < / udg(z, 7)dr. (6.5.13)
Qy/2(x,t) r? |B($a T, t) |t—r2 r(z,t)

Fixing y € M and s < t, we apply (6.5.13) on u = G(-,;y, s) with
r =/t —s/2. Note that [,;u(z,7)dg(z,7) = 1. The doubling property
of the geodesic balls show that

Cn
Gz, t:y, s) < 6.5.14
(@69, 5) |B(x,\/t — s,t)s ( )
when |B(z, v/t — s, )| is a proper subdomain of M.
Next we claim that, for some constant A > 0,
Glotiy,s) < — A (6.5.15)
y U3 Y, _(t_s)n/27 0.

when | B(z,\/t — s, s)| is a proper subdomain of M. The proof is almost
a rerun of the proof of (6.5.14), except that we replace the Sobolev
imbedding (6.5.10), by the following one:

(n—2)/n
( J R s>> <50 [IV 0w + (Gw)lds(y.s).

This well-known inequality is valid under the assumption that Ricc > 0
and the injectivity radius is bounded from below by a positive constant.
See [Hebl] e.g.

If B(x,/t — s,s) is not a proper subdomain of M, then we can just
carry out the argument in the previous paragraph without using cut
off functions to prove

G(z,t;y,s) < A.

Step 2. Proving the full bound.
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It is obvious that we only have to deal with the case that
B(z,2y/t — s,5) is a proper subdomain of M. Otherwise, 2/t — s >
d(x,y,s) for any x,y € M. So the exponential term is mute.

Without loss of generality, we take s = 0. We begin by using a
modified version of the exponential weight method due to Davies [Da].
Pick a point g € M, a number A < 0 and a function f € L?(M, g(0)).
Consider the functions F' and u defined by

F(z,t) = @m0y (5 1)

erd(@zo.t) / Gz, t;y,0)e w200 £ () dg(y, 0).

It is clear that u is a solution of (6.5.3). By direct computation, we
have

E?t/F2(a:,t)dg(a:,t) zﬁt/eQAd(x’xO’t)u%x,t)dg(x,t)
_ o / M09, 42 w0 () dg (1)
+ / e @0ty 2 YR (x, t)dg(x, t)
42 / (M@0 [Ny — Rulu(z, t)dg(z, 1),

By the assumption that Ricci > 0 and A < 0, we know as before
AOd(x, zp,t) < 0.

Hence the above shows
8t/F2(:E,t)dg(:E,t) <2 / @20ty Audg(z, t).
Using integration by parts, we turn this inequality into

at/F2(x,t)dg(x,t) < —4)\/€2>\d(x’x0’t)qu(:E,:Eo,t)vudg(lﬂ,t)

—2/ezAd(x’xO’t)|Vu|2dg(:E,t).
Observe also
[IVFG@ P dgtat) = [ 1Vt ) Py,
= /ezAd(x’xo’t)|Vu|2dg(x,t) + 2)\/€2>\d(m’m0’t)UVd(:E,:E(],t)vudg(:ﬂ,t)

+)\2/eQAd(x’xO’t)\VdPuzdg(a;,t).
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Combining the last two expressions, we deduce

8t/F2(a:,t)dg(a:,t) < - 2/\VF(x,t)]2dg(x,t)

+ A2 / @20 |7 d 202 dg(x, t).
By the definition of F' and u, this shows
o / F2(a, 1) dg(z,t) < A2 / Fla, )2dg(, 1).
Upon integration, we derive the following L? estimate
/ F2(x, t)dg(a 1) < N / F2(2,0)dg(z,0) = & / f(x)dg(x,0).
(6.5.16)

Recall that u is a solution to (6.5.3). Therefore, by the mean value
inequality (6.5.12), the following holds

u(z,t)? 2(z,7)dg(z,7)dr.

t
< o / / u
t‘B(‘Ta V t/27 t)’t/Z t/2 B(:E,\/t/_2,7')

By the definition of I’ and w, it follows that

u(z,t)? <

T HB(w, /2]

—2)\d(z,mo,T)F2 d d
e z,T)dg(z, T)dT.
/t/2 /B(:v,\/t/_2,7—) (2, )dg(z7)

In particular, this holds for z = zy. So, for z € B(xzg, \/t/2,7), there
holds d(z, xo,7) < y/t/2. Therefore, by the assumption that A < 0,

Cn 6—2)\

u(zo, )% < / / (z,7)dg(z, T)dT.
t|B(xo, \/t/2,1) \t/2 t/2 J B(xo, t/27’

This combined with (6.5.16) shows that

cn A t=22t
u(zo,t)? < /f 2dg(y,0

B ‘B ‘T07 \/ t ’t/2
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ie.

(/ Ad(z,20,0) ( ? cpeN AV
G(zo, t; 2,0)e =200 f(2)dg z,O)> < -
|B($07 V t/27t)|t/2

x /f(y)ng(y, 0).

(6.5.17)
Now, we fix yo such that d(yg,z0,0)? > 4t. Then it is clear that, by
A < 0 and the triangle inequality,

A
—Ad(2,20,0) > =5 d(x0,90,0)

when d(z,y0,0) < V/t. In this case, (6.5.17) implies
Cnekd(xo,yo,O)H%—A\/ﬂ

2
G(ro,t;2,0 dg(z,0) ] <
</B<ym,o> (w0, 52, 0)f (2)dgl )> B0, v/1/2.1)]1)2

x / F(y)*dg(y.0).
(6.5.18)

Now we take
d(l'(), Yo, O)
bt ’

with b > 0 sufficiently large. Then (6.5.18) shows, for some ¢ > 0,

A=—

¢, e—cd(@0:y0,0)2 /t

G?(x0,t; 2,0)dg(z,0) < .
/B(yo,x/i,O) |B(zo, /1/2,1)]1/2

Hence, there exists zg € B(yo, Vt,0) such that

cne_Cd(m07y070)2/t
< .
|B(z0,//2,) /2] B(z0, V1,0)o

By the doubling property of the geodesic balls, it implies

G2(£07 tv 20, 0)

c e_Cd(m079070)2/t
< - :
|B($07 \/Ey t)|0|B(:E07 \/Ey 0)|0

Finally, let us remind ourself that G(xg,t;-,-) is a solution to the
conjugate equation of (6.5.3), i.e.

G? (0, t; 29, 0) (6.5.19)

AG(x,t;z;7) + 0-G(x, t;2,7) = 0.
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Therefore Theorem 6.5.1 can be applied to it after a reversal in time.
Consequently, for § > 0,C > 0,

G (w0, t;90,0) < CGY ) (g, ¢, 29,0) M/ (10 (6.5.20)

where M = supyjo,¢/2) G(0,t, -, ). By (6.5.15), there exists a constant
A > 0, depending only on the lower bound of the injectivity radius such
that

1
M < Amax{m, 1}.
This, (6.5.19) and (6.5.20) show, with 6 = 1, that
Ae—cd(z0,y0,0)%/t

1} .
/1B, Vi Dlo| B(zo, VE,0)lo

By the assumption that the Ricci curvature is nonnegative, we have

C
G(wo, 5 90,0)* < max{ t"72’

|B(l‘0, \/%’ t)|0 < |B(:E0, \/Ev 0)|0-

Therefore
c Ae—cd(xo,yo,O)z/t
G*(z0,t:y0,0) < max{—=,1 .
(w0, t;90,0) < max{ 75,1} B Vi Dlo
Consequently
» Uy 9 = tn tn/2 ’B(Z'(),\/%,t)’o

Since xy and g are arbitrary, the proof is done. O



Chapter 7

Properties of ancient
solutions and singularity
analysis for 3-dimensional
Ricci flow

The main objective of this chapter is to show, with the help of Perel-
man’s x noncollapsing Theorem 6.1.2 and certain blow-up procedure,
that blow-up limit of a finite time singularity in a Ricci flow is an
ancient ancient x solution. In order to understand the structure of sin-
gularity, the first logical step is to study the structure of ancient
solutions.

7.1 Preliminaries

In this section we list a few basic results and concepts of various types,
which are necessary for the main results in this chapter. Most of the
proofs will be omitted.

Lemma 7.1.1 (point picking lemma) Let M be a Riemann manifold
and R be the scalar curvature. Suppose B(xz,5r), v > 0, is a proper
subset of M. Then there exists a ball B(y,p) C B(x,5r), p < r, such
that

(i). R(z) < 2R(y) for all z € B(y,p);

(ii). R(y)p® > R(x)r*.

291
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PROOF. We define sequences of points x; € B(x, 5r) and numbers r; >
0 by the following induction. Let z; = = and ry = r. For ¢ > 1,
define z;11 = x; and r;11 = r; if R(z) < 2R(z;) for all z € B(x;,r;).
Otherwise, we pick x;41 as a point in B(x;, ;) such that R(z;41) >
2R(x;) and pick r;1q = r;/v/2. In either case it holds R(miﬂ)r?“ >
R(z;)r?. Since d(z, z;) < 7552 (1/v/2)F < 4r, we know that B(z;, ;) C
B(x,5r). Due to the boundedness of R in the ball B(z, 5r), there exists
a positive integer j such that x; = z; and r; = r; for all ¢ > j. The
lemma is proven by taking y = z; and p = r;. U

Theorem 7.1.1 (Classical splitting theorem) 1. Toponogov Splitting
theorem [Topo]: If an n-dimensional complete Riemann manifold of
nonnegative sectional curvature contains a geodesic line, then the man-
ifold is a Riemannian product of R and an (n—1)-dimensional Riemann
manifold of nonnegative sectional curvature.

2. Cheeger-Gromoll Splitting theorem [CG]: The above conclusion
still holds for complete Riemann manifold of nonnegative Ricci curva-
ture.

Here a geodesic line means a distance minimizing geodesic without
ends and with infinite length. The theorem allows one to factor certain
high dimensional manifold into the product of lower dimensional ones,
which may be easier to understand. Of course this is in the same spirit
as factoring a large integer into the product of smaller ones. One can
also consult Section 9.3.2 of [Pet] for a proof of this theorem.

Theorem 7.1.2 (Soul theorem, Cheeger-Gromoll-Meyer) If M is a
complete, noncompact, n-dimensional Riemann manifold with nonneg-
ative sectional curvature, then M contains a soul S C M. The soul is a
closed totally convex submanifold, such that M is diffeomorphic to the
normal bundle over S. In addition, if the sectional curvature is positive
everywhere, the soul is a point and M 1is diffeomorphic to R".

A proof of this theorem can be found in [CG2]. See also [Pet] for a
proof suited for students and an informative discussion on the history
of the theorem.

Remark 7.1.1 G. Perelman [P}] gave a strikingly short proof of
Cheeger-Gromoll’s conjecture that the above M 1is diffeomorphic to R™
if the sectional curvature is nonnegative everywhere and positive at one
point.
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The next result dates back to the classical splitting theorem of
Cheeger-Gromoll and Toponogov.

Proposition 7.1.1 (dimension reduction) Let (M, g) be a complete
manifold with nonnegative sectional curvature. Let {P,} C M and
{M} € (0,00) be two sequences such that d(Pi,P;) — oo and
Med(Py, Py) — oo when k — oo. Suppose the marked manifolds
(M,)\zg,Pk) converge in Cp2. topology to a Riemann manifold My.
Then My, splits as a metric product My = N x R where N is a
Riemann manifold with nonnegative sectional curvature.

PRrROOF. The idea is to show that M, contains a minimizing geodesic
line, i.e. a minimizing geodesic without ends, which also has infinite
length. Then the classical splitting theorem mentioned above yields
the desired splitting.

Let v, and o be minimizing geodesics connecting P, with P, and
P, with P,y respectively. By choosing a subsequence if necessary, we
can assume the following properties hold:

d(Pl, Pk—i—l) > Qd(Pl, Pk) +1 (7.1.1)

ok = Z(7(0), 1+1(0)) < 1/k.

Here Z(7;(0),vk+1(0)) is the angle between the tangent vectors of 7
and 741 at the point P;. From the hypotheses and a suitable choice
of subsequence, we can assume that the marked sequence (M, /\%g, Py)
converges in C}%, sense to a marked manifold (M, §, P) which has non-
negative sectional curvature. Moreover the geodesics v and o, converge
to geodesic rays 4 and 4.

Pick an arbitrary point A € 4 and another one B € &. Let a =
d(A, P), b= d(B, P) and ¢ = d(A, B). Here d is the distance under the
limit metric g. We claim that

a+b=c (7.1.2)

which will show that 4 UG is a geodesic line. By definition of M, there
exist two sequences of points A € v and By, € o) such that, as k — oo,

MNed(Ag, Pr) — a,  Apd(By, Py) — b,  A\d(Ag, Bi) — c.

Consider the geodesic triqng}eg APkPliij_l,iAPkAkBk in M and
their comparison triangles AP, P Py, 1, AP, A By, in R2. Notice that

d(Py, P) = |PyP1|, d(Py, Pey1) = |PePetal, d(Pr, Pey1) = |PiPetal,
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d(Py, Ay) = |PeAgl,  d(Py. By) = |PyByl,  d(Ay, By) = |AxByl.
Using the Toponogov comparison theorem (see [CE] e.g.), we have
LALP,By, > LP PPy,
LPyP\ Py < LPyPiPyyy = 6 < 1/k.
Also note that
LPyPyi Py < LPyPi Py < 1/k
which is due to (7.1.1). Thus
LALP B > 1 — (2/k).
The Euclidean law of cosine shows
| Ak Bl > |ApPe|? + | Py Bi” — 2| Ap Py| | PeBy| cos(m — (2/k)).
ie.

d(Ak, Bk)2 Zd(Ak, Pk)2 + d(Pk, Bk)2
— 2d(Ag, Py)d(Py, Bg) cos(m — (2/k)).

Multiplying this inequality by )\g and taking k — oo, we arrive at
c>a+b>c

This shows YU G is a geodesic line. The classical splitting theorem tells
us that M = N x R as stated. O

As mentioned earlier, the study of singularity of Ricci flow relies
on the study of x solutions (Definition 5.4.1). If a three dimensional x
solution M can be split as NV x R, then N is a 2 dimensional ancient s
solution. Interestingly there are only two such 2 dimensional solutions.

Theorem 7.1.3 (2-dimensional k solution) The only 2-dimensional Kk
solutions are the round S? and the round RP?, the real projective plane.

This theorem was proven by Hamilton in Section 26 of [Ha7|. See
also p. 369 of [CZ] for a different proof. Clearly this theorem and split-
ting theorem are instrumental in the understanding of higher dimen-
sional x solutions.

When analyzing singularity of Ricci flow, one often encounters some
special manifolds. Here we give one of them.
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Definition 7.1.1 (e necks and their center points) Given e >0, an €
neck in a 3 manifold (M, g) centered at a point x is an open set U C M,
satisfying the conditions:

(i) z€U.

(ii) There exists a diffeomorphism ¢ from the cylinder S? x
(—e= 1, e7Y) onto U such that ¢~ (x) € S? x {0}.

(i1i) The normalized pullback metric R(x)¢*g lies within € of the
standard round metric on the cylinder in cle] topology. Here R(x) is
the scalar curvature at x.

(iv) The set ¢(S% x {0}) is called the center (set) or central 2 sphere
of the € neck and every point in the central 2 sphere is called a center
of the € neck.

Remark 7.1.2 Let z be a number in (—e~',e™) and 0 € S?, (0,2) is
a parametrization of U wvia the diffeomorphism ¢. We can identify the
metric on U with its pull back on the round neck by ¢ in this manner.

Proposition 7.1.2 (no arbitrarily small € necks) Let M be any com-
plete 8 manifold with nonnegative sectional curvature. There exists
eg > 0 such that for any € € (0,e], M does not contain € necks of
arbitrarily small radius.

PRrOOF. This result seems to have been known by experts in Riemann
geometry for a while. Intuitively, if M has an arbitrarily small e neck,
then it looks like a cusp. Thus some sectional curvatures have to be
negative somewhere. A proof of the proposition can be found on p357
in [CZ] and a different proof in Chapter 2 of [MT]. The former proof
uses comparison theorem and Buseman function. The later proof uses
the soul theorem and Buseman function.

We will present a condensed proof following [MT]| where great de-
tails can be found. The details that we are skipping are relatively
straightforward and intuitively clear.

If the proposition is false, then one can find a sequence of € necks
N; whose radii converge to 0. Consider two disjoint € necks Ny and N;
in the sequence. By the Soul Theorem 7.1.2, if € is sufficiently small,
one can prove that the central 2 spheres of N1 and N; are the boundary
components of a region called X which is diffeomorphic to S? x [~1, 1].
For a proof of this statement, see Section 2.5 of [MT].

Let ¢ = ¢(t) be a minimal geodesic ray, starting from a point p
outside of X, which traverses N1 and N;. We also let t be the arclength.
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Let B be the associated Buseman function, i.e.

B(x) = tlingo(d(c(t), x) —t). (7.1.3)
Since the curvature is nonnegative, it is well known that AB < 0 in
the weak sense, i.e. B is super harmonic (see Chapter 1 of [SY] e.g.).

Next we construct a Lipschitz cut off function A with the following
properties:

(1) suppA C X; for points in Ny, N;;, A = A(z) where z is the
longitudinal parameters of the € necks, described in Remark 7.1.2.

(2) Let ¢ and ¢; be the diffeomorphisms in the definition of € necks
N; and N;. We make A\ = 0 to the left {z = 0}, the central 2 sphere
of Ny, linear for z € [0,1] and becomes 1 to the right ¢;(S? x {1}) all
the way to ¢;(S? x {—1}). Here and later the words “left” and “right”
mean the direction of the negative and positive z axis.

(3) A is linear from ¢;(S? x {—1}) to the central 2 sphere of N; and
becomes 0 to the right of the central 2 sphere.

When p, the starting point of the geodesic ray, is sufficiently far
from the € necks Ny and N, one can prove that VB is € close to Vz
(see Section 2.5 of [MT] e.g.). Since B is super harmonic, we have, since
VA= \NVz

Og/ <VB,VA>du:/ < VB,VA>du
M suppV A
= (agR(xi)_l — alR(azl)_l)\S2\.

Here a; and a; are constants which converge to a positive number ag
when € — 0. Also z1 and z; are in the centers of N1 and N; respectively.
Therefore R(x;) < 2R(x1) when e is sufficiently small. This shows that
the radius of N;, comparable to R(x;)~ /2, can not be arbitrarily small.

O

Definition 7.1.2 (cone) A (open) cone over a Riemann manifold
(N, g) is the manifold J(N) = N x (0,00) equipped with the metric

§(x,s) = s%g(z) + ds°.

Proposition 7.1.3 (curvature of a cone) Let N be a Riemann man-
ifold of dimension n and (z',...,2") be a local coordinate. Let
(z',...,2", 2%) be a local coordinate for the cone J(N). Denote by Rm,

the curvature tensor for (N, g) and by ng the curvature tensor for the
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cone. Then there hold:
ng(ai,aj)ao =0, 0<i,j<n,
Rmé(ai’aj)ai = ng(ai,aj) + gijaj — gjiai, 1<, <n.

Moreover let A\, k = 1,...,n(n —1)/2 be the eigenvalues of Rmy
at a point p € N. Then for any s > 0, there are n zero eigenvalues
of Rmg at the point (p,s) € J(N). The other eigenvalues of Rmg are
572\, — 1) where k=1,...,n(n—1)/2.

Exercise 7.1.1 Prove Proposition 7.1.5.

7.2 Bounds for the heat kernel of conjugate
heat equation on x solutions

In this section, we establish a certain Gaussian type upper bound
for the heat kernel of the conjugate heat equation associated with 3-
dimensional ancient s solutions to the Ricci flow. The material is an
expanded version of [Z5].

The proof follows the framework in the last section of Chapter 6.
There is an upper bound in the case of Ricci flow with nonnegative Ricci
curvature was given. In the current situation, the ancient x solutions
provide better control on curvature and volume. These allow us to find
a better Gaussian upper bound for the heat kernel.

Using this heat kernel bound, in the next section, we show that
the W entropy associated with the heat kernel is uniformly bounded
from below after certain scaling. After this is done, we use Perelman’s
monotonicity formula for the W entropy to prove the backward limit
is a gradient shrinking Ricci soliton.

One more notation that will be used in the section is that for the
space time region

P(zq,to,m, —12) = {(2,t) |d(z,z0,t) <7, tg — 12 <t < to}.

Here r > 0 and (zg,tp) is a point in space time.
Let us recall the concept of x solutions (Definition 5.4.1).

Definition 7.2.1 A solution to the Ricci flow 0,9 = —2Ric in a n
dimensional manifold M is a Kk solution or ancient k solution if it
satisfies the following properties.

1. It is complete (compact or noncompact) and defined on an an-
cient time interval (—oo,Tp], To > 0.
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2. It has nonnegative curvature operator and bounded curvature at
each time level.

3. It is k noncollapsed on all scales for some positive constant k,
i.e.

for any xo € M, tq € (—00,Ty] and any r > 0, if [Rm| < r~2 on
P(xzg,to,r,—12), then |B(xo,7,t0)|s > Kr™.

4. It is nonflat.

Occasionally we will also use the term nonflat x solutions to stress
that the solution is not flat.

For convenience, we take the final time T of the ancient solution
to be 0 throughout the section. The conjugate heat equation is

Au — Ru — 0;u = 0. (7.2.1)

Here and always 7 = —t. A and R are the Laplace-Beltrami operator
and the scalar curvature with respect to g(t). This equation, coupled
with the initial value u,—g = ug is well posed if M is compact or the
curvature is bounded, and if ug is bounded [Gro].

We use G = G(x,7;x0,79) to denote the heat kernel (fundamental
solution) of (7.2.1). Here 7 > 79 and z,z9 € M. Heat kernel estimate
is a traditionally active area of research with many applications. For
the conjugate heat equation, existence of G was established in [Gro].
Various bounds for G were proven in [Grol, [P1] Section 9, [Ni], [Cetc]
and [Z1]. The main technical result of the section is

Theorem 7.2.1 (i) Let (M, g(t)) be a n dimensional ancient K solu-
tion of the Ricci flow. Suppose also that R(z,t) < %‘ft‘ for some Dy > 0
and for t € [=T,0]. Here T is any positive number or T = oco. Then
exist positive numbers a and b depending only on n, k and Dy such that
the following holds.

For all x,x9g € M,

a

G(z,T;x0,70) < W;

and

—bd?(x,xo,t0)/(T—70)

a
< e
|B(x, /T — 70, t0) |t ’

where T = —t, 19 = —tg, T > 79 >0 and t € [-T,0].
(it) In particular, if R(x,t) < 12‘&' for all t <0, namely (M, g(t))
is a Type I ancient Kk solution, there exist positive numbers ay and by

G(ﬂj‘, T30, 7—0)
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depending only on k, n, and Dy such that the following holds. For all
x,xg € M, and all T = —t > 0,

L 20,0/ (bir) a1 _pa?
»ZL0, < . < 1 (Z‘,Z‘o,t)/‘l"
alT“/ze < G(x,T;20,7/2) < pryole

Remark 7.2.1 A natural question is whether the bounds in part (ii)
holds when 7/2 is replaced by 0.

PRrROOF. We divide the proof into three steps. The first two are for
part (i) of the theorem. We always assume that all the time variables
involved are not smaller than —T, so that the condition R(-.t) < %(\)ﬂ
holds. The proof of this theorem is similar to that of Theorem 6.5.2.
Comparing with that case, we have two new ingredients coming from
ancient k solutions. One is the noncollapsing condition on all scales.
The other is the bound on the scalar curvature. These allow us to
prove a better bound. Without loss of generality we assume 79 = 0
in G(z,T;x0,70). It is convenient to work with the reversed time 7.
Note that the Ricci flow is a backward flow with respect to 7 and the
conjugate heat equation is a forward heat equation with a potential
term.

Step 1. Since Ricci > 0, it is well known (see Theorem 3.7 [Heb2]
e.g.) the following Sobolev inequality holds:

Let B(z,r,t) be a proper subdomain for (M, g(¢)). For all v €
WL2(B(z,r,t)), there exists ¢, > 0 depending only on the dimension
n such that

2 2 (=2)/n Cnr® 2 2 2
</U n/(n— )dg(t)> < W/ UV’U’ +r v ] dg(t).

x,r,t);
(7.2.2)
For our purpose, we only need to take r = c\/m, for ¢ < 1. By the
assumption that R(z,t) < %(I)t\ and the k noncollapsing property, we
have
Bla, /L)l 2 wDG" ]2

Therefore the above Sobolev inequality becomes

2 2 (=2)/n CnD(% 2 1.2
</U n(n >dg(t)> < 2 [Vl + 72 dg(t) (7.2:3)

for all v € WY2(B(z,/|t],1)).
Before moving forward, we would like to clarify a technical point
in the definition of Perelman’s k noncollapsing as given in Definition



300 Chapter 7. Ancient x solutions and singularity analysis

7.2.1. The issue is whether the metric balls B(x,r,t) in the defini-
tion are required to be a proper subdomain of the manifold M. When
M is noncompact, B(x,r,t) is always a proper subdomain so this is-
sue is moot. Now one assumes that M is compact. Without requiring
B(z,r,t) being a proper subdomain, if 7 is larger than the diameter of
M, then B(z,r,t) is the whole manifold. In this case |B(x,r,t)|; can
not be greater than xr" for large r. So to be x noncollapsed, at some
point in the parabolic ball |Rm]| is greater than 1/r2. In other words,
if [Rm| < 1/r? in the parabolic ball, then the volume of the manifold
is at least kr™. If the Ricci curvature is nonnegative, then by standard
volume comparison theorem, the diameter of the manifold at time ¢ is
at least cr.

Here, we take this explanation for Perelman’s x noncollapsing, i.e.
B(x,r,t) in the definition of x ancient solutions is not required to be a
proper subdomain. This seems to be the prevailing view in the litera-
ture. That is why the Sobolev imbedding (7.2.3) holds without requiring
that B(x, \/m ,t) is a proper subdomain of M. A natural question is:
What happens when B(z,r,t) is implicitly assumed as a proper subdo-
main in the definition of x solutions? Then we have to make this extra
assumption throughout. However either way does not affect the appli-
cation for the Poincaré conjecture. The reason is that one can always
consider the product manifold M x R if M is compact. See the proof
of Theorem 7.3.1, especially Case 4.

Next we show that, under the assumptions of the theorem, (M, g(t))
possess a space time doubling property: the distance between two points
at times ¢; and to are comparable if t; and t9 are comparable. The proof
is very simple. Given x1,xo € M, let r be a shortest geodesic connecting
the two. Then

Od(z1, 29,t) = —/Ric(&,,&n)ds.

r

Since the sectional curvature is nonnegative, it holds

. Dy
R )| < R(x,t) < .
[Ric(a 1) < R.) € 720
Therefore D
0
————d(x1,x9,t) < Ohd(x1,x2,t) < 0.
1+|t|(12) hd(x1,22,t)

After integration, we arrive at:

(‘tl/’tgl)Do § d(ml,xg,tl)/d(azl,xg,tg) S 1 (7.2.4)
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for all ¢35 < t; < 0. Note that the above inequality is of local nature. If

the distance is not smooth, then one can just shift one point, say x1,

slightly and then obtain the same integral inequality by taking limits.
Similarly, we have

ozat/ dg(t)——/
B(xv\/mJ’l) B(xv\/mJ’l)
Dy

L+ [t /B /Tl

Upon integration, we know that the volume of the balls

|B(x,\/Ttal, ta)lis (7.2.5)

are all comparable for ts,ts,t5 € [t2, 1], provided that ¢; and to are
comparable.
Let u be a positive solution to (7.2.1) in the region

R(y,t)dg(t)

>

dg(t).

Qor(z,7) ={(y,5) | y e M, T — (01)? < s <7, d(y,z,—5) < or}.
Here 7 = /|t|/8 > 0,2 > 0 > 1. Given any p > 1, it is clear that
AuP — pRu? — 0;uP > 0. (7.2.6)

Let ¢ : [0,00) — [0,1] be a smooth function such that |¢/| < 2/((c—
)r), ¢ <0, ¢p(p) =1 when 0 < p < r, ¢(p) = 0 when p > or. Let
n :[0,00) — [0,1] be a smooth function such that || < 2/((o — 1)r)?,
n >0,7>0n(s) =1when7—7r2<s5<7,n(s) =0 when s <
7 — (or)2. Define a cut-off function v = ¢(d(x,y, —s))n(s).

Writing w = u? and using wi? as a test function on (7.2.6), we
deduce

/V(w¢2)deg(y,—s)d8 —|—p/Rw2¢2dg(y, —s)ds
(7.2.7)
< [(@aw)widgly, ~s)ds

Here and later in this section we also use dg(-,-) to denote the volume
element at the space time point (-,-). By direct calculation

/ ¥ (wi?) Vwdg(y, —s)ds = / IV (w)|2dg(y, —s)ds
— / \V¢]2w2dg(y, —s)ds.
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Next we estimate the right-hand side of (7.2.7).
—/(85w)w1/12dg(y,—s)ds
= /wzi/)@szbdg(y,—s)ds + % /(w¢)2Rdg(y, —s)ds
- %/(wdﬁfdg(y, —T).
Observe that

5s¢ 277(3)¢/(d(ya Z, _S))asd(ya Z, _S) + (b(d(yv Z, _S))T,/(S)
< qb(d(y, €L, —3))77/(5)-

This is so because ¢’ < 0 and 9sd(y,z,—s) > 0 under the Ricci flow
with nonnegative Ricci curvature. Hence

— /(8Sw)ww2dg(y,—s)ds
< [ wvotdty. o, s\ (dgly. ~s)ds + 5 [ (wi)P Ragly, ~s)ds

1
-5 [ werdgy, )

(7.2.8)
Combining (7.2.7) with (7.2.8), we obtain, in view of p > 1 and R > 0,

[ 19w gty ~ds + 5 [ widg(z. ~)

c
< m/ w2dg(y,—s)d8.

or(z,T)

(7.2.9)

By Holder’s inequality

(n—2)/n
[t emagy, - é( [y —s>>

X </(¢w)2dg(y, —S)>2/n-

By the k noncollapsing assumption, |B(z,+\/|t|,t)]: > kcar™. Re-
call that » = /|t|/8. Since M has nonnegative Ricci curvature, the
diameter of M at time t is at least a constant multiple of c¢4/|t| for

(7.2.10)
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some ¢ = ¢, > 0. Therefore by the distance doubling property (7.2.4),
B(z,0r,—s) is a proper subdomain of M, s € [r — (o7)?, 7]. Here we
just take the number 8 for simplicity. If it is not large enough, we just
replace it by a sufficiently large number D and consider r = \/m /D
instead. By the Sobolev inequality (7.2.3), it holds

(n—2)/n
( J R —s>) <cr D) [V (0P
+ 172 (pw)?dg(y, —s),

for s € [t — (or)?, ¢]. Substituting this and (7.2.9) to (7.2.10), we arrive
at the estimate

/ w?dg(y, —s)ds
Qr(z,7)
1

0
< ¢(k, Dy <7/ w?dg(y, —s ds) ,
( ) (O_ _ 1)27"2 QO_T(:B’T) ( )

with @ = 14 (2/n). Now we apply the above inequality repeatedly with
the parameters og = 2,0;, = 2 — 23-:12_j and p; = 6. This shows a L?
mean value inequality

2 C(Kﬂ DO)

sup u” < T/ u?dg(y, —s)ds. (7.2.11)
Qr/Z(wﬂ—) r QT(ZEJ—)

This technique is often called Moser’s iteration.

This inequality clearly also holds if one replaces r by any posi-
tive number ' < r since |B(x,7’,t)| > key|B(z, v, t)|(r' /1) > ™ by
the doubling condition for manifolds with nonnegative Ricci curvature.
Then one can just rerun the above Moser’s iteration.

From here, by a trick of Li and Schoen [LS], applicable here since
it uses only the doubling property of the metric balls, we arrive at the
L' mean value inequality

D
sup u < C(K;iﬂo)/ udg(y, —s)ds.
QT/Q(mvT) r Q"“(va)

We remark that the doubling constant is uniform since the metrics have
nonnegative Ricci curvature.

Now we take u(x, 7) = G(x, 7; x0,0). Note that [y, u(z, s)dg(z, —s)
1 and r = v/t/8. Thus:

¢(k, Dy)

G($7T;$070) < |t|n/2

(7.2.12)
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Step 2. Proof of the Gaussian upper bound.

We begin by using a modified version of the exponential weight
method due to Davies [Dal. Pick a point xg € M, a number A < 0 and
a function f € C§°(M,g(0)). Consider the functions F' and u defined
by

F(x,7) = e’\d(x’xo’t)u(x, T)

7.2.13
eAd(m’m’t)/G(x,T; y, 0)e Wm0 f(1)dg(y, 0). | )

Here and always 7 = —t. It is clear that u is a solution of (7.2.1). By
direct computation,

8T/F2(a:,7')dg(x,t) = 87/62’\d(m’m°’t)u2(x,T)dg(a:,t)
= 2)\/e”‘d(x’xo’t)&d(:n,:Eo,t)u2(:17,7')dg(x,t)
+ / @200 22 PVR(x, t)dg(z, t)
+2 / @20 Ay — R(x, t)u(a, 7)]u(z, 7)dg(z, t).
By the assumption that Ricci > 0 and A < 0, the above shows
8T/F2(x,7')dg(a:,t) < 2/62’\d(x’x°’t)uAu(a;,T)dg(x,t).
Using integration by parts, we turn the above inequality into
87/F2(a;,7')dg(x,t) < —4)\/e”‘d(x’xo’t)qu(x,xo,t)Vudg(x,t)
—2/62)‘d(x’x°’t)|Vu|2dg(x,t).
Observe also
[ IvE@nRdg(e.t) = [ 19 uge, r) gl
= /e2>‘d(m’m0’t)|Vu|2dg(:E,t) —|—2/\/e”‘d(x’xo’t)qu(x,xo,t)Vudg(x,t)

+)\2/ezAd(x’xO’t)\VdFﬁdg(x,t).
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Combining the last two expressions, we deduce
8T/F2(x,7')dg(a:,t) < - 2/ \VF(z,7)|?dg(x, 1)
+/\2/ezAd(x’xO’t)|Vd|2u2dg(x,t).
By the definition of I’ and wu, this shows
8T/F2(x,7')dg(a:,t) < )\2/F(az,7)2dg(a;,t).

Upon integration, we derive the following L? estimate

/Fz(az,T)dg(x,t) < e)‘zT/F2(x,O)dg(x,O) = e)‘zT/f(x)zdg(x,O).
(7.2.14)

Recall that u is a solution to (7.2.1). Therefore, by the mean value
inequality (7.2.11), the following holds

c(k, Do) / /
u(z,7)? < — u?(z, s)dg(z, —s)ds.
T2 g2 I/l s)

By the definition of F' and u, it follows that

u(z,7)? < irf?/g/ / e~ P20 P24 5)dg(z, —s)ds.
12 J B /TT,~5)

In particular, this holds for * = xp. In this case, for z €

B(xo, \/|t|/2, —s), there holds d(z, z¢, —s) < +/|t|/2. Therefore, by the
assumption that A < 0,

Dy) /31
u(zo,7)% < (/f+n/02 - t/ / F2%(z,8)dg(z, —s)ds.
/2 B(wo,\/]t]/2,~5)
This combined with (7.2.14) shows that

w(ao, 7)? < S D0 xar o / £(9)%dg(y,0).

7n/2

2 (I{ Do) )\ N
< / G(xo,T;Z,O)E_Ad(z’mo’o)f(z)dg(z,0)> <SE N TV
.

x / f(y)*dg(y.0)
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Now, we fix o such that d(yg, zg,0)? > 4|t|. Then it is clear that, by
A < 0 and the triangle inequality,

A
=Ad(2,20,0) = =5 d(x0,90,0)

when d(z,y0,0) < \/|t|. In this case, the above integral inequality im-
plies

(/f oG z,o>f<z>dg<z,o>>2

C(H, Do)e)\d(xo,yo,O)+)\2T—)\ 2|t|

- /2

O
Now we take, after freezing ¢ and T,

d(l'(), Yo, O)
6T

with 8 > 0 sufficiently large. Since f is arbitrary, this shows, for some
b >0,

A= —

—bd(z0,y0,0)% /7
/ (a0, 732, 0)dg(z,0) < 2D
B(yo,+/t],0) T

Hence, there exists zg € B(yo, 1/|t|,0) such that

G2($0 T3 20 0) C(I{’ DO) e—bd($07y0,0)2/7_
C T /2 B(ao, /T, 0) o

In order to get the upper bound for all points, let us consider the
function

v=uv(z1) = G(xg,T;2,1).

This is a solution to the conjugate of the conjugate equation (7.2.1),
ie.

AG(z,T;2;1) + 0,G(x,7;2,1) =0, 09 = 2Ric.

Therefore, we can use Theorem 6.5.1, after a reversal in time. Note
this theorem was stated only for compact manifolds. However, it is valid
in the noncompact case whenever the maximum principle for the heat
equation holds. This is the case for s solutions since the curvature is
nonnegative and bounded.
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Consequently, for 6 > 0,C > 0,
G(xo,7510,0) < CGYIH0) (20, 7, 29, 0) MO/ (1F9)

where M = supygyo,7/2) G(20, T, ). By Step 1, there exists a constant
c(k, Dg) > 0, such that

0(57 DO)
M < —
Consequently
C(H7 DO) —bd 0)2 /¢
G2(Z'07 T390, 0) S e (%0,90,0)/
/2| B(x0, /1], 0)l0
C(K:7 DO) e_b d(£0,y0,0)2/t‘

<
’B(x(% \/m7 O)’g

The last step holds since the Ricci curvature is nonnegative.
Since xg and yg are arbitrary, the proof of part (i) is done.

Step 3. In this step, we prove the upper and lower bound for
G(x,T;20,7/2) in the case of type I ancient k solution. The upper
bound is already proven in view the distance and volume comparison
result (7.2.4), (7.2.5) and the fact that |B(x,/|t],)|; > c(x, Do)|t|™/2.
So we just need to prove the lower bound.

For a number 8 > 0 to be fixed later, the upper bound implies

G* (@, 7520, 7/2)dg(x, 1)
/B(x()y\/ ﬁlt‘vt)

2
1
= G » T y 2)d 7t
= B0, /ALl </B<mm,t> (a0, 7/2)dga >>

2
G(x,7;20,7/2)dg(x, t))

1
- |B(wo, /BIt[, )] <

/B(wow 6‘t|7t)c

2
1 / (8, D0) b d(wo,wt)?/t
> 1- 2 ) b dlwomt) b gz t) |
\B(xo,fﬁrtr,mt( Blao /Al T

Since the Ricci curvature is nonnegative, one can use the volume-
doubling property to compute that

/ e(#, Do) s d@ow )t g (z,t) < 1/2
n/2 T
B(Z‘O,v ﬁ‘tlvt)c T
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provided that [ is sufficiently large. Here we stress that all constants
are independent of t. Since |B(zo, \/Blt], )]s < ca(B|t])*/? by standard

volume comparison theorem, this shows

¢(k, Dy)

G2 (o300, 7/2)d, 1) = S

/B(x()v\/ ﬁlt‘vt)
Hence there exists x; € B(xo, v/5t|,t) such that

¢(k, Dy)
|t|”/2

G(:Eh T30, 7_/2) >

An inspection of the proof shows that actually for any A € [3/4, 4],
it holds, for some =) € B(zg, \/O|t|, 1),

¢(k, Dy)

G(I’)\, )\T, .Z'(),T/2) 2 W

It is well known that such a lower bound implies the full Gaussian lower
bound if one has a suitable Harnack inequality. Now we can apply the
Harnack inequality for the heat kernel in Section 9 of [P1] (Corollary
6.1.1 here; see also Corollary 2.1 (a) in [KZ]| and [CaH]),

3
G($3/47ZT; o, 7—/2)

r >"ex L[4 () + (/4 R} ds
73/4 2(1/4) ’

where 7 is a smooth curve on M such that v(0) = 23,4 and (1) = =.
Also |7/ (s)]* = g—iy(7/(s),7/(s)), and | = 37/4 + s7/4.

This inequality together with the decay property of R and compat-
ibility of distances to conclude

< G(a.rizn,/2) (

G(x,7300,7/2) > C(Iiljnl/zo)e_bld(xvxo’t)Q/T.

This finishes the proof of the theorem. U

7.3 Backward limits of k solutions

In this section we use Theorem 7.2.1 and the W entropy associated
with the heat kernel to give a different and shorter proof of Perelman’s
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classification of backward limits of these ancient solutions. This part
of the argument resembles that in [Cx| and [Sel] where forward con-
vergence results for normalized Ricci flow were proven. The current
section together with Chapter 8 and a different proof of universal non-
collapsing due to Chen and Zhu [ChZ1] lead to a simplified proof of
the Poincaré conjecture without using reduced distance and reduced
volume. This point will be made clear in Chapter 9. The method seems
to have the potential to work for high dimensional cases, especially for
type I ancient k solutions.

Theorem 7.3.1 (Perelman [P1]) Let (M, g(-,t)) with t € (—o0,0] be
a nonflat, 3 dimensional ancient k solution for some k > 0. Then there
exist sequences of points {qr} C M and times t, — —o0, k =1,2,...,
such that the scaled metrics

9i(z,8) = R(qr, ty)g(z, tx + SR (qr. tx))

00
loc

around qi converge to a nonflat gradient shrinking soliton in topol-

0gqYy.

PRrOOF. We divide the proof into several cases.

Case 1 is when the section curvature is zero somewhere and M is
noncompact. Then Hamilton’s strong maximum principle for tensors
show that the universal cover M = M, x R where My is a 2 dimen-
sional, nonflat ancient x solution. See p249 of [CLN] for a detailed
explanation. According to Hamilton [Ha3], Ma is either S? or RP2.
Since M is simply connected, the only choice is My = S2. So the the-
orem is already proven in this case. This case can also be covered in
Case 4 below together.

Case 2 is when the section curvature is zero somewhere and M is
compact.

Then, again using maximum principle, Hamilton (see Theorem 6.64
in [CLN] e.g.) showed that M is the metric quotient of R with the flat
metric or that of S% x R. So the theorem is also proven in this case.

Case 3 is when the sectional curvature is positive everywhere and
M is a type II ancient solution, i.e. sup, [t| R(-,t) = oc.

The situation is already understood before 2002 when Perelman’s
paper [P1] appeared. In fact Hamilton [Ha4]| showed by a scaling argu-
ment and his matrix Harnack inequality (Theorem 5.3.3 here) that the
backward limit is a steady gradient soliton. See also Proposition 9.29
in [CLN], in which a proof is given for the noncompact case. However
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the compact case can be proven in the same way with the x noncol-
lapsing assumption. It is known that a suitable scaling limit of such
a steady gradient soliton is a gradient shrinking soliton. See Theorem
9.66 in [CLN] e.g. Thus the theorem in this case is also proven.

The details, adapted from Proposition 9.29 in [CLN], go as follows.
We choose a time sequence T; — —oo and positive numbers ¢; — 0.
Let (z4,t;) € M x [T},0] be space time points such that

|ti|(7fi — TZ’)R(:EZ', ti) > (1 — EZ') sup |t|(t — TZ’)R(JE, t). (7.3.1)
Mx[T},0]

Write
Ri = R(mi,ti), a; = (Tz — ti)Ri, bi = —tiRi.

Observe that, when ¢ — oo,

1 il (ti = Th) Ry
—a; b IT;]
> (1—e)|T sup [¢|(t — T;)R(x,1)
M x[T;,0]
> (- e)TY sup [t — TR, )
Mx[T;/2,0]
1—¢
> ‘ sup  |t|R(z,t) — oc.

2 Mx(Ti/2,0]

The last inequality is due to the assumption of type II ancient solution
in this case. Hence

lim b; = — lim a; = oo.
1—00 1—00

Next we consider the scaled metrics
(7’) — . . -1
9" (-;8) = Rig(,ti + Ry s)

which are defined on the time interval (—oo,b;]. For s € [a;,b;], we
have, from (7.3.1),

a;b;

(1 — e,-)(a,- — S)(b, — 8)'

Ry (- 8) <

Here R is the scalar curvature under ¢, In particular there holds

limsup R (-, s) <1

1—00
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on any compact time interval. Note also

1
Ry (-,0) <

_1—62"

By the s noncollapsing property, we know the injectivity radius at s = 0
is bounded below by a positive constant. Now we can apply Hamilton’s
compactness Theorem 5.3.5 to deduce that a marked (sub)sequence
(M, g(i),azi), converges in Cg° topology to a limit solution of the Ricci
flow (Moo, goo(S), o). The limit solution has scalar curvature R,
bounded between 0 and 1. Moreover

By Theorem 5.3.4, it is well known that such M, is a steady gra-
dient soliton. According to Theorem 9.66 in [CLN], certain scal-
ing limit of My, is a gradient shrinking soliton. Hence the orig-
inal flow (M,g(t)) has a backward limit as a gradient shrinking
soliton too.

If the ancient x solution arises from the blow up of finite time type
IT singularity, then Hamilton [Had] even proved that M is a steady
gradient soliton. If M is compact, then it is well known that M is an
Einstein manifold, i.e. Ric = Ag for a constant A. A proof of this state-
ment can be found in Proposition 1.1.1 of [CZ] e.g. Since the curvature
is positive, M has to be S3.

So there is only one case left.

Case 4: M has positive sectional curvature and is of type I ancient
solution.

In the special case that M is compact and is obtained as a scaling
limit of a Type I maximal solution, N. Sesum already proved the the-
orem in this case [Sel]. Actually she proved a stronger result, namely,
M is a gradient shrinking soliton. See also p 302 [CZ] and the work of
X.D. Cao [Cx]. For the noncompact case, a similar result was proven
by A. Naber [Nab]. However it is not clear if the noncompact gradient
soliton is flat.

The following proof works in both compact and noncompact cases.
If M is compact, we just consider the product flow M x R.

By the s noncollapsing assumption and the bound R(:,t) < %(I)t\’
we can use Theorem 5.3.5 to find a sequence of time ¢; such that
T = |tx| — oo and that the following statement holds:

for any fixed point zy € M, the marked manifolds (M, g, xo) with
the metric

gk =17 g(, —s)
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converge, in C§° sense, to a marked manifold (Mo, goo(+, 5), Yoo ). Here
s> 0.

We aim to prove that g, is a gradient, shrinking Ricci soliton. Note
that we are scaling by 7, ! But this is equivalent to scaling by the scalar
curvatures. The reason is that we are dealing with type I x solution and
the limit is nonflat. We define, for x € M and s > 1, the functions

/2

up = ug(z, ) = 7" G(z, s74; 30, 0).

Here G is the heat kernel of the conjugate heat equation and zg is a
fixed point. We choose yi = xg in the scaled metrics above. Here n is
taken as 3. However the proof is also valid for any n > 3. By Theorem
7.2.1 (actually (7.2.12) is sufficient), we know that

ug(z,s) < Uy (7.3.2)

uniformly for all k =1,2,..., 2 € M and s in a compact interval. Here
Up is a positive constant. Note that uy is a positive solution of the
conjugate heat equation under the metric on (M, gx(s)) i.e.

Ay, up — Ry up, — Osuy, = 0.

We have seen that u; and R, are uniformly bounded on compact in-
tervals of s in (0, 00), and also the Ricci curvature is nonnegative and
the curvature tensors are uniformly bounded. The standard parabolic
theory shows that w; is Holder continuous uniformly with respect to
gx- Hence we can extract a subsequence, still called {uy}, which con-
verges in C}? . sense, modulo diffeomorphism, to a C}}, function u., on
(Moo, goo(8): Yoo)-

Using integration by parts, it is easy to see that us, is a weak
solution of the conjugate heat equation on (My, goo($)), i.€.

// (U AP — Roclingd + UocDs@) dgao(s)ds = 0

for all ¢ € C§°(My X (—00,0]). Here Ry is the scalar curvature of
the limit manifold. By standard parabolic theory, the function s,
being bounded on compact time intervals, is a smooth solution of the
conjugate heat equation on (Mqo, goo($), Yoo). We need to show that
Uso 1S NOt zero.

Let u = u(z,7) = G(z, 7;20,0). We claim that for a constant a > 0

and all 7 > 1,
a

/2"

u(xo, ) >
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Here is the proof. Define f by
(4777')_"/26_f = .

By Corollary 9.4 in [P1] (Corollary 6.1.1 here), which is a consequence
of his differential Harnack inequality for fundamental solutions (Propo-
sition 6.1.3 here), we have, for 7 = —t,

—Z?tf(azo,t) § %R(xo,t) - %f(xo,t).

Since R(xo,t) < ¢/,

(VT f(z0,t)) = V7O f (w0, t) — #f(g;oyt) > _%_

We can integrate the above from 7 =1 to get

f(w0,1)

T

flxo,7) <c+ < C.

Here we have used the fact that f(xg,1) is bounded, by the standard
short time bounds for G = G(xo, 1; x¢, 0). See [Gro] e.g. This proves the
claim. By definition of uy, as a scaling of u, we know that ug(xg,s) > b >
0 for s € [1,4]. Here b is independent of k. Therefore uso(xg,s) > b > 0.
The maximum principle shows uq, is positive everywhere.

Let us recall that Perelman’s W entropy for each wy is

Wi(s) = W(gg, ug, s) = / [s(\VfM2 + Ry,) + fr — n] updgi(s)
where f}, is determined by the relation
(4s) 26Tk =y

and Ry is the scalar curvature under g;. By the uniform upper bound
for uy, in (7.3.2), we know that there exist ¢g > 0 such that

fe=—Inuy — gln(élﬂs) > —cp (7.3.3)

for all k =1,2,... and s € [1, 3]. Here the choice of this interval for s
is just for convenience. Any finite time interval also works.

Since M is noncompact, one needs to justify the integral in Wy (s)
is finite. For fixed k, uj has a generic Gaussian upper and lower bound
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with coefficients depending on 75, and curvature tensor and their deriva-
tives, as shown in [Gro]. The manifold has nonnegative Ricci curvature
and bounded curvature. So the term fipu; which is essentially —uy In uy,
is integrable. The term |V fi|2uy, = |Vug|? /uy is also integrable. A proof
is outlined as follows. First one proves the result at one fixed time level
using an inequality similar to the one in Theorem 6.5.1. The result for
the rest of time is done by using inequality (6.3.33) and the maximum
principle. It is left as an exercise. One can also consult the paper [CTY]
and the book [Cetc] for a proof. These together imply that Wy(s) is
well defined.
Since [y; urdgr =1, by (7.3.3) we know that

Wi(s) > —co—n (7.3.4)

forall k=1,2... and s € [1,3].

There is an alternative proof of the lower bound for Wj. Actually
Wi (s) is uniformly bounded from below if uy is replaced by any v €
W2 such that ||v||s = 1. This can be seen since (M, gi(s),yx), 5 €
[1, 3] has uniformly bounded curvature operator and are x noncollapsed.
Therefore, a uniform Sobolev inequality holds, which implies the lower
bound of Wy(s). The later is nothing but a lower bound on the best
constants of log Sobolev inequalities.

By scaling it is easy to see that

Wk(S) - W(ga u, 3Tk)7
where v = u(x,l) = G(x,1,z0,0). According to [P1],

dWi(s)
ds

1
= —2s / |Ricg, + Hessg, fr, — 2—sgk]2ukdgk(s) <0. (7.3.5)

Note that the integral on the right-hand side is finite by a similar argu-
ment as in the case of Wy(s). So, for a fixed s, Wi (s) = W (g, u, s73) is
a nonincreasing function of k. Using the lower bound on Wy(s) (7.3.4),
we can find a function W (s) such that

lim Wy(s) = klim W (g, u, s7) = Woo(s).

k—o0

Now we pick so € [1,2]. Clearly we can find a subsequence {7, },
tending to infinity, such that

W(Q? u, SOTnk) 2 W(ga u, (SO + 1)Tnk) Z W(ga u, SOTnk+1)'



7.3. Backward limits of k solutions 315

Since

lim W(g,u, S0Tn,) = hm W(g,u,50Tn, ;) = Weo(s0),

k—o00 k—o0

we know that

klim (W (g, u,soTn,) — W(g,u, (so + 1)1, )] = 0.
That is

Jim (W, (s0) = Wi (50 + 1)] = 0,

Integrating (7.3.5) from s to sp+ 1, we use the above to conclude that

1
5 9ny, |2u”kdgnk (S)ds =0.

so+1
lim /S|RZan + Hessg,, fn, — 55

k—o0

Therefore )
Ricoo + HeSSoo foo — 5590 = 0.
S
So the backward limit is a gradient shrinking Ricci soliton.
Finally we need to show the soliton is nonflat. We can assume the
original ancient & solution is not a gradient shrinking soliton. Otherwise

there is nothing to prove. Hence, we know that
Wk(s) < Wk(O) =Wy=0

where Wy is the Euclidean W entropy with respect to the standard
Gaussian. By the upper bound of uy, ie. (7.3.2), we know that the
integrand in Wy(s), s € [1,3], is bounded from below by a negative
constant. By replacing the constant —n in the definition of Wy (s) by a
sufficiently large constant ag, we can make the integrand nonnegative.
This allows us to use Fatou’s lemma. Applying Fatou’s lemma on a
sequence of exhausting domains, we find that

W (oo, oo, 8) < Wi(s) < Wy = 0. (7.3.6)

If the gradient shrinking soliton g, is flat, it has to be R3. See [MT]
e.g. Indeed, if g is flat then

1

LS

Hessoo foo = 5%

The universal cover of (Mu, goo) is isometric to R3. The lifting of f
to the universal cover, called f, then satisfies 9;0; f= 5” Here all
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derivatives are Euclidean ones in a standard orthonormal system of R3.
Therefore f — %]a:ﬁ is an affine linear function. Since f has a unique
minimal point, it is not invariant under any free action of a nontrivial
group. Recall that a group G acts on a set X freely if g(z) = x for
some z € X and g € G, then g = e. Hence R3, as the trivial universal
cover, is just M

Note fM Uoso S 1 by Fatou’s lemma again. It is known that
Ws(s) > 0 on the Euclidean space for such a us. Indeed, let @ =
Uso/ ||tso||1- In the Euclidean space, the best constant of the log Sobolev
inequality is achieved by the Gaussian. This means that the W entropy
associated with a Gaussian is 0. Therefore the W entropy associated
with 4 is nonnegative. Namely

~12
W (oo, i, 5) = /[swf" —alnd -

u

(Indms)u — naldz > 0.

o3

Now, s = ||uso||1 @ and

|Vtoo|?

Uoo

— Upo IN U — g(ln AT S ) Uoe — NUso|dx.

W (gos tise, ) = /[s
Then

W (goo, tioos 8) = [[tool[1 W (goo, @, 5) — [[tioo [[1 In [[io [[1 = 0.

We have reached a contradiction with (7.3.6), which implies g is not
flat. 0

Remark 7.3.1 Case 4 with positive curvature tensor can also be dealt
with by the method in [CLJ. There Chow and Lu actually constructed
an embedded region of the flow, which is close to S*> x R. They even do
not need to assume the soliton is k noncollapsed on all scales.

7.4 Qualitative properties of x solutions

In this section we present a number of structural properties on x so-
lutions, culminating in the canonical neighborhood theorem. All these
results were proven by Perelman in [P1] and [P2]. Many proofs below
follow the presentation in [Tao], which is based on [MT] Chapter 9.

The first result says that the volume of large balls in a s solution
grows slower than the Euclidean ones. In other words, the asymptotic
volume ratio is 0.
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Proposition 7.4.1 Let (M, g(t)) be a 3-dimensional K solution. Then
for any time t and p € M,

tim B@T 0k _

r—00 r
PRrROOF. By Perelman’s classification result Proposition 5.4.2, all 3-
dimensional gradient shrinking solitons satisfy the stated property. Us-
ing Theorem 7.3.1, for any € > 0, we can find arbitrarily negative times
tg, points zj and radii 7 such that |B(xg, 7k, tx)|/r3 < €. Note the
ratio is scaling invariant. According to the classical volume compari-
son Theorem 3.5.1, this ratio is a nonincreasing function of the radii.
Therefore

Tim | By, v ti)|e /75 < e,

which implies, via the triangle inequality
lim |B(p, )|, /7> < e
Tr—00

Fixing a time ¢, we pick one t; such that t; < t. By Proposition
5.1.5 and the fact that sectional curvatures are bounded between 0 and
a positive constants, we know that

d(p7$7tk) - C|t - tk| < d(p7$7t) < d(p7$7tk)
Hence B(p,r,t) C B(p,r + c|t — tg|,tr). This shows
|B(p,7",t)|t < |B(p,r—|—c|t _tk|7tk)|t < |B(p,r—|—c|t _tk|7tk)|tk

Here we have used the property that the volume element is decreasing
in time, due to the positivity of scalar curvature (Proposition 5.1.1,
(2)). Therefore

|B(p7 T, t)|t <

lim

€.
r—00 73

The proposition follows since € is arbitrary. O

The next proposition claims that the scalar curvature decays slower
than inverse square of the distance near infinity.

Proposition 7.4.2 Let (M, g(t)) be a 3-dimensional, noncompact k
solution. Then for any time t and p € M,

limsup R(z,t)d*(p,x,t) = co.
d(z,p,t)—o00
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PROOF. Suppose for the sake of contradiction that the result is not
true. Then there exists p and ¢ such that R(z,t) < c¢/d(p,,t)? for
all z € M and some ¢ > 0. Since J;R(z,t) > 0, due to Hamilton’s
trace Harnack inequality for the scalar curvature, it holds R(z,s) <
c¢/d(p, z,t)? for all previous time s. From the x noncollapsing property,
we know that |B(z,d(p,,t),t)| > crd(p,z,t)?. This contradicts with
the previous proposition when z is far from p. O

The last two propositions induce the next result, which is a sort of
converse of the k noncollapsing property.

Proposition 7.4.3 (volume noncollapsing implies curvature bound)
Let (M, g(t)) be a 3-dimensional k solution. Suppose for a positive con-
stant b > 0, it holds |B(xq,r,t)|¢ > br®. Then for every A > 0, there
exists a positive constant C' = C(b, A), depending only on b, A such that

R(z,t) < C(b,A)r~2, z € B(xg, Ar,t).

Proor. We take, without loss of generality ¢ = 0. Note that
B(zp,7,0) C B(z,(A+ 1)r,0) for each x € B(xg,r,0), and hence
|B(x, (A4 1)r,0)|o > br3. Thus we can just work on the ball B(z, (A +
1)r,0) from the very beginning. Therefore, without loss of generality we
can just take A = 1 and prove the bound when x = xg in the statement
of the proposition.

If the proposition were not true, then there exists a sequence of
marked k solutions (Mg, gx(t), z)) and 7, — oo such that

riRi(2r,0) — 00, |B(xk, Tk 91 (0)) g 0) = bri. (7.4.1)

Here ¢ is a positive, generic constant. The notation B(x,l, gx(0))
stands for the ball of radius [ in the manifold My, under the met-
ric g;(0). Here | = ry or another positive number. The x solutions are
allowed to have different noncollapsing constants.

Without loss of generality, we assume that B(xg, 57k, gx(0)) is a
proper subset of M. By the point picking Lemma 7.1.1, there exist
yr € B(xg, 51k, 9, (0)) and p > 0, depending on k, such that

P> R(y,0) > ri R(xy,0) — oo;

R(2,0) <2R(yx,0), Vz€ B(yk, p,gr(0)) C B(wg, 5%, gr(0)).
(7.4.2)
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Since B(ykv P gk(o)) - B(ﬂi‘k, Ok, gk(o)) - B(ykv 87, gk(o)) and the
sectional curvature is nonnegative, the classical volume comparison the-
orem shows

3
B 9Ol = () 1B 871,010l

3
p
> <%> | B(xg, T‘k,gk(o))|gk(0)'

From this the assumption (7.4.1) implies

| By 0, 91(0))lg, (0) = cbp”. (7.4.3)

Now we introduce the scaled metric g = R(yk, 0)gr. Then the ball
B(yk, p, g1(0)) under g becomes B(yx, pk, gr(0)) where, by the choice
of p and 7 in (7.4.2),

Pk = R(yk70)1/2p — 09, k — oo.

Let Rj be the scalar curvature under §. Then by (7.4.2) and (7.4.3)
we have

Rk(gj70) < 27 z € B(ykvpkvgk(o))a

| B(Yks P> Gk (0) g, 00 1Bk £y 98(0)) g, 0)
I p3

The same scalar curvature bound holds if we replace time 0 by

a previous time s in view of the monotonicity 0;R; > 0, a result of
Hamilton’s trace Harnack inequality. Therefore we can apply Hamil-
ton’s compactness Theorem 5.3.5 to conclude that a subsequence
of (My, gr(t),yr) converge in Cp topology to a nonflat s solution
(Moo, Goo(t), Yso). But the asymptotic volume ratio for the limiting
manifold at time 0 is positive, which contradicts Proposition 7.4.1. [

> cb.

Remark 7.4.1 It is important to notice that the constant C'(b, A) does
not depend on the noncollapsing constant k. This fact will be useful later
in the section when we prove the universal noncollapsing of nonround
K solutions.

The following result shows that the scalar curvature is bounded at
bounded distance. It can also be viewed as a Harnack inequality for the
scalar curvature.
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Proposition 7.4.4 (bounded curvature at bounded distance) Let
(M, g(t)) be a 3-dimensional r solution. Then for every A > 0 and
xg € M, there exists a positive constant C' = C(k, A), depending only
on k, A such that

R(z,t) < C(k, A)R(xo,t), € B(xo, AR(wo,t)""/2,1).

Proor. Without loss of generality we take ¢ = 0 again. Suppose the
proposition were not true. Then there exists Ap > 0 and a sequence of
marked r solutions (M, gx(t), zx) and yx € B(zk, pr, gx(0)) such that

Ry(yx,0)/Ri(xf, 0) — oo. (7.4.4)

Here and later in the proof, we take
ok = Ao Ry, (x,0)7 /2. (7.4.5)

Then Proposition 7.4.3 tells us that

Recall
ili)% ’B(xkvpv gk(o))’gk(())/ps = w3 = 477/3

which is the volume of the unit ball in R3. We can find 7, = o(p},) such
that

|B(@, s 91 (0)) g, 0) /70 = w3 /2. (7.4.6)

After rescaling, we may take rp, = 1. For simplicity we still use g to
denote the scaled metric and Ry to denote the scaled scalar curvature.
We claim that

Rk(azk,O) - 0, k — oo.

Suppose the claim is not true; there is a subsequence, still denoted by
{Rk(zk,0)} and a positive constant ¢ such that, for all large k,

Rk(azk, 0) > c.

Then (7.4.5) shows that pj is bounded. By Proposition 7.4.3 again,
for any A > 0, we have Ry(x,0) < C(A) for x € B(xy, A, gx(0)).
This implies Ry (yk,0) is bounded since d(yk, x,0) < pp < A for some
large and fixed A. Hence Ry(yk,0)/Ri(xr,0) is also bounded, which
contradicts with (7.4.4). Hence the claim is true.

Since Ry (xp,0) — 0 when k& — oo, by Hamilton’s compactness
Theorem 5.3.5 again, we can find a limiting solution (Mo, goo (%), Too)
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with Reo(Zoo,0) = 0. Hamilton’s strong maximum principle implies

that M, is flat. Since M, is k noncollapsed on all scales, it must be

R3. A proof of this well-known fact can be found on p301 of [Pet] e.g.

Therefore By _(2s,1,0) = w3, which contradicts with (7.4.6). O
An immediate consequence of this proposition is

Theorem 7.4.1 (compactness of k solutions) For any fized k > 0,
the set of nonflat 3 dimensional ancient k solutions is compact modulo
scaling in the following sense: for any sequence of such solutions and
marking points in space time (xy,0) with R(xk,0) = 1, one can extract
a Cp2. converging subsequence whose limit is also an ancient k solution.

Corollary 7.4.1 Let (M, g(t)), —oo <t < 0 be a 3 dimensional an-
cient Kk solution for a fized k > 0. Then there exist positive increasing
function w : [0,00) — [0,00) and a positive constant 1, depending on K
such that

(i) For every xz,y € M and t € (—o0,0], there holds

R(x,t) < R(y, t) w(R(y, t)d* (. y,1));
(ii) For all x € M and t € (—o0, 0], there hold
IVR(z,t)] < nR*?(x,t),  |0:R(z,t)| < nR(x,1).

(iii) Suppose for some (y,tg) in space time and a constant ¢ > 0
there holds
|B(y, R(y, to) /%, t0) |ty
R(yvto)_3/2

Then there exist a positive function Z depending only on ( such that,
for allx € M,

> ¢

R(z,t0) < R(y, to) Z(R(y, to)d* (z,y. to))-

PROOF. Statement (i) is just a reincarnation of Proposition 7.4.4. One
just needs to choose A = d(zg,z,t)R(xo,t)"/? and shifting the time t.
Statement (ii) follows from a combination of (i), Hamilton’s trace
Harnack inequality Corollary 5.3.1 and Shi’s local derivative estimates
Theorem 5.3.2.
Part (iii) is just Proposition 7.4.3 with r = R(y,to)""/? and A =
Ry, to)d? (2,9, o). 0
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Remark 7.4.2 Parts (i) and (ii) of the corollary depend on the non-
collapsing constant of the k solution. Interestingly, k solutions have a
universal noncollapsing constant unless it is the metric quotients of the
round S3. This result will be stated and proven in Propositions 7.4.6 and
7.4.8 below. If M is round S® or its metric quotients, then statements
(i) and (ii) obviously hold for a universal function w and constant 7).
Therefore, the function w and constant n are universal for all ancient
K solutions.

Now we would like to describe the global topological structures of
k solutions.

Proposition 7.4.5 (structure of noncompact k solutions) Let (M, g(t))
be a noncompact 3-dimensional k solution for some k > 0.

Case 1. If the sectional curvature is zero somewhere, then M =
5?2 x R or one of its Z quotients: RP? x R or the twisted product of
S? x R where Zo flips both S? and R;

Case 2. If the sectional curvature is positive everywhere, then for
any € > 0, there exists a constant C' = C(e) depending only on € and
subset M. with the following properties:

(i). Every point outside of M is a center of an € neck and no point
inside M, is a center of an € neck.

(ii). M is compact; there exists a point xo € OM, such that

diam(M., g(t)) < CR(zo,t)"%, C7' < R(x,0)/R(z0,t) < C

for all x € M..
(iii). The ball B(zg, CR(xo,0)~Y?), which contains M,, is diffeo-
morphic to a Fuclidean 3 ball.

Proor. Case 1. If the curvature operator has zero eigenvalue some-
where, then the universal cover of M, called M, splits into the product
of a two dimensional x solution and R. This again is a consequence of
Hamilton’s strong maximum principle Theorem 5.2.1. Theorem 7.1.3
tells us that M = 52 x R. Thus M = $2 x R/T', a metric quotient of
the round cylinder. Note such M is noncompact automatically with no
assumption needed, because if the metric quotient is compact, then it
would not be x noncollapsed when ¢ is very negative. The reason is the
following. When ¢ is sufficiently negative, the scalar curvature is O(‘%'),

the diameter and the volume of M is O(/|t|) and O(|t|) respectively.
Therefore M is noncompact.
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Hence M = S? x R or one of its Z quotients, as proven in Propo-
sition 5.4.2.

Case 2. Now we assume the curvature operator is positive every-
where. We can just prove the result for ¢ = 0. Observe that M, is
nonempty. Otherwise M, which would be covered entirely by € necks,
can not be diffeomorphic to R3, contradicting the Soul theorem. Next
we prove M, is compact. Suppose for contradiction there exists a se-
quence {z} going to infinity with respect to g(0) such that zj are not
centers of an e neck. Pick a point zyp € M. According to Corollary
7.4.1 (i), there exists a positive increasing function w : [0, 00) — (0, 00)
depending on k such that

0 < R(20,0) < R(z,0) w(R(z, 0)d* (20, 25, 0))-
But this implies

lim R(z,0)d? (2, 21, 0) = oo.

k—o0
Because, otherwise a subsequence of {R(zj,0)} tends to 0. This would
force R(zp,0) to be zero. Therefore we can apply Proposition 7.1.1 and
Theorem 7.1.3 to conclude that z, with k large, has a neighborhood
Uy which, after scaling, is € close to the round cylinder S? x [—e~ !, e7!]
or one of its Zy quotients: RP? x R. Since M has positive sectional
curvature, the Soul theorem claims that M is diffeomorphic to R3 and
hence M does not contain an embedded RP? with trivial normal bun-
dle. Consequently U}, is € close to the round cylinder S? x [—e~1, 7],
i.e. z is a center of an € neck. This contradicts the assumption on z.
Thus M, is compact. This also implies that M — M, is nonempty.

Pick a point g € 0M,, we need to show that

R(z0,0)"2diamM, < C = C(e) (7.4.7)

which depends only on e. Suppose the claim is false. There exists a
sequence of x solutions (M¥, g (t)) with the following property: let M*
be the set of points in M¥, which is not a center of an ¢ neck. There
exist x 0 € OMPF such that

Ry (x.0,0)2diamMF — oo, k — oo. (7.4.8)

Note we are not assuming M* has the same noncollapsing constant.
So it is not possible to use the above compactness theorem to extract
a convergent subsequence. To get around this obstacle, we notice that
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Tio € OMPF. Therefore there exists a point, arbitrarily close to Tk.0,
which is a center of an € neck. Hence xy, o is a center of a 2¢ neck. This
shows that there exists a universal constant { > 0, determined by the
noncollapsing constant of S? x R such that

| By, (2£,0, Rie(21,0,0)™2,0) |5, 0) = CRielp0,0) 2. (7.4.9)

Now we can apply Corollary 7.4.1 (iii) to find a universal positive func-
tion Z depending only on ¢ such that, for all € MF,

Ry(,0) < Ry(210,0) Z(Ri(1,0,0)di (z10,7,0)). (7.4.10)

The bounds in (7.4.9) and (7.4.10) permit us to use Hamilton’s com-
pactness Theorem 5.3.5. Thus we can extract a subsequence of the
marked manifolds (Mk,Rk(a:k,o,O)gk,xho), which converges in CpY
topology to manifold (My, goo, o). By (7.4.8), the limit manifold
M, contains a geodesic line. According to Toponogov splitting the-
orem (Theorem 7.1.1, part 1), My, = N x R. Since M, is orientable
and N is a two dimensional k solution, we conclude as earlier in the
proof that N = S?. This contradicts with the assumption that Tpo is
not the center of an € neck. The bound in (7.4.7) is proven. Finally, the
bounds for the ratio of scalar curvatures in (ii) follow from Corollary
7.4.1 (iii) and the diameter bound.

Statement (iii) of the proposition follows from the Soul theorem
7.1.2, which says that M is diffeomorphic to R3. O

Remark 7.4.3 The above proof is modeled on Section 3.2 of the paper
of Chen and Zhu [ChZ1], where a certain more general 4-dimensional
result is proven. The difference between this proof and the original one
by Perelman is that the current proof does mot use universal moncol-
lapsing of noncompact k solutions. In fact the latter is a byproduct of
the proposition.

Let us state the result.

Proposition 7.4.6 (universal noncollapsing of noncompact k solu-
tions) There exists a positive constant kg such that every nonflat, 3
dimensional, noncompact ancient k solution for some k > 0 is kg non-
collapsed on all scales.

Proor. Without loss of generality we take t = 0. Let r > 0 and = € M.
Assume R < 1/7? in B(x,r,0), we need to prove that

| B(,7,0)|g(0) > ror®
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where k(g is some universal positive constant.

The proof uses the previous Proposition 7.4.5 in an essential way.
For a fixed small € > 0, let M, be as in Proposition 7.4.5 and p be the
diameter of M.. Pick x € M,. Since the sectional curvature is nonneg-
ative, we can use the classical volume comparison theorem (Theorem
3.5.1) to conclude that

|B(z, p,0)| > b|B(x,4p,0)]. (7.4.11)

Here b is a universal positive constant and the volume is measured by
g(0). By the triangle inequality, we can find a point y € B(z,4p,0)
such that

B(y,p,0) C B(z,4p,0) N N (7.4.12)

where N is the e neck adjacent to M.. According to Proposition
7.4.5, there exists a constant ¢ depending only on € such that ¢! <
R(z,0)p? < c for all z € M,. Since N lies adjacent to M., we can find
c1 depending only on € such that

' < R(2,0)0° <

for all z € M. U N. Hence the ball B(y, p,0), as a subset of the € neck
N, satisfies

|B(y, p,0)| > c2p”

where ¢y is a positive universal constant determined by the noncollaps-
ing constant of S2 x R. Combining this inequality with (7.4.11) and
(7.4.12), we have

|B(x, p,0)| > beap®,

which shows, by Theorem 3.5.1 again
|B(z,7,0)| > c3r®, 0<7r<p. (7.4.13)

Here c3 is a universal positive constant.
Now let r > 0 and * € M be such that R(y,0) < 1/r? when
y € B(z,7,0). We need to find a suitable lower bound for |B(z,r,0)|.
If 2 € M,, then ¢! < R(x,0)p? < ¢ and R(z,0) < 1/r?. Here c
depends only on € as stated in Proposition 7.4.5. Thus r < /cp. If
r € [p,\/cp], then

|B(w,7,0)| > |B(x,p,0)| > c3p® > c3/> 1%,
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If r < p, then (7.4.13) holds. Anyway, there is a universal positive
constant kg such that

|B(x,7,0)| > ror®.

If x € M — M, then z is at the center of one € neck. Therefore there
exists a universal positive constant c4 such that

|B(x, R(x,0)""2,0)| > ¢4R(x,0) %2

The assumed inequality R(z,0) < 1/r2 implies that » < R(z,0)"'/2.
The classical volume comparison Theorem 3.5.1 again shows that

|B(z,7,0)| _ |B(x, R(z,0)"/2,0)]
> >
73 - R(z,0)=3/2 = 1o

for a universal positive constant xy > 0. This proves the proposition
for noncompact k solutions. O

Mirroring the noncompact case, we can state and prove a structure
result for certain compact k solutions.

Proposition 7.4.7 (structure of compact k solutions containing an €
neck) Let (M, g(t)) be a compact 3-dimensional r solution for some
k > 0. For any fized € > 0 and fized t, suppose (M, g(t)) contains an €
neck. Then there exists a constant C = C(€) depending only on € and
a subset M. C M with the following properties:

(i) Every point outside of M is a center of an € neck and no point
inside M. is a center of an € neck.

(ii) M. = My U Ms, a disjoint union of two compact regions My
and My ; there exists a point x; € OM; such that

diam(M;, g(t)) < CR(z;,t)" Y2, C™' < R(z,t)/R(x;,t) < C

forall x € M;, i=1,2.
(iii) M;, i = 1,2, is diffeomorphic to the unit ball B3 in R3 or the
punctured RP3, i.e. RP? — B3.

(i)

PROOF. As usual we can take t = 0. Just like the noncompact case,
we denote by M, the set of points in M, which are not centers of
an € neck. First we show that M, is not empty. Suppose not. Then

every point in M is at the center of an e neck. Since M is compact,
it is a S? fibration over S', which has infinite fundamental group. If
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the sectional curvature of M is 0 somewhere, by Case 2 of the proof
of Theorem 7.3.1, M would be the quotients of the flat R3 or that
of 52 x R. Since M is nonflat, it can not be the quotient of R3. As
explained in the proof of Proposition 7.4.5 Case 1, compact quotients
of S? x R can not be x noncollapsed at scale \/[t| when |¢| is large.
Hence M must have positive sectional curvature. Meyer’s theorem says
that the fundamental group is finite. This contradiction shows that M,
is not empty. By the assumption that M contains an € neck, we can
write M. = M7 U Ms, a disjoint union separated by a union of € necks.
(ii) We just need to prove the proposition for, say, M. Pick a point
rg € OMs, we need to show that

R(z0,0)"2diamM; < C = C(e) (7.4.14)

which depends only on €. Suppose the claim is false. There exists a se-
quence of compact & solutions (M¥, g, (t)) with the following property:

let Mf be the set of points in M*, which are not centers of an ¢
neck and Mf = M{“ U Méf which is a disjoint union separated by a
union of € necks. There exist xy o € MY such that

Rk(xk’o,0)1/2dz'amMé‘C — 00, k — . (7.4.15)

As in the noncompact case, the fact that x; € aMéC implies the ex-
istence of a point, arbitrarily close to o, which is a center of an €
neck. Hence zy is a center of a 2e neck. This shows that there exists
a universal constant ¢ > 0, determined by the noncollapsing constant
of S? x R such that

| By, (2£,0, Ri(21,0,0)™2,0) |5, 0) = (Rl 0,0) 2. (7.4.16)

Now we can apply Corollary 7.4.1 (iii) to find a universal positive func-
tion Z depending only on ¢ such that, for all z € MF,

Ry,(x,0) < Ry(x1,0,0) Z (R (1,0,0)di (x50, %, 0)). (7.4.17)

The bounds in (7.4.16) and (7.4.17) permit us to use Hamilton’s com-
pactness Theorem 5.3.5. Thus we can find a subsequence of the marked
manifolds (M*, Ry, (%£,0,0) gk, Tk,0), which converges in C}, topology to
a noncompact £ solution (Meo, goo, Too)-

There are a number of cases we have to handle.

Case 1: The limit manifold M, contains a geodesic line, i.e. a dis-
tance minimizing geodesic without ends, which has infinite length.



328 Chapter 7. Ancient x solutions and singularity analysis

According to Toponogov splitting theorem (Theorem 7.1.1, part 1),
My = N x R. Since M, is orientable and N is a two dimensional
r solution, we conclude as earlier in the proof that N = S2. This
contradicts with the assumption that xj o is not the center of an ¢
neck.

Case 2: M, does not contain a geodesic line and x, is a center of
€/2 neck.

Then when £ is sufficiently large, the point xy, ¢ is a center of € neck,
which contradicts with the assumption on xy o € 8M§ .

Case 3: M, does not contain a geodesic line and x, is not a center
of €/2 neck.

Since M, is noncompact, Proposition 7.4.5 shows that there ex-
ists a constant C' depending only on €/2 such that every point out-
side the ball B(zs,C) under g (0) is a center of €/2 neck. Therefore,
for sufficiently large k, every point in B(xy,3C) — B(z,0,2C) under
Ri(75.0,0)gx(0) is a center of a e neck. Therefore the set M§ has a
uniformly finite diameter under the metric Ry (z,0,0)gx(0). Since € is
fixed, this contradicts with (7.4.15).

The bound in (7.4.14) is proven since a contradiction is reached in
all possible cases. Finally, the bounds for the ratio of scalar curvatures
in (ii) follow from Corollary 7.4.1 (iii) and the diameter bound.

Finally the proof of statement (iii) is left as an exercise. O

Exercise 7.4.1 Prove statement (iii) of the proposition.

Proposition 7.4.8 (universal noncollapsing of nonround compact k
solutions) There exists a positive constant ko such that every nonflat,
3 dimensional, compact ancient k solution for some k > 0 is Ky non-
collapsed on all scales unless it is a metric quotient of the round 3
sphere.

PRrROOF. Since we assume M is not round, the backward limit in time
is a noncompact gradient soliton, which is either a cylinder S? x R or
one of its Zo quotients: RP? x R or the twisted product S?xR. (c.f.
Proposition 5.4.2). The reason is that Hamilton’s rounding Theorem
5.2.7 would imply that M is round if the backward limit is compact,
which must be round by Proposition 5.4.2. If the backward limit is
S? x R, then clearly for any small ¢ > 0 and sufficiently negative ¢,
(M, g(t)) contains a point x which is a center of an e neck. If the
backward limit is S?XR, then for any small ¢ > 0 and sufficiently
negative ¢, (M, g(t)) also contains a point = which is a center of an e
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neck. The reason is that S? xR, regarded as a half-line crossed S? with
an RP? attached at an end, contains the asymptotic soliton S? x R
when rescaling about points whose distances, after rescaling, from the
end RP?x{0}, tend to infinity. We thank Bennett Chow for explanation
on this. If the backward limit is RP? x R, (M, g(t)) contains a region,
which after scaling, is € close to RP?x[—e~!, e~!]. The later case is ruled
out by topological considerations as follows (See [Tao] Section 17 e.g.).
As shown at the beginning of the proof of the previous proposition,
M has positive curvature. Theorem 5.2.7 shows M is diffeomorphic to
a spherical space form that has finite fundamental group. However, a
compact manifold with embedded RP? with trivial normal bundle has
infinite fundamental group. The reason is that an embedded RP? with
trivial normal bundle can not separate M since the Euler characteristic
is 1. So a closed loop in M can have a nontrivial intersection number
with such a projective plane, leading to a nontrivial homomorphism
from 71 (M) to Z. (The detail is left as an exercise.) Anyway, we have
shown for sufficiently negative ¢, (M, g(t)) contains a point x which is
a center of an € neck.
By the last proposition, under the metric g(t), we can write

M = M; UM;UN.

Here My U Ms = M, is again the set of points which are not centers of
an € neck, and every point in NV is a center of an € neck. First we prove
that (M, g(t)) is also universal noncollapsed for sufficiently negative
t. Then we show that (M, g(s)) is universal noncollapsed for all time
s € [t,0].

Choose € sufficiently small. We claim that there are universal pos-
itive constant A so that the following Sobolev inequality holds for all
smooth functions v on (M, g(t)):

1/3
< / v6du(g(t))> <A / (4|Vol* + Rv*)du(g(t)). (7.4.18)
M M

The idea of the proof for this inequality is the same as Proposition 8.2.1
where we show that a capped e horn satisfies the same inequality. We
only present part of the proof which differs from that proposition.
Pick a point x; € M;, i = 1,2. According to the last proposition,
there is a universal constant Cy = Cy(€) such that the diameter of
(M;, R(z;,t)g(t)) is bounded from above by Cj and that the corre-
sponding scalar curvature R; is bounded between C| Land €4, another
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universal constant depending only on €. Moreover the sectional curva-
ture is positive and the scaled volume |B(z;, Cy)| > ¢ for some universal
positive constant (. This is a result of the classical volume comparison
theorem applied on the adjacent € neck. This shows that the injectiv-
ity radius of M; is bounded below by a universal constant (Theorem
3.6.2). By [Hebl] (See also [Au]), there exist universal positive constant
A; and By such that

([ wauta) < [ 1wolautaon + 5 [ vt

for all v € C§°(M;), i = 1,2. Here g;(t) = R(x;,t)g(t). Therefore

(], antaton) e [ avePduto)

(3

—I-BlCl/ Riv2du(gi(t))
for all v € C§°(M;), i = 1,2. Here R; is the scalar curvature of
(M, gi), which is bounded between C Land Cy. Recovering the orig-
inal metric g(t), we see that (7.4.18) holds for all v € C§°(M;) with
A= max{Al, BlCl}.

In the same manner as in the proof of Proposition 8.2.1, we know
that (7.4.18) holds for all v € C°°(N). Using a simple cut-off function,
we know that (7.4.18) holds for all v € C°°(M), with perhaps a larger
A. Finally, by the last statement of Theorem 6.2.1 part (a), we know
that (7.4.18) holds for all (M, g(s)), s > t, as long as the Ricci flow
is smooth. Applying (7.4.18) together with Theorem 4.1.2 on the balls
in the Definition of x noncollapsing, we know that the s solution is
universally noncollapsed at all scales. O

Exercise 7.4.2 Carry out the details of the proof using cut-off func-
tions.

Combining the last propositions, we arrive at

Theorem 7.4.2 (canonical neighborhoods of k solutions) Let (M, g(t))
be a 3-dimensional k solution other than the round RP% x R. Then, for
any € > 0, there exists a positive constant 3 = [(€) with the following
properties. Given any point (x,t), there exists r € (0, BR(z, t)_1/2) and
an open set B, satisfying B(x,r,t) C B C B(x,2r,t), and falling into
one of the three types.
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(i). B is an evolving € neck, i.e. after scaling by factor R(z,t) and
shifting time t to zero, the region in space time

{(y,s)|y € B,se€[t—e 2R(x,t)"1 1]}

is € close to the subset the evolving standard round cylinder S? x R,
which at time zero, is S% x [—e~', €] the with scalar curvature 1.

(ii) B is an evolving € cap, i.e. B is an evolving € neck outside some
suitable compact set which is diffeomorphic to the standard three ball
in R? or the punctured RP3.

(iii) B and therefore M, is a compact manifold of positive sectional
curvature.

Moreover, there exists a positive constant C' = C(e) such that for
any y € B, it holds

C7'R(z,t) < R(y,t) < CR(x,t);

and the volume of B in cases (i) and (ii) satisfies (CR(x,t))™3/? <
|B|g(t) < 67‘3.

(iv) The gradient bounds are valid for x € B and a universal con-
stant n > 0:

IVR(x,t)] < nR*?(2,t), [0 R(x,t)| < nR*(x,1).

7.5 Singularity analysis of 3-dimensional Ricci
flow

The main result of this section is the next theorem which says that a
space time cube in a 3 dimensional Ricci flow resembles a k solution
provided that the scalar curvature at one point of the cube is sufficiently
large. Intuitively, using Perelman’s local noncollapsing Theorem 6.1.2,
this result would follow easily by scaling the high curvature cube by the
scalar curvature at the vertex of the cube and using Hamilton’s com-
pactness theorem. Indeed this is the case if the scalar curvature at the
vertex of the cube is comparable with the maximum scalar curvature
on the whole manifold at and before the moment. However, such sim-
ple scaling does not work if this extra assumption fails, i.e. the scalar
curvature at the vertex of the cube could be very high but still much
smaller than the scalar curvature at some other points in the cube.
Thus the scaled curvature could still be unbounded, preventing the use
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of the compactness theorem. To overcome this difficulty, Perelman in-
troduced an ingenious induction method which goes from regions of
highest scalar curvature downward to all regions with sufficiently high
scalar curvature.

Before stating the theorem, we introduce some notations to be used
through out the proof. Let (x,t) be a space time point in a Ricci flow
(M, g(t)) and r > 0, we write

P(x,t,7) = {(y,8) | d(z,y,9(t)) <7 t—1><s<t}

During the proof, we will frequently switch metrics. Let i be a metric,
we will use the notation B(xz,r,h), etc., to denote the ball centered at
x, with radius r under the metric h, etc. Similarly d(z,y,h) denotes
the distance between x and y under the metric h.

Theorem 7.5.1 [P1] (singularity structure theorem or canonical
neighborhood property) Let (M, g(t)), t € [0,Tp), To > 1 be a Ricci flow
on a three dimensional compact, orientable manifold M with normal-
ized initial metric. For any € > 0, there exists some rg = ro(€,Tp) > 0
with the following property. Suppose Q@ = R(xg,ty) > 7’0_2 at some ar-
bitrary point (xg,ty) where xg € M and ty € (1,Ty). Then the flow in
the region

{(:Evt) | d2(3§‘0,ﬂj‘,g(t0)) < 6_2Q_17 to — 6_2Q_1 <t< tO}

18, after scaling by the factor Q, € close to the corresponding region of
some orientable 1 solution in the Cl< '] topology.

PRrROOF. The proof is divided into several steps.

Step 1. Induction setup.

Suppose the theorem is false. Then for some € > 0, there exists
a sequence of Ricci flows (Mj, gr(t)) with normalized initial condition,
defined on the time interval [0, T}) for some T}, € (1,T}), which satisfies
the following conditions.

(1) There exist sequences of positive numbers r, — 0, points xj €
My, and times tj € [1,T}) such that

Qk = Ry(zp, tr) > 1%
where Ry, is the scalar curvature with respect to g;
(2) For each (My, gi(t)) and a constant a(e) € (0, €], the parabolic
region
P(zp, i, [a()Qu]V?) ={(z,t) € [0,T}) | & (w2, gu(tr))
< (a(€)Qk) ™", th — (a()Qr) ™" <t < ti}
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is not, after scaling by the factor Q, € close to the corresponding subset
of any orientable k solution.

(3) The conclusion of the theorem holds for any (z,t) € My x [ty —
thlzl,tk] if Rk(x,t) > QQk. Here

hk = 1/(27%)2'

Only condition (3) needs a proof, which is by induction again. Fix-
ing k, suppose a point (zo,to k), together with the scalar curvature
Qo = Ri(xo,k,to k), has been found to satisfy conditions (1), (2) but
violate condition (3). Here by conditions (1)—(3), we mean to replace
(g, ty) and Qi by (zok,tok) and Qo i respectively. Then there exists
a point

(21, pst1k) € My, X [tor — th&iato,k],

which satisfies the inequality

Qi = Ri(z1 5, t1k) > 2Q0 k-

However the flow (Mj, g ) in the cube P(21 1, t1 4, [a(€) Q1 £]~/?) is not,
after scaling by the factor Q1 , € close to the corresponding subset of
any orientable k solution.

Notice that conditions (1)—(2) corresponding to the point (1 4,1 1)
are also satisfied. If the point (x1 ,t1 ) satisfies condition (3) with t;
replaced by t; and @ replaced by @, then it is our choice for
(zk, tr). Otherwise we rerun the induction. After each cycle of the in-
duction we have picked a point in space time whose scalar curvature at
least doubled the scalar curvature of the previous point. Since M}, is
compact, this induction must terminate in finite cycles when the scalar
curvature of the chosen point, say Qum x = Ri(Tm i, tm k), is at least a
quarter of the maximum of the scalar curvature in M}, x [0,t x]. Note
tix = tor > .... Hence @y, is at least a quarter of the maximum
of the scalar curvature of (Mjy,gr(t)), t < t, 5. Now, an easy scaling
argument described at the beginning of the section tells us that condi-
tion (3) is satisfied by (2, k,tm,k), provided that Q, , > 7‘,;2 with r,
sufficiently small. We take this point as the desired (xg,ty).

Having selected (xg,tx) satisfying the induction conditions (1)—(3),
let (My, gr(t), zk,0) be the scaled marked Ricci flow where

k() = Qrgr(tQy + tr).

For simplicity we still use ¢ to denote the scaled time. The goal is to
prove that a subsequence of the rescaled Ricci flows converges in C7
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topology to an orientable  solution, which will lead to a contradiction
with the induction condition (2) for large k.

Before moving to the next step, we verify two claims on §y.

Claim 1. gi(t),t < 0 has a uniform s noncollapsing constant and
its noncollapsing scale tends to oo as k — oc.

The reason for this is that gy has normalized initial metric gi(0).
Perelman’s local noncollapsing theorem then shows that g; has a uni-
form  noncollapsing constant and scales depending only on 7. But the
noncollapsing constant s is scaling invariant. The noncollapsing scale
for g, is \/Qy times that of g;. This proves Claim 1.

Claim 2. The negative sectional curvatures associated with g at
(zk,0) tends to 0 when k — oo.

By Hamilton-Ivey pinching Theorem 5.2.4, since Q = Ry (zk, ty) —
oo when k& — oo, the size of negative sectional curvatures associated
with gi at (zg,tx) is o(Qg). After scaling by Qy, Claim 2 follows.

Step 2. Extension of curvature bound from one point to a neighbor-
hood.

In this step, it is shown that if the scalar curvature Ry is bounded at
one point in space time, then this bound can be extended to a parabolic
cube with vertex as the given point.

Proposition 7.5.1 For each (y,s) € My, x [t — (4riQp) ™1, tx] with
Qr = Ri(xg, tr), there exists a universal constant co > 0 such that

Rk(xyt) < 4Qk7 (ﬂj‘,t) € P(y787 (COlel)l/z)

where Qi = Qr + Ri(y, s).

PRrROOF. (detail according to [KL] Section 70) Let (z,t) €
P(y, s, (60Q;1)1/2). If Rg(x,t) < 2Qy, then the proof is done. So we
assume Ry (z,t) > 2Qp. We connect (x,t) with (y,s) by a curve L in
space time: L connects (z,t) with (z, s) by a straight line and connects
(x,s) with (y,s) be a minimizing geodesic with respect to gx(s). Let
(Yo, So) be the point on L which is the closest one to (z,t), at which
the scalar curvature is 2Qj. If such a point does not exist, we take
(Yo, S0) = (y, s). Denote by L; the segment of the curve L, which joins
(Yo, So) with (z,t). The scalar curvature along L; is at least 2Qy. By
the induction hypotheses (3), when ¢, is sufficiently small, the segment
Ly is contained in the union of parabolic cubes which, after scaling
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are € close to portions of k solution. By the canonical neighborhood
Theorem 7.4.2, we have the gradient bounds along Lq:

IVR? <n, |aR; <n.

Here 7 is a universal constant and the inequalities are scaling invariant.
The proposition is proven by integrating the gradient bounds along
L. O

Note the proposition shows that Ry (z,t) < 8Ry(zk,tr) if (x,t) €
P(xg, tg, (COQ;1)1/2). Hence the scalar curvature R, of the rescaled
solution (Mp, gk, xy) are uniformly bounded in a neighborhood around
the center, which has a fixed diameter. In the next step we will show
that this diameter can be arbitrarily large.

Step 3. Bounded curvature at bounded distance from the center.

From now on we just work on the rescaled metric gi. So the time
t = 0 for g corresponds to the time t; for g,. All geometric quantities
are relative to g unless stated otherwise. For example ]?k will denote
the scalar curvature with respect to gp.

For all p > 0, define

J(p) = sup{Ry(2,0) | k > 1,2 € B(xy, p, Gi(0))},
po =sup{p | J(p) < oo}.

By Step 2, we know that pg > 0. The aim is to show that pg = co.

Suppose py < oo. Then we know, after passing to a subsequence
when necessary, there exists yr € My such that d(zk,yk, gx(0)) — po
and Rk(yk,O) — 00. Let a; be a minimizing geodesic from xj to yy.
Since Ry, (zy,0) = 1, there exists a point zj, € oy, such that Ry, (zz,0) = 2
and that z; is the closest such point to yi. We use (i to denote the
segment of ay that connects zp and yi. Then the scalar curvature
Ry, > 2 along (. By Step 2, the length of 85 is uniformly bounded
away from zero. Hamilton-Ivey pinching Theorem 5.2.4 tells us that
the curvature tensor is bounded from below. Therefore, for each fixed
p < po, the curvature tensor of M} is uniformly bounded on the
balls B(xg, p, gx(0)). The injectivity radii are also uniformly bounded
away from zero due to Perelman’s local noncollapsing theorem. Hence
Hamilton’s compactness theorem shows that the marked (sub)sequence
(B(xk, po, Gr(0)), gk (0), x) converges in the C§° topology to a marked
incomplete manifold (Boo, §oos Too)- The geodesic segment oy converges
to a geodesic segment an, C By and [ to . The shared end point
of as and [y is denoted by yoo.



336 Chapter 7. Ancient x solutions and singularity analysis

Observe that the scalar curvature R along (s is at least 2. By
the induction hypotheses (3), for any ¢p € S, §oo in i.e. the ball

Doo(q0) = {4 € Boo | d*(q0, 4, o) < € *[Roo(q0)] '}

is 2e close to the corresponding subset of some & solution. By Theorem
7.4.2, these corresponding subsets are either 2¢ necks, 2¢ caps or com-
pact manifolds without boundary. As R. becomes unbounded when
the curve as approaches the end point y, the region Dy (qp) is not
close to a compact manifold. Since ., is distance minimizing, we know
that Dy (qo) can not be close to a 2e cap either. The reason is that any
long geodesic going through the center of a cap can not be distance
minimizing. So the only possibility is Dy (qo) is close to a 2e neck.

Therefore the limit manifold (Boo, §oos oo ), as a union of 2e necks,
is diffeomorphic to S? x (0,1). The sectional curvature is nonnegative
due to Hamilton-Ivey pinching Theorem 5.2.4 and the scalar curvature
tends to infinity when a point in By, tends to the end point 3.

Now we can cite a basic result in metric geometry, which claims that
there exists a three dimensional tangent cone at y., which is a metric
cone. Intuitively, if one magnifies the metric g near yo, suitably, then
it looks increasingly like the metric of a cone.

Proposition 7.5.2 Let {\;} be any sequence of positive numbers
tending to infinity. There exists a sequence {y;} C Bo such that
d(Yjs Yoo, Joo) = )\;1/2 and that the marked manifold (Bso, AjJoo,Y;)

converges in Cp. topology to an open cone.

One can see Chapter 10 of [BBI] and Chapter 10 of [MT] for a
detailed proof.

Let’s use J(z) to denote the cone in the proposition and ¢ the
metric. Let V' be the tangent vector field of a minimizing (radial)
geodesic vy ending at the vertex yo.. Then Ric(V,V)|,, = 0 as a prop-
erty of the cone. On the other hand, for a fixed point p € v other than
Yoo, there exists a constant ¢ > 0 such that (B(p,c,gs),97s) can be re-
garded as a time slice of an incomplete Ricci flow, which is the scaling
limit of certain balls B(zy, ck, g (t)) C M} over some time interval. We
observe that there are actually two limits involved. One is g, as a limit
of g; and the other is g; as a scaled limit of g, near the vertex. But it
is not hard to show that the limit of limit is a limit of a subsequence
of the original sequence for C}y. convergence.

Applying Hamilton’s strong maximum principle, we know that
(B(p,c,97),97) splits locally as a product metric along the radial di-
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rection. But this is impossible for a nonflat cone. The contradiction
shows that pg = oo, i.e. (Mg, gx(0),2x) has uniformly bounded scalar
curvatures Ry, in the ball B(zy, A, §,(0)) for any A > 0. Let B(A) de-
note the above scalar curvature bound. By Proposition 7.5.1 in Step
2, there exists some fixed number § > 0, depending only on B(A),
such that the scalar curvature R}, are uniformly bounded in the space
time region B(xy, A, §r(0)) x [=4,0]. By Shi’s local derivative bounds
(Theorem 5.3.2), the derivatives of the curvatures of (M, gx) in smaller
regions are also bounded.

Recall that gi(t), t > 0, are uniformly x noncollapsed (Claim 1
at the end of step 1). Therefore we can use Hamilton’s compactness
Theorem 5.3.5 to obtain a C%. limit (M, Goo; Too). This is a Ricci
flow existing on an open subset of My, x (—o0, 0], which contains the
time slice My, x {0}. At this stage, the life span for the flow at a point
in M, may tend to zero as the point tends to infinity. Nevertheless, we
know that the following two nice properties hold for (Mo, oo (0), Too):

Property (i) It is k noncollapsed at all scales;

Property (ii) It has nonnegative sectional curvature.

(i) Holds because gy is a blow up of g, i.e. a big constant multiple
of gr. This process also blows up the noncollapsing scales of g (Claim
1 at the end of Step 1).

(ii) Is a result of Hamilton-Ivey pinching Theorem 5.2.4. Let
v (x,0), 7 (z,0) be a negative sectional curvature under g (0), gx(0) re-
spectively, at the space time point (z,0). Fixing x, we just proved that
Ry, (z,0) < C, a constant depending on z. Hence for the unscaled metric
gk, we have Ry(x,tx) < CRg(xk,tx) — oo when k — oo. There are two
cases to deal with. If Ry(x,tx) = O(Ry(x,tr)), then Hamilton-Ivey
pinching tells us |vg(z,tx)| = o(Rk(z,tx)) and hence |7k (x,0)| = o(1).
If Ri(x,t;) = o(Rg(zk,tr)), then Hamilton-Ivey pinching also tells us
|vk(x,t)| < ¢+ Ri(x,tx). So after scaling by Qp = Rk (xg, tx), we have
Uk (x,0) — 0, proving Property (ii).

Our next task is to show that the life span of the limit flow at each
point is bounded away from zero and the above properties (i) and (ii)
hold during the life span. This is achieved by showing that the scalar
curvature of M, under gé?) is bounded at all points and then applying
Proposition 7.5.1.

Step 4. Bounded curvature at all points for (Mso, §oo (0), Zoo)-

Now that we know the sectional curvature is nonnegative, we just
need to prove Roo, the scalar curvature is bounded. The idea is to show
that M, would contain an € neck of arbitrarily small radius if the
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scalar curvature becomes unbounded. This would contradict Proposi-
tion 7.1.2.

Suppose R is unbounded, then by a point picking result similar to
Lemma 7.1.1, there exists a sequence of points {p;} C M, diverging
to oo such that

Reo(pj,0) = 00,  Reo(2,0) < 4Re(p;, 0),
(2, pj, Goo(0)) < j[Roo(ps, 0)] /2.

By k noncollapsing and compactness theorem, a subsequence of the
scaled marked manifolds (Mp, Roo(p;,0)deo (0), pj) converges in the CF°,
topology to a smooth nonflat manifold. According to Proposition 7.1.1,
this limit manifold is isometric to a metric product N x R where N is
a 2 dimensional manifold.

On the other hand, for a sufficiently large j, R)o(pj,O) > 4. This
means that for a sufficiently large k, there is a point y, € M) such
that the unscaled scalar curvature Ry (yx,tr) > 2Qk. So the induction
condition (3) in Step 1 shows that the point y;, has a canonical neigh-
borhood which is either an € neck, an € cap or a compact manifold with-
out boundary. By the definition of (M, §oo), for any r > 0, the balls
B(yk,r/Qk, gk (tr)), after scaling by Qj, converges to B(pj,r, joo(0))
in C}y. sense. Hence point p; has a canonical neighborhood which is
either a 2¢ neck, a 2¢ cap or a compact manifold without boundary.
By the last step, the canonical neighborhood must be a 2e¢ neck of
radius [Roo(pj,0)]71/2. The later converges to 0 when j — co. This
contradiction with Proposition 7.1.2 shows that R (-,0) is bounded.

(7.5.1)

Step 5. Bounded curvature at all points (Mo, §oo (t), Zoo), t < 0.

Using Proposition 7.5.1 again, we know that (Muo, goo(t), Too) i
defined and that Ru.(-,t) is bounded in the time interval (—a,0] for
some a > 0. We need to extend a to co.

Suppose for contradiction that (—a, 0] is the maximum time interval
when the limiting solution is defined. Then Proposition 7.5.1 shows that
the maximum of the scalar curvature Roo (-, ) must go to infinity as t —
—a. However the infimum of the scalar curvature, being nondecreasing
in time, must remain bounded when t — —a. We will use the method
in the previous steps to show that this bound on the infimum can be
extended to every point, leading to a contradiction.

Hamilton’s trace Harnack inequality (Corollary 5.3.1): 9;Re +
(Roo/(t +a)) > 0 shows

Roola,t) < Qa/(t + a)
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where @Q is the maximum of R (-,0).
By Proposition 5.1.5 (i) with 79 = [Qa/(t + a)]~/2, and the non-
negativity of sectional curvature, we have, for a constant ¢ > 0,

—c/Qa/(t + a) < Opd(z,y, §oo(t)) < 0.

Here and until the end of the proof, the distance d(x,y, §oo(t)) is with
respect to §oo(t). After integration, we arrive at

d(2,Y, §oo (0)) < d(@,, Goo(t)) < d(,y, Goc(0)) + car/Q  (7.5.2)

for all z,y € My and t € (—a,0].
Since Roo(Zoo,0) = 1 by construction, we know, for any fixed h > 0,
there exists a point Yy~ (depending on h) such that

Roo (Yoo, —a + h) < 1. (7.5.3)

Otherwise the infimum of R at time —a + h would be no smaller
than 1, contradicting with the fact that the infimum of scalar curva-
ture is increasing unless the manifold is Ricci flat. The later claim is
a consequence of the maximum principle which can be applied since
the curvature at each time slice is bounded. In order to extend go, be-
fore the time —a, we go back to (Mg, gx), the sequence which defines
(Moo, oo) as the limit and which are defined before —a.

From (7.5.3), when k is sufficiently large, there exists y; € M}, such
that

Rk(yk, —a+h) < 2.

We fix h < ¢p/2, the constant in Proposition 7.5.1. When k is suffi-
ciently large, the time —a + h falls into the range where Proposition
7.5.1 is in force. Hence

Ry, (yn,t) < 12, t€[-a—h,—a+h].

By repeating Step 3, we know that for any A > 0 and one small §g €
(0, ], there exists a positive constant C'(4,dy) such that

Ry (z,—a+ d09) < C(A, o), d(x, yr, gr(—a + &) < A.

By Proposition 7.5.1, it holds

Rk(gj7_a+5) < 2O(A7 50)7 d($7yk7§k(_a+50)) < A

for all § € [0, dp]. Taking the limit &k — oo, we obtain, for all 6 € (0, do],

ROO(‘r7 —CL+5) < 2C(A750)7 d(x7yooagoo(_a+50)) < A
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Since d(Yoos Toos Joo(—a + h)) is fixed, by (7.5.2) we can find another
positive constant ¢ = ¢(a, Q) such that

Reo(, —a +6) < cC(A,00),  d(@, %00, §oo(0)) < A.

Hence, there holds, for a fixed § < dg, and sufficiently large k,

Ri(z,—a+0) < 2cC(A,d), d(z,z, gr(0)) < A.

Choosing § << c¢C(A, dp), by Proposition 7.5.1 again, there exists ¢; >
0 such that

Ry(x,t) < 8cC(A,dp), d(x,xk,dr(0)) <A, t€[-a—c1C(A,d)7",0]

Here we have used the fact that Rj, are uniformly bounded in a fixed
compact set after the time —a + dp, because the limiting metric would
have to blow up at this moment otherwise.

Consequently, we know that a subsequence of {(Mjy, gr(t),zr)}
converges, in Cp° sense, to (Mx,Goo(t), Too) in an open subset of
My X (—00,0], which contains My, X [—a,0]. Repeating Step 4 we
know that R, is bounded on My, x [—a, 0], which contradicts the as-
sumption on a. Hence (Mo, §oo(t), o) i & k solution. Therefore, when
k is large, the flow (Mj, gi) in the region P(zy, tr, [a(€)Qr)~/?) is, after
scaling by the factor @, € close to the corresponding region of some
orientable x solution in the Cle '] topology. This statement contradicts
the induction hypotheses (2) in Step 1. This proves the theorem. O

Exercise 7.5.1 Prove (7.5.1).

Definition 7.5.1 The number r in the above Theorem 7.5.1 is called
the parameter of the canonical neighborhood property and € is called the
accuracy of the canonical neighborhood property.

With the understanding of the singularity structure in a 3-
dimensional Ricci flow, we can move to the next phase: Ricci flow with
surgeries.



Chapter 8

Sobolev inequality and the
Ricci flow, the case with
surgeries

8.1 A brief description of the surgery process

At certain times, a Ricci flow may develop singularity at some parts
of the manifold but stay smooth in other parts. In order to prolong
the Ricci flow beyond this time, one needs to cut off certain regions
with high curvature, which are replaced by cap shaped manifold. The
resulting manifold serves as the initial data for a new Ricci flow. This
process is called a surgery. Due to the canonical neighborhood Theorem
7.5.1, for 3 dimensional Ricci flows, regions with higher curvature have
simple topological and geometrical structures. The most essential ones
are € horns where surgeries take place. During a surgery, the singular
part of an € horn is cut off along a central 2 sphere, which is then pasted
to a surgery cap that is diffeomorphic to the Euclidean three ball.

Here we collect some basic facts concerning Ricci flow with surgery.
Materials in the section are taken from Perelman’s paper [P2], Hamil-
ton’s paper [HaT7], [CZ], [KL] and [MT], where more details can be
found. All Ricci flows in this chapter have dimension 3, unless other-
wise stated.

In the next definition we recall or introduce a few geometric objects
which we have to deal with in doing surgeries.

Definition 8.1.1 (e neck, ¢ horn, double € horn, € tube, € cap, and
capped € horn) An € neck (of radius r) is an open set with a metric
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which is, after scaling the metric with factor r—2, € close, in the cle]
topology, to the standard neck S? x (—e=1 e~ 1),

Let I be an open interval in R. An € horn (of radius r) is S% x I
with a metric with the following properties: each point is contained in
some € neck; one end is contained in an € neck of radius r; the scalar
curvature tends to infinity at the other end.

An e tube is S x I with a metric such that each point is contained
in some € neck and the scalar curvature stays bounded on both ends.

A double € horn is S% x I with a metric such that each point is
contained in some € neck and the scalar curvature tends to infinity at
both ends.

An € cap is the three ball B®> or RP3 — B> equipped with a smooth
(incomplete) metric, which is an € neck outside a compact set.

A capped € horn is the union of an € cap and a € horn, joined
smoothly at the common boundary, which is a 2 sphere in an € neck.

Definition 8.1.2 (surgery) ( (r,d) surgery with cut off radius h) Let
(M,g(t)), t € [To,T), be a smooth Ricci flow which becomes singular at
time T'. Suppose the flow satisfies the canonical neighborhood property
with parameter r and accuracy € (c.f. Definition 7.5.1). Given § € (0,¢€),
a (r,0) surgery with radish at time T is a process of modifying the
manifold and the metric at a 6 neck described as follows.

Let N be a § neck of radius h, which is a part of an € horn whose
one end has bounded curvature at time T. Recall that (N,h=2g) is &
close in the C19"] topology to the standard round neck S% x (—d=1,671)
of scalar curvature 1. Let 11 be the diffeomorphism from the standard
round neck to N in the definition of § closeness. Denote by z for a
number in (=071, 671). For € S%, (0,z2) is a parametrization of N
via the diffeomorphism 11. We can identify the metric on N with its
pull back on the round neck by 11 in this manner.

The metric g = g(T) right after the surgery is given by

g? z é 07

_ Je¥g,  z€]0,2],

Jg= o Cafp2 (8.1.1)
pe g+ (1 —p)e * h=go, z €1[2,3],

e 2 h2 g, z € [3,4].

Here § is the nonsingular part of the lim;_,p- g(t); go is the standard
product metric on the round neck S* x R with scalar curvature 1; and
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f = f(2) is a smooth function given by

f(z)=0,2<0;
f(2) = qoe ™%, 2 € (0,3];
f'(z) >0, z € [3,3.9); (8.1.2)

f(z) = —% In(16 — 22), z € [3.9,4].

Here gy > 0 and pg > 0 are constants. ¢ is a smooth cut-off function
with ¢ =1 for 2 <2 and ¢ =0 for z > 3.

Remark 8.1.1 There are three parameters associated with a (r,9)
surgery. One is the accuracy parameter §. Another one, r, is the param-
eter in the canonical neighborhood property, i.e. if the scalar curvature
at a point is greater than 1/r?, then the point has a neighborhood which
1s € close to a corresponding region in a k solution. It can be regarded
as the largest cross section radius of the € horn inside which a cut is
made. The third, called cut off radius h, is the radius of the § neck
(imbedded in a 6 horn) where the cut takes place. In Proposition 8.1.1
below, it is shown that any € horn with sufficiently small € contains a
0 meck which is “strong” when 0 is sufficiently small.

The definition is modeled on that on p424 of [CZ], which is based
on [Ha7].

Definition 8.1.3 (standard capped infinite cylinders) A standard
capped infinite cylinder is R® equipped with a rotationally symmetric
metric with nonnegative sectional curvature and positive scalar curva-
ture such that outside a compact set it is a semi-infinite standard round
cylinder S? x (—o0,0) whose scalar curvature is 1.

Let go be the standard product metric of scalar curvature 1 on the
semi-infinite cylinder Ng = S? x (—00,4). Then Noy equipped with the
following metric gs is called the standard capped infinite cylinder.

_ 90, z <0,
9 = e 2 gq, z € (0,4].

Here z and f are the same as those in Definition 8.1.2.

Definition 8.1.4 (standard solutions) The noncompact Ricci flow
with a standard capped cylinder as the initial value, and with bounded
curvature at each time slice, is called a standard solution.
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The noncompact Ricci flow with the standard capped cylinder as the
initial value, and with bounded curvature at each time slice, is called
the standard solution.

Remark 8.1.2 By Shi’s Theorem 5.1.2, a standard solution exists in
a finite time interval and is complete at each time level. See Lemma
8.1.3 below.

Next we show by computation that the Hamilton-Ivey pinching
Theorem 5.2.4 is preserved by the surgery provided that the parame-
ters gqo and pg are chosen correctly. This is important in understanding
the singularity structure for the restarted Ricci flow. Recall that much
of the understanding of singularities of 3-d Ricci flow relies on this fact:
ancient solutions obtained by blowing up singularities have nonnegative
sectional curvature, a consequence of Hamilton-Ivey pinching.

To simplify the computation, we need to use the following property
for 3 manifolds:

Lemma 8.1.1 At each point of a 3 manifold, there is an orthonormal
frame {e1,ea,e3} such that the curvature operator Rm is diagonal in
the frame {e1 N eg,e3 A e1,ea Aes}t. The corresponding eigenvalues are
given, under the notations of Definition 3.2.2, by

A=2< Rm(el, 62)62, e1 >= 2R1901,
nw=2< Rm(€3, 61)61, e3 >= 2R3113,
v=2< Rm(eg,ez)es, ea >= 2Ro339.

The proof of this lemma is left as
Exercise 8.1.1 Give a proof of Lemma 8.1.1.

Lemma 8.1.2 (Hamilton-Ivey pinching under surgeries) There are
universal positive constants dg, qo, po with the following properties. Sup-
pose, at time T, a (r,0) surgery with cut off radius h has taken place
(at a & neck of radius h). Here § < &y, h? < 1/(2¢2In(1 + T)) and qq,
po are the numbers chosen in (8.1.2) to define the surgery. Then the
following conclusions hold.

(i) Let R be the scalar curvature of the metric § and i be the least
etgenvalues of the curvature operator. Then

R> (=0)[In(—=%) +In(1 + T) — 3]

when v < 0.
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(ii) After scaling with h=2, any metric ball B(p,d~'/2h,§), centered
in the surgery cap is § close, in the C [5=4/2) topology, to the correspond-

ing ball of the standard capped infinite cylinder.

PROOF. (i) The proof is by direct computation along the surgery cap.
Step 1. We compute Rijkl (the curvature tensor of the metric g =
e"2/g) in the case 0 < z < 2.
Let {e1,e2,e3} be an orthonormal basis for g, centered at a point
x. By direct computation using (3.2.4) and (3.1.3), we have

Raped = € [Rapea — |V f1*(GadGbc — GacGba) — (fac + fafe)Tod
— (foa + fofd)Gac + (faa + fafd)Toe + (foc + fofe)Tad]-

(8.1.3)
Here Vf is the gradient of f with respect to g; fa,... are the compo-
nents of df, and fg.,... are the components of Hessian of f under the
local basis.
Note that

{ea=¢leq, a=1,23}

is an orthonormal frame for g. Then
ﬁabcd = Rklmnellfaséééénégy

are the components of the curvature tensor under {é,, a = 1,2,3}.
By (8.1.3), the following formulas hold at x:

Rabcd = e2f [Rabcd - ’?.ﬂz(éad(sbc - 5acébd) - (fac + fafc)ébd
— (fod + fofa)dac + (fad + fafa)Obe + (foc + fbfc)5tz(d]7
8.1.4)
R=e*(R+4Af —2|Vf]). (8.1.5)

Here A is the Laplacian under g.

By definition of § necks, we know that the scaled metric h~2§ can
be regarded as a metric defined on a segment of the cylinder S? x R.
At a point z in such a segment, let {e1, e2, e3} be an orthonormal basis
with respect to g, such that {e; A ea,e3 A e1,ea A eg} diagonalizes the
curvature operator Rm, as specified by Lemma 8.1.1. We use )\, ji and
v to denote the eigenvalues of Rm under this basis, which are arranged
in decreasing order.

Under the standard metric gy on S? x R, the curvature operator
has eigenvalues 1/2,0,0. Since h~2g is § close to gg in ol topology,
we have

_ _ _ _ 1 _
|Rsnis| + [Rassal = O(0)h ™2, |Rizon — 2! = OW@)h . (81.6)
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We recall that the z direction is the axis of the cylinder S? x R.. So the
¢ closeness also allows us to arrange e;, ¢ = 1,2, 3 in such a way that

4 0 _ _ _ _
les — h 1£|90:O(5)h L | Vsz—h7 Y =0(6)h 1,

IViz| 4+ |Vaz| = O(0)h™", V2,2l =0(0)h™%, a,b=1,2,3.

Here V,z means the covariant derivative V., z, and V2,2 means the

Hessian V2 as specified in Definition 3.2.1. Note that

€a,ep?
Vaf(2) = F'(2)Vaz Vayf(z) = F()V2 42 + () VazVse.

Observe also
F'(2) = a0e " poz 2 f"(2) = qoe P (pgz ! = 2p02 7).

Hence for any small 6 > 0, we can choose ¢y > 0 sufficiently small and
po > 0 sufficiently large such that

O 1+ G+ IF @ <0f'(),  f(z) <6, z€[0,3].

(8.1.7)
This shows
’?af( )‘ < _1f”(2)7 a = 172737
|? f(2)] = O0(0)h2f"(z), unless a=b=3 (8.1.8)
V3, 3f( ) = h72f"(2)| = OB)h 2" (2).
Combining (8.1.4), (8.1.5), (8.1.6) with (8.1.8), we arrive at the
estimate: for sufficiently small 6,6 > 0,
Rizo1 = Riso1 — (0(0 8))h 2 f"(2),

(0(0) +O)h™"f

Raiig = Raiiz — (0(0) + O(6)h > f"(2) + h 2 £ (2),

Razzo = Rozzo — (0(0) + O(6))h 2" (2) + h 2 £ (2),

Raped = (O(0) + O(0))h 2 f"(2), the rest of indices abcd

] ] (8.1.9)
Let A, i and © be the eigenvalues of Rm, listed in decreasing order.
Since {é,,a = 1,2,3} is an orthonormal frame for g, we know from
Remark 3.2.5 that

R= 2[]%1221 + Rai13 + R2332]-

Hence

R>R+[4—(00)+0)]h?f"(z) > R
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b7+ [2— (000) + OQ)Ih 2" (2) = 7.

If 7 > —e?, then the assumption that h=2 > 2¢?In(1 + t) implies

h2 > e*In(1 +t)
(=) [In(=7) + In(1 +t) — 3].

Here we have used the property that the scalar curvature of S x R is
1 and Rh? is a perturbation of 1.
If 7 < —e?, then the pinching property on R shows

R>R>(—)[In(—p) + In(1 +t) — 3]
> (—9)[In(—p) + In(1 + ) — 3).

Here we have used the fact that the function xInx is increasing when
x > e and that —v < —v. This shows the desired pinching holds in the
zone 0 < z < 2.

Step 2. The case 2 < z < 4.

Since h™2g is § close, in ol topology, to gg, we can write

g =en2gy+ oh?e=20(9).

In this case f”(z) is bounded from below by a positive constant. When
qo is sufficiently small and pg is sufficiently large, we know the cur-
vature operator of the metric e 2/ gy is positive definite. This can be
confirmed by direct calculation in the similar manner as in the pre-
vious step, which we leave as Exercise 8.1.2 below. Hence, when 4 is
sufficiently small, the curvature operator Rm is also positive definite,
and the pinching property holds automatically.

The last statement of the lemma is obvious from the definition of
surgeries. ]

Exercise 8.1.2 Carry out the calculation in Step 2 above, i.e. show
that the curvature of e=%f gy is positive definite when z € [2,4], qo is
sufficiently small and pg is sufficiently large.

The following lemma tells us that the life span of any standard so-
lution is [0,1) and the scalar curvature at every point tends to infinity
when time approaches 1. Note that the life span for all standard so-
lutions are the same even though their initial values are different in a
compact set.
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Lemma 8.1.3 A standard solution g = g(t) satisfies the following
properties.

(i) The curvature operator is nonnegative and the scalar curvature
s positive everywhere during the time of existence.

(ii) The life span of the solution is the time interval [0,1).

(iii) The scalar curvature is bounded at each time slice and satisfies
the lower bound:

R(z,t) > C/(1 —1t)

for some constant C' depending only on the initial value.

PROOF. (i) This is an immediate consequence of the strong maximum
principle for Ricci flow Theorem 5.2.2, which is applicable since the
curvature is uniformly bounded in each time slice.

(ii) Let [0, Ts) be the life span of a standard solution. First we show
that T, < 1.

Suppose Ts > 1. Pick a sequence of points x; € M, i = 1,2,...,
which tends to infinity in the time zero slice. Then by Hamilton’s
compactness Theoremb.3.5, there exists a subsequence of the marked
manifold (M, x;,g(t)), t € [0,1), which converges, in C}2,, topology, to
some marked Ricci flow (Moo, Zoo, goo(t)). The required injectivity ra-
dius lower bound in the cited theorem is the consequence of finite time
k noncollapsing property of standard solutions. This property holds as
in the case of compact Ricci flows since the curvature is bounded at
each time slice.

Observe that go,(0) is the standard metric on S? x R.. So the unique-
ness of standard solutions ( [ChZ2], [LT]) implies that (Mso, oo, goo (1))
is the standard Ricci flow on S? x R, i.e. the shrinking cylinder. The
later has life span [0, 1) and the curvature blows up as ¢ — 1 uniformly.
Hence there exists z; and ¢; — 1 such that the curvature of (M, g) at
(x4, t;) is arbitrarily large. This shows T < 1.

Suppose Ts < 1. Then there exists a sequence {z;} C M and t; — T}
such that lim; . R(x;,t;) = oco. We observe that d(x;,x1,0) is uni-
formly bounded. Otherwise, argue as in the previous paragraph, there
exists a subsequence, still denoted by {z;}, such that the marked mani-
fold (Mo, Zoo, goo(t)) converges to the shrinking cylinder in C}, topol-
ogy. But the later does not blow up until £ = 1 and the corresponding
curvature is bounded by C/(1 — Ts). Hence the curvature of (M, g) at
(xi,t;) is bounded by 2C/(1 — Ts) when i is large. This is not possible
by the choice of x;. Therefore {x;} is contained in a compact region
measured by the initial metric. Whence we can apply the singularity
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structure Theorem 7.5.1. Note this theorem was stated only for com-
pact Ricci flows. However as a local result, it obviously covers compact
regions in a noncompact Ricci flow. Thus there exist ¢, — 0 and i — oo
such that the region

{(‘Tat) ’ d2($i,$,ti) < Ei_zQi_lu to_ei_ZQi_l S t S t0}7 QZ - R(xlatl)u

is, after scaling by the factor Q);, €; close to the corresponding region of
some orientable « solution in the C'¢ ] topology. By Proposition 7.4.1,
the asymptotic volume ratio of the x solution is 0. Hence, for any small
0 > 0, there exists A > 1 such that

|B(i, (VQi) ™" At g [(V Q)14 < 6.

Since the curvature is nonnegative, the classical volume comparison

Theorem 3.5.1 shows, for any r > (v/Q;) 1A, it holds
|B(zi, 7, i) gt,) 3 < 6.

Since Q; — oo, this implies, for any fixed r > 0,

zliglo |B(2i, 7, i) | gt,) =3 =0.
Pick a fixed large r and a point y such that d(x;,y,0) = r and

x; € B(y,r,0).

Then we would have, by the classical volume comparison theorem,

zliglo |B(Y,7/2,t)|g(t:) 3 =0.

This contradicts the finite time s noncollapsing property of standard
solutions. This property is proven in exactly the same way as Theorem
6.1.2 in the compact case, since the curvature is bounded in each time
slice. This contradiction shows T = 1. The proof of (ii) is done.

(iii) We claim that lim; ;- R(z,t) = oo for any x € M. Suppose
not. Then there exist {x;} C M and t; — 1~ such that R(z;,t;) <
Co < o0, i = 1,2,3,.... First we point out that {z;} must stay in
D, a compact set under g(0). For otherwise there is a subsequence,
still called {z;}, going to oo, such that R(x;,t;) < Cp. From the proof
of (ii), for any § > 0 and A > 0, when ¢ is sufficiently large, the
standard solution in B(x;, A,0) x [0,1— 4] is close to the corresponding
region of the standard shrinking cylinder. The scalar curvature of the
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shrinking cylinder at time ¢ is a/(1—t) for some a > 0. Hence R(z;,t;) >
2a/(1 — t;), which contradicts with the assumption R(z;,t;) < Co.
Therefore {x;} must stay in some compact set D. Thus there exists a
point z and a subsequence of {t;}, still called {t;} such that R(z,t;) <
Coy, i = 1,2,.... But the principle of bounded curvature at bounded
distance (established in Step 3 of the proof of Theorem 7.5.1) would
mean that R(y,t;) is bounded if d(z,y,t;) is bounded. Following Step
4 of the same theorem, we know that R(x,1) is actually bounded for
all x € M. So the standard solution would live beyond ¢ = 1. This is a
contradiction to part (ii). Therefore the claim is true.

As explained in the proof of (ii), the singularity structure Theorem
7.5.1 holds for standard solutions. So high curvature regions of the
standard solution are sufficiently close to a portion of the k solution.
By this proximity and Theorem 7.4.2 (iv), the gradient bounds hold
for the standard solution. Let © € M, t € [0,1). Suppose R(z,t) is
sufficiently large, then there exists constant 1 > 0 such that

|0;R(z,t)| < nR2.

Since lim;_,;- R(z,t) = oo, we can integrate the above to deduce
R(z,t) > ¢/(1 —1t). O

The above proof is adopted from Section 61 of [KL]. One can also
consult Section 7.4 in [CZ], and Chapter 12 of [MT] for very detailed
proof.

Lemma 8.1.4 The standard solution (R3,g(t)) enjoys a canonical
neighborhood property in the following sense.

For any sufficiently small € > 0, there is a positive constant C(e)
such that each point (x,t) € R3 x [0,1) has an open neighborhood B,
with B(z,r,t) C B C B(x,2r,t), r € (0, C(e)R(z,t)~1/?), which is
one of the following two types:

(i). B is an € cap, or

(ii). B is an € neck.

Moreover, B in case (ii) is the time t slice of the parabolic neigh-
borhood

B(z, e 'R(z,t)"Y2,t) x [t — min{R(z,t)"",t}, {].

The later is, after scaling by R(x,t) and shifting time t to zero, € close in
the Cl<™) topology, to the corresponding subset of the evolving standard
cylinder S? x R over the time interval [-min{tR(xz,t),1}, 0].
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PROOF. The proof is similar to that of Theorem 7.5.1. See [CZ] p427
e.g. O

Exercise 8.1.3 Prove Lemma 8.1.4.

Now we define precisely the surgery process for a 3 dimensional
Ricci flow.

Let (M,g(t)) be a Ricci flow on a compact manifold M, which is
smooth on the time interval [S,T'), but which becomes singular at time
T. We write

Q={zeM| limsup R(z,t) < oo}.
t—=T—
By Shi’s local derivative estimate (Theorem 5.3.2), we know that
lim; - R(x,t) exists when = € . Let r be the parameter in the
canonical neighborhood property for g(t), t € [S,T). For some p < r,
we write

0, ={reQ| lim R(1) <1/}

Definition 8.1.5 (surgery procedures) The surgery at the singular
time T is consisted of the following procedures.

(i) Perform (r,0) surgery for all € horns connected with Q.

(ii) Discard every compact component (without boundary) having
positive sectional curvature.

(iii) Discard all capped horns and double horns lying in 2 — Q.

(iv) Discard all compact components (without boundary) lying in
Q-Q,.

Remark 8.1.3 The topology of the discarded parts are all well under-
stood. The discarded components in procedure (i) are diffeomorphic to
S3 or its metric quotient by the pioneering work of Hamilton [Hal].
Since p < r, by the canonical neighborhood property, shortly before the
singular time, those discarded items in (iv) are covered by canonical
neighborhoods. If they are compact with positive sectional curvature,
then they are thrown away by procedure (ii). Otherwise, they are cov-
ered entirely by € necks or caps.

Let N be one of these components. If N contains a cap, then either
there is a cap or a neck adjacent to it. In the former case, N is diffeo-
morphic to S%, RP3 or the connected sum of two copies of RP3. In the
latter case, there is either a cap or a neck adjacent to the neck. This
process must stop with the appearance of a cap eventually. Therefore N
again is diffeomorphic to S*, RP3 or the connected sum of two copies of
RP3. Recall we are looking at a time shortly before the singular time T .
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If N does not contain a cap, then it is covered entirely by necks. Since
N is smooth, compact and orientable, the necks must repeat. Thus N
is diffeomorphic to S x S*.

Next we introduce certain a priori conditions (also called a priori
assumptions) on a Ricci flow (M, g) with surgeries, which is hoped
persist for a long time.

Definition 8.1.6 (a priori assumption of accuracy € for Ricci flow
with surgeries)

1. Pinching assumption. The eigenvalues A > p > v of the curvature
operator and the scalar curvature R at each space time point satisfy, if
v <0,

R> —v[ln(—v) +1In(1+1¢) - 3].

2. Strong canonical neighborhood property (assumptions) with pa-
rameter:(scale) r and accuracy e.

For any fixed and sufficiently small € > 0, there exists a posi-
tive nonincreasing function of time r = r(t) such that at each space
time point (z,t) with R(x,t) > r7%(t) has a neighborhood B, sat-
isfying B(z,0,t) € B C B(z,20,t) for some o € (0,cR™'/2(x,t)),
¢ =c(e) > 0, and which falls into one of the three types.

(i) B is a strong (evolving) € neck, i.e. after scaling by factor R(x,t)
and shifting time t to zero, the region in space time

{(y,5) |y € B,s € [t — R(x, )", 1]}
l[f);l] topology, to the subset of the evolving standard round
cylinder S? x R over the time interval [—1,0], which at time zero, is
S? x [—e~ 1 e~ Y with scalar curvature 1.

(ii) B is an evolving € cap, i.e. B is an evolving € neck outside some
suitable compact set that is diffeomorphic to the standard three ball or
the punctured RP3.

(iii) B and therefore M, is a compact manifold of positive sectional
curvature.

is € close, in C

(iv) Moreover, there exists a positive constant C = C(€) such that
for any y € B, it holds

C™'R(x,t) < R(y,t) < CR(z,1);

and the volume of B in cases (i) and (i) satisfies (CR(x,t))~%/% <
|B|g(t) § 60'3.
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(v) Finally, the gradient bounds are valid for x € B and a universal
constant n > 0:

IVR(z,t)| < nR*?, |,R(x,t)| < nR>.

Remark 8.1.4 Note that an evolving € cap is not required to have 1 as
the scaled life span. The life span can be smaller. In contrast, a strong
€ neck has a scaled life span 1. So there can not be a surgery that is
“too close” to the vertex (x,t) of the neck in the time direction. This
property is desirable when one tries to rule out infinitely many surgeries
wn finite time.

Perelman proved that any small € horn contains a strong 0 neck
when ¢ is also sufficiently small.

Proposition 8.1.1 (Lemma 4.3 [P2]) Let (M, g) be a Ricci flow with
surgery, starting with a normalized initial metric, satisfying the a priori
assumption with accuracy €, defined on the time interval [0,T), going
singular at time T'. Let r(T) be the scale in the strong canonical neigh-
borhood property. Pick 6 € (0,1) and write p = or(T'). Suppose (z,T')
lies in an € horn whose boundary is contained in €),. Here e < eg which
is sufficiently small. Then there ezists h € (0,9p) depending only on 6,
€0, r(T) such that the following holds:
Suppose R(x,T) > h=2. Then the parabolic region

P(z,T,6 'R(z, 7)™, T — R(x,t)"",T)
={(y,s)|d(z,y,s) < 5_1R(33,T)_1/2, se (T - R(m,t)_l,T)}

is a strong § neck.

PRrROOF. The proof is by scaling and contradiction, which is similar to
Steps 3-5 of Theorem 7.5.1. One can see Lemma 7.3.2 [CZ], Lemma
71.1 of [KL] and Theorem 11.29 [MT] for the same proof.

Suppose the proposition is not true. Then, for a fixed 6 € (0,¢),
there exists a sequence of Ricci flow with surgery {(MF¥, ¢*)}, k =
1,2,..., satisfying the conditions of the proposition, and points z* €
MP*, lying inside an € horn on M*, and numbers h(z*) — 07, such that
the parabolic regions

PFaF, T, 67 h(z®), T — h2(2®), T), k=1,2,...

are not strong ¢ necks. Here h?(z*) is the reciprocal of scalar curvature
at (2%, 7).
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Consider the rescaled flow
gk('7 S) = h_z(xk)gk('v hz(:Ek)s + T)

Since h(xz*) — 0, each z¥ lying deep in the ¢ horn has a strong ¢
neck as its canonical neighborhood. This statement is a result of the
a priori assumption. Therefore, for each A > 0 and large k, the ball
B(zF, A, §%(-,0)) is unscathed by surgery in a uniform time interval
[—50(A), 0]. Here the uniformity means so(A) is independent of k. This
observation tells us there is large enough region under the scaled met-
rics, where surgeries do not interfere.

Now we are in a situation where we can apply the argument in
Step 3 of the proof of Theorem 7.5.1 (bounded curvature at bounded
distance). Thus there exists J(A) > 0 such that

|Rmg(y,0)| < J(4), y e B(* A,5.0)).

Hence, a subsequence of §F converges, in C§° topology, to a limit Ricci
flow (M, G°°(-,s)). This limit flow exists in a relatively open domain
of M x (—o0,0], which contains the time slice M> x {0}.

The pinching assumption, as part of the a priori assumptions, shows
that the limit flow has nonnegative curvature. Since z* is contained in
a strong € neck, we know the limit manifold has two ends. The To-
ponogov splitting theorem (Theorem 7.1.1, part 1) implies that the
limit manifold is M*° = N x R where NN is compact 2 manifold with
positive curvature. Observe that N is diffeomorphic to S? because a
segment of M° is the limit of € necks. Using the a priori assumptions,
the limit flow (M, g>), as limit of scaled strong e necks, exists in
the time interval [—1,0]. Now we can just follow step 5 in the proof of
Theorem 7.5.1 to conclude that (M°,§>) exists in the time interval
(—00,0] and is a k solution. Thus (NN, g*°|y) is a 2 dimensional  solu-
tion. Here g™ |y is the restriction of ¢° to N. Since N is diffeomorphic
to S2, Theorem 7.1.3 shows M = S? x R.

Hence the region P*(z*, T,6 ' h(z*), T — h?(2*),T) is a strong §
neck when k£ is large. This contradiction proves the proposition. O

8.2 W entropy, Sobolev inequalities, little loop
conjecture with surgeries
A crucial step in Perelman’s work on Poincaré and Geometrization

conjectures is the xk noncollapsing result for Ricci flow with or with-
out surgeries [P1] and [P2]. The proof of this result in the surgery
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case requires truly complicated calculation using such new concepts as
reduced distance, admissible curve, barely admissible curve, gradient
estimate of scalar curvature etc. This is elucidated in great length by
Cao and Zhu [CZ], Kleiner and Lott [KL], Morgan and Tian [MT] and
Tao [Tao.

In this section we present a result in [Z4]. There we prove a uniform
Sobolev inequality for Ricci flow, which is independent of the number
of surgeries. It is well known that uniform Sobolev inequalities are es-
sential in that they encode rich analytical and geometrical information
on the manifold. These include noncollapsing, isoperimetric inequali-
ties, etc. As a consequence, a strong noncollapsing result is obtained.
It includes Perelman’s k noncollapsing with surgery as a special case.
The result also requires less assumptions. For instance we do not need
the canonical neighborhood property for the whole manifold (see Re-
mark 8.2.1 below). In the proof, we use only Perelman’s W entropy and
some analysis of the minimizer equation of the W entropy on horn like
manifolds. Hence it is shorter and seems more accessible. It also gives
a proof of Hamilton’s little loop conjecture in the surgery case, which
was still open. The nonsurgery case was proved by Perelman as a result
of his k noncollapsing theorem. See Remark 8.2.3 after the statement
of the theorem in this section.

Let M be a compact Riemann manifold of dimension n > 3 and g¢
be the metric. Then a Sobolev inequality of the following form holds:
there exist positive constants A, B such that, for all v € W2(M, g),

(/vz"/("‘z)du(g)>(n_2)/n < A/\W\zdu(gHB/deu(Q)- (8:2.1)

This inequality was proven by Aubin [Au] for A = K2(n) + ¢ with
e > 0 and B depending on bounds on the injectivity radius, sectional
curvatures and e. Here K (n) is the best constant in the Sobolev imbed-
ding for R". Hebey [Heb1]| showed that B can be chosen to depend only
on €, the injectivity radius and the lower bound of the Ricci curvature.
Hebey and Vaugon [HV] proved that one can even take ¢ = 0. However
the constant B will also depend on the derivatives of the curvature ten-
sor. Hence, the controlling geometric quantities for B as stated above
are not invariant under the Ricci flow in general. Theorem 8.2.1 be-
low states that a Sobolev inequality of the above type holds uniformly
under 3 dimensional Ricci flow in finite time, even in the presence of
indefinite number of surgeries.

In order to state the theorem, we first introduce and recall some no-
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tations. We use (M, g(t)) to denote Hamilton’s Ricci flow, % = —2Ric.
If a surgery occurs at time ¢, then (M, g(¢~)) denotes the pre surgery
manifold (the one right before the surgery); and (M, g(t")) denotes
the post surgery manifold (the one right after the surgery). As usual,
the ball of radius r with respect to the metric g(t), centered at z, is
denoted by B(z,r,t). The scalar curvature is denoted by R = R(z,t)
and Ry = sup R~ (x,0). Rm denotes the full curvature tensor. dyu(g(t))
denotes the volume element. vol(M(g(t)) or [M(g(t))] is the total vol-
ume of M under ¢(t). For a point (z¢,%p) in space time and r > 0, we
define the parabolic ball

P(xg,to, 7, —12) = {(x,t) | d(zo, z,t) <7, t € (tg — r°, 1) }.

Definition 8.2.1 (scathed region) We say that a region in space time
is scathed if a surgery cuts off some points of the region. Otherwise we
say a region is unscathed.

We recall the following definition of x noncollapsing by Perelman
[P2], as elucidated in Definition 77.9 of [KL].

Definition 8.2.2 ((weak) k noncollapsing with surgeries).

Let (M, g(t)) be a 3 dimensional Ricci flow with surgery defined
on the time interval [a,b]. Suppose that xg € M, ty € [a,b] and r >
0 are such that to — r> > a, B(zo,7,t9) C M is a proper ball and
the parabolic ball P(xg,to,r, —1?) is unscathed. Then M is (weak) K
noncollapsed or (weak) k noncollapsing at (xo,to) at scale r if |[Rm| <
r=2 on P(xg,to,r,—12) and |B(xg,7,t0)| > kr3.

Here we introduce

Definition 8.2.3 (strong x noncollapsing) Let M be a 3 dimensional
Ricci flow with surgery defined on the time interval |a,b]. Suppose that
xo € M, tg € [a,b] and r > 0 are such that B(xg,r,to) C M is a proper
ball. Then M is strong k mnoncollapsed or strong k mnoncollapsing at
(wo,t0) at scale r if the scalar curvature satisfies R < r=2 on B(wo,,to)
and |B(zo,7,t0)| > K13,

This strong « noncollapsing improves the x noncollapsing on two
aspects. One is that only information on the metric balls on one time
level is needed. Thus it bypasses the complicated issue that a parabolic
ball may be cut by a surgery. The other is that it only requires scalar
curvature upper bound.

The main result of the section is
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Theorem 8.2.1 Given real numbers Ty < Ty, let (M, g(t)) be an =3
dimensional Ricci flow with normalized initial metric defined on the
time interval containing [T, Ts]. Suppose the following conditions are
met.

(a) There are finitely many (r,0) surgeries in [T1,Ts], occurring in
€ horns of radit r. Here v < ry and € < €y, with rog and ey being fived
sufficiently small positive numbers less than 1. The surgery radii are
h < 6%r, i.e. the surgeries occur in § necks of radius h < 8%r. Here
0 < < 8y where 69 = dp(ro,e0) > 0 is sufficiently small. Outside of
the € horns, the Ricci flow is smooth.

(b) For a constant ¢ > 0 and any point x in all the above € horns, the
following holds: There is a region U, satisfying, B($,ce_1R_1/2(x)) C
U C B(x,2ce *R™Y%(x)), such that, after scaling by a factor R(x), it
is € close in the Cl€'] topology to S? x (—e=1 e 1),

Also for any x in the modified part of the € horn immediately after a
surgery, the following holds: the ball B(z, e 'R~Y/2(x)), is, after scaling
by a factor R(x), € close in the ol topology to the corresponding ball
of the standard capped infinite cylinder.

(c) For Ay > 0, the Sobolev imbedding for n = 3

(n—2)/n
< / Uz”““’du(g(ﬂ))) < A / (4/Vol? + Rv?)du(9(T1))
+A1/v2du(g(T1))

holds for all v € WH2(M, g(T1)).
Then for all t € (Ty,Ts], the Sobolev imbedding below holds for all
v e WI2(M, g(t)).

(n—2)/n
([ooauao))" " < a2 [avef + Re2)autote)
nyy / v2dp(g(t)).
Here

Ay = C(Ay,sup R (2,0),T5,T1, sup Vol(M(g(t))) )
te[Tl,TQ]

1s independent of the number of surgeries or r.
Moreover, the Ricci flow is strong k noncollapsed in the whole in-
terval [Th,T5] under scale 1 where r depends only on As.
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Finally, the surgery radius h can be chosen as any h < zyrP where
p is any number greater than one and zy = zo(€,p) > 0 is sufficiently
small.

By the work of Hebey [Hebl], at any given time, a Sobolev imbed-
ding always holds with constants depending on lower bound of Ricci
curvature and injectivity radius. So one can replace assumption (c) by
the assumption that (M, g(77)) is x noncollapsed and that the canon-
ical neighborhood assumption (with a fixed radius 79 > 0 and ¢y > 0)
at 17 holds. It is easy to see that these together imply the Sobolev
imbedding at time 77.

We assume as usual that, at a surgery, we throw away all compact
components with positive sectional curvature, and also capped horns,
double horns and all compact components lying in the region where
R > r~2. In the extra assumption that the Ricci flow is smooth outside
of the € horns, we have excluded these deleted items. It is known that
vol (M (g(t)) < C(1+t%2). If one can choose the initial scalar curvature
to be nonnegative everywhere, then A can be chosen as a constant
independent of the life span of Ricci flow. This is due to the fact that
the volume does not increase with time and that the Sobolev constant
is uniformly bounded in this case (c.f. Theorem 6.2.1).

Remark 8.2.1 With the exception of using the monotonicity of Perel-
man’s W entropy, the proof of Theorem 8.2.1 uses only long es-
tablished results. Under (r,0) surgery, assumption (b) is clearly im-
plied by, but much weaker than the canonical neighborhood prop-
erty on the whole manifold M, which was used in all the papers
so far. In particular there is no need for the gradient estimate on
the scalar curvature, which is difficult to prove by itself. Also the
surgery does mnot have to fall on a strong d neck for the theorem
to hold.

However, in proving long time existence of Ricci flow with surgery,
one has to show that the canonical neighborhood property holds, by a
delicate contradiction argument. (See [P2], [CZ], [KL], [MT], [Tao]
and the next chapter of the book). In this argument one supposes the
canonical neighborhood property with a fived accuracy first breaks down
at certain time. Then it can be shown that the canonical neighborhood
property with a worse accuracy holds at this time. Using this one can
prove the weak k noncollapsing property which in term will lead to a
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contradiction through a blow-up argument. During this process the gra-
dient estimate for the scalar curvature is still required. Also this proof
of noncollapsing with surgeries via Theorem 8.2.1 seems to work only
in the case of Poincaré conjecture. For the full geometrization conjec-
ture, so far one has to use Perelman’s argument via reduced distance
and volume to derive a localized k noncollapsing result.

Remark 8.2.2 In [Z2], it was shown that under a Ricci flow with finite
number of surgeries in finite time, a uniform Sobolev imbedding holds.
Recently, in the preprint, The logarithmic Sobolev inequality along the
Ricci flow, by Ye, Rugang, arXiv: 0707.2424v4, 2007, a similar result
depending on the number of surgeries was stated without proof.

Remark 8.2.3 The strong noncollapsing result clearly implies Hamil-
ton’s little loop conjecture with surgeries [Ha7] Section 15, i.e. if the
scalar curvature in a geodesic ball of radius W is bounded from above
by const./W?, then the injectivity radius at the center of the ball is
bounded from below by const.W .

The congjecture was proved by Perelman [P1] only in the case without
surgery. In the case with surgery, using the method of reduced distance
etc., Perelman [P2] proved the lower bound of the injectivity radius un-
der the more restrictive assumption that the curvature tensor is bounded
i a parabolic cube that is also unscathed by surgeries. However, a pri-
ort, there is no knowledge on whether a surgery takes place.

Let us outline the proof of the theorem. Recall Perelman’s W en-
tropy and its monotonicity. They are in fact the monotonicity of the
best constants of the Log Sobolev inequality with certain parameters.
If a Ricci flow is smooth over a finite time interval, then the best con-
stants of the Log Sobolev inequality with a changing parameter does
not decrease. If a Ricci flow undergoes a (7, §) surgery with ¢ sufficiently
small, then the best constant only decreases by at most a constant times
the change in volume. This proves the essential monotonicity of the
infimum of the W entropy under surgeries (see (8.2.36) and (8.2.37)
below). Due to its potential independent interest, we single out this
result as a separate theorem here.

At a given time ¢ in a Ricci flow (M, g(t)) and for o > 0, let us
define

M2 (g(t)) = inf{/[a2(4]Vv]2 + Re?)

— v Invdu(g(t)) —nlno | v € C®(M), |lv|s = 1}.
(8.2.2)
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The number n
A — In(4m)

o2 T

can be regarded as the infimum of the W entropy with parameter o2

by defining u = v2. Note that A,2(g(t)) can also be thought as the best
Log Sobolev constant with parameter 2. If ¢ is a surgery time, then
A2 (g(tT)) stands for the best Log Sobolev constant with parameter o
for the manifold right after surgery; and

Ag? (g(t_)) = lim A2 (g(S))

s—t—

The main work in proving Theorem 8.2.1 is to prove the following

Theorem 8.2.2 Suppose a Ricci flow (M, g) satisfies conditions (a)
and (b) of the previous theorem. Suppose a (r,d) surgery occurs at time
T and o € (0,1]. There exist positive constants Ay and hg, independent
of T or o such that the following holds: if A\,2(g(TT)) < —Ag and the
surgery radius is smaller than hg, then

A2 (9(T7)) < Ap2 (9(T7)) + clvol(M(T 7)) — vol (M(TT))].

Here vol(M(T ™)) is the volume of the pre-surgery manifold at T and
vol(M(TT)) is the volume of the post-surgery manifold at T, and c is
a positive constant.

The proof is achieved by a weighted estimate of Agmon type for
the minimizing equation of the W entropy. The method is motivated
by those at the end of [P2] and [KL] where the change of eigenvalues
of the linear operator 4A — R was studied. Since our case is nonlinear
and contains an extra parameter, the more analysis and estimates are
needed. In the end we prove, in finite time, the best constant of the
log Sobolev inequality (c.f. L. Gross [Gro]) with certain parameters is
uniformly bounded from below by a negative constant, regardless of
the number of surgeries. This uniform log Sobolev inequality is then
converted by known method to the desired uniform Sobolev inequal-
ity which in turn yields strong noncollapsing. The estimate about the
change of the best constant of the log Sobolev inequality under one
surgery seems to have independent interest in addition to Ricci flow.

We will need three lemmas before carrying out the proof of the
theorem. Much of the analysis is focused on the € horn where a surgery
takes place. So we will fix some notations and basic facts concerning
the € horn and the surgery cap. Also we will use ¢ with or without
index to denote generic positive constants.
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Recall that a (r,0) surgery occurs deep inside an € horn of radius
r. The horn is cut open at the place where the radius is h < §%r. Then
a cap is attached and a smooth metric is constructed by interpolating
between the metric on the horn and the metric on the cap. The resulting
manifold right after the surgery is denoted by M+ and the € horn thus
modified by the surgery is called a capped € horn with radius r.

Let D be a capped € horn. By assumption, a region N around the
boundary 0D equipped with the scaled metric er~2g is € close, in the
clel topology, to the standard round neck S% x (—e~1,e~1). Here c is
a generic positive constant such that ¢r~2 equals the scalar curvature
at a point on dD. For this reason we will often take ¢ = 1.

Let II be the diffeomorphism from the standard round neck to N in
the definition of e closeness. Denote by z for a number in (—e~ ! e71).
For § € S?, (0, 2) is a parametrization of N via the diffeomorphism II.
We can identify the metric on N with its pull back on the round neck
by II in this manner. We normalize the parameters so that the capped
€ horn lies in the region where z > 0.

Next we define

[(4|Vv]? + Rv*)du(g)
(n

YD) = {(fv2n/(n 2)( (g)) —2)/n |

veCF(DUN),v > 0}.
(8.2.3)

Proposition 8.2.1 For sufficiently small ¢ > 0, there exists positive
constants C1,Cy such that

Cy <Y(D) < Co. (8.2.4)

PROOF. Since R is positive in DUN, Y(D) is bounded from above and
below by constant multiples of the Yamabe constant

n—1
{/4 2| Vo ReOAM9) | ooy ey, > 0,

|
([ w2/ (=2 dp(g ))(n 2)/n

So it suffices to prove that the Yamabe constant is bounded between
two positive constants.

Let g = g(x) be the metric on D U N then Yy(D) stays the same
under the metric g;(z) = R(x)g(x).

Consider the manifold (D U N, g1). By assumption and the (r,0)
surgery procedure, there is a fixed 7o > 0 such that for any x € DUN,
the ball B(x,rg) under go(y) = R(x)g(y), y € B(x,10) is € close (in
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cle] topology) to a part of the standard capped infinite cylinder.
Therefore, for y in the same geodesic ball, the scaled scalar curvature

R~ (z)R(y)

is € close under C° 2 norm, to a positive function. This positive func-
tion is the scalar curvature in the standard capped cylinder, which is
both uniformly bounded away from 0 and bounded from above. Actu-
ally

R(y) = R(z)(h(y) +&(y,€))

where h(y) = 1 when y is away from the surgery cap and h(y) is the
scalar curvature of the surgery cap otherwise. The C [ =2 pnorm of 13
is less than const.e.

Hence, for y away from the surgery cap and under the metric
91(y) = R(y)g(y), the same geodesic ball, is € close (in Cle'-2] topol-
ogy) to a part of the standard capped infinite cylinder. For y in the
surgery cap, since h = h(y) has bounded C? norm, the curvatures under
91(y) = R(y)g(y) are uniformly bounded.

Since e is sufficiently small, we know that the injectivity radius of
(DUN, ¢1) is bounded from below by a positive constant; and its Ricci
curvature is bounded from below. Actually it is easy to see that these
hold for a much larger domain containing (D U N, g1). By Proposition
6 in [Hebl], we can find a positive constant C' such that

(n—2)/n
</v2”/("‘2)du(gl)> < C/]Vlv\ du(g1) +C/ v3dp(gr)

for all v € C§°(D UN). Recall the scalar curvature of (D UN,g) is
bounded between two positive constants outside of the surgery cap.
Inside the surgery cap the scalar curvature is bounded from below by
an absolute negative constant. Therefore for a constant still named C,

) ) (n—2)/n n
([emm2auen) < ful
+ C'/ o?du(gy)

for all v € C§°(D U N). Here « is a nonnegative, smooth function
supported in a neighborhood of the surgery cap, which is bounded
from above by an absolute constant. Also V1 and Ry are the gradient
and scalar curvature under g; respectively. Note R; may not be positive
inside the surgery cap.

+ Ryv?)du(gr)
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Now we scale back to the metric ¢ = R™!(y)g1(y). By conformal in-
variance of all but the last term, it is easy to check that, after renaming
R(=2)/4y by v,

(n—2)/n n —
</02"/("_2)d,u(9)> < C/(4n——;’VU’2 + Ro*)du(g)
+C / v} (z)R(x)a? (z)du(g)

for all v € C§°(DUN). Now the scalar curvature is positive everywhere.

Hence we see that Yy(D) is bounded from below by a positive con-
stant when e is sufficiently small. It is also bounded from above by the
Yamabe constant of S™. Since Yy(D) and Y (D) are comparable, we
have shown that

0 < Const; <Y (D) < Constsy (8.2.5)

when ¢ is sufficiently small.
This proves the proposition. ]
Next we present

Lemma 8.2.1 Let (M™,g) be a manifold right after a (r,d) surgery.
Let D C M™ be a capped € horn of radius r. Here € is a sufficiently
small positive number.

Suppose u with ||u|l2(v+y = 1 4s a positive solution to the equation

0?(4Au — Ru) + 2ulnu + Au + n(lno)u = 0. (8.2.6)

Here 0 > 0 and A <0.
Then there exists a positive constant C' depending only on Y (D), n
but not on the smallness of € such that

supu?® < Cmax(r~",07").
D

PRrROOF. After taking the scaling
g1 = 0'_29, R = O'2R, UL = a2y
we see that u; satisfies
4A w1 — Riug + 2wy Inwqg + Aug = 0.

Since the result in the lemma is independent of the above scaling, we
can just prove it for o = 1.
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So let u be a positive solution to the equation
4Au— Ru+2ulnu+ Au =0

in Mt such that its L? norm is 1. Given any p > 1, it is easy to see
that
—4AuP + pRuP < 2puP In u. (8.2.7)

We select a smooth cut off function ¢ which is one in D and 0
outside of D UN. Writing w = u” and using w¢? as a test function in
(8.2.7), we deduce

1 [ Vwd)Vo s p [ Rwo <2 [(weP

Here in this lemma and next, we will ignore the volume element in
integrations because the metric is fixed. Since the scalar curvature R
is positive in the support of ¢ and p > 1, this shows

1 [ Vwe Vot [ R@o? <p [woy .

Using integration by parts, we have

t [ [wwoP + [ Rwop <4 [[Vopu? +p [(wop . (s28)

We need to dominate the last term in (8.2.8) by the left-hand side
of (8.2.8). For one positive number a to be chosen later, it is clear that

Inu? < u? + c(a).

Hence for any fixed ¢ > n/2, the Holder inequality implies

p [wor i <p [ o)+ peta) [ (wo?

<p ( / u2“q> v < / <w¢>2q/<q-1>)(q_l)/q
+eta) [l

We take a = 1/q so that 2aq = 2. Since the L? norm of u is 1 by
assumption, the above implies

p [wopmad < ( / <w¢>2q/<q-1>) N e [wer
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By interpolation inequality (see p84 [HL] e.g.), it holds, for any b > 0,

(a=1)/q (n—2)/n
< / (w¢)2q/<q—1>> < ( / (w¢)2n/<n—2>>
+elm b/ [ o)

Therefore

(n=2)/n
p/(w¢)2 Inu? <pb </(w¢)2n/(n—2)>

+ e(n, q)pb~/ o) / (wé)? + pela) / (w)?.

(8.2.9)
By the definition of Y'(D) in (8.2.3), we see that (8.2.8) gives

(n=2)/n
Y(D) ( / (w¢)2”/(“‘2>> <4 / Vo |2w? + p / (we)? Inu?.

(8.2.10)
Substituting (8.2.9) to the right-hand side of (8.2.10), we arrive at

(n—2)/n

b ([ wayio) T L e, e Jwor
+eta) [

Take b so that pb = Y (D)/2. It is clear there exist positive constant
c¢c=c(Y(D),n,q) and a = a(n, q) such that

</(w¢)2”/("‘2’>(n_2)/n <e(p+1)° /(\VW Fwl (8.2.11)

From here one can use Moser’s iteration to prove the desired bound.
Let z be the longitudinal parameter for D described before the lemma.
For zo and z; such that —1 < 29 < z; < 0, we construct a smooth
function of z, called ¢ such that {(z) = 1 when z > z1; £(2) = 0
when z < zy and £(z) € (0,1) for the rest of z. Set the test function
¢ =&(2) =&(2(x)). Then it is clear that

c

Vol < m

(8.2.12)
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Write
D;={x e M" | z(x) > %}, i=1,2.

By (8.2.11) and (8.2.12)

2m/(n-2) (n—2)/n 1 )
w AT <cmax{—— 1 p+1°‘/ w.
</D ) e et

Recall that w = wP. We iterate (8.2.13) with p = (n/(n(§22;)3@),
1=20,1,2,... in conjunction with choosing
21 = —(1/2+1/21%2), zo = —(1/2+1/2"1).
Following Moser, we will get
s1[1)pu2 < Cmax(r ",1) /u2.
O

Remark 8.2.4 One can avoid using (8.2.5) but work on each € neck
and the surgery cap directly as above. Then one can show that u?(x) <
C max{R"?(x),0~"}. This weaker bound is sufficient for proving the
main result. This will be clear in the proof below.

The next lemma is a nonlinear version of the result in [P2] and
Lemma 92.10 in [KL]. This estimate has its origin in the weighted
Agmon type estimate of eigenfunctions of the Laplacian.

Lemma 8.2.2 Let (M, g) be any compact manifold without boundary.
Suppose u is a positive solution to the inequality

4Au — Ru+2ulnu + Au > 0 (8.2.14)

with A < 0.
Given a nonnegative function ¢ € C>°(M), ¢ < 1, suppose there
is a smooth function f such that R > 0 in the support of ¢ and that

4V f|? §R—2ln+u+%

also in the support of ¢. Then

A A
—| | \|ef¢u||2 <8 sup ef\/R —2InTu+ —| | + HerQSHOO [lee]|2-
2 zesuppV e 2
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PROOF. The main point of the lemma is that the right-hand side de-
pends only on information in the support of V.
Using integration by parts,

/efqﬁu (—4A + R —2Inu— A — 4|V f|?) (! pu)
_ 4/ V(e )2 + /(ef¢u)2(R 9lnu— A — A4V f]).
By assumption

R—2lnu— A —4Vf|? >|A|/2.

Hence

/ef(bu (—4A + R —2Inu— A — 4|V f]?) (ef pu) > %’/(efqﬁu)z.

(8.2.15)
By straightforward calculation,

left side of (8.2.15) = / (e ¢)?u (—4Au + Ru — 2ulnu — Au)
. / ef pu [8V(ef $)Vu + 4A(ef gb)u}
—4 [ (e ou?vaP
< / ef pu [8V(ef $)Vu + 4A(ef gb)u}
~4 [(ouw?vit
The last step is due to (8.2.14). This together with (8.2.15) yield
% /(ef¢u)2 < —/ef¢u [8(e/6)Vu +4A(e/ ) —4/(ef¢u)2ywy2.
Performing integration by parts on the term containing A, we deduce
%’ / (ef pu)? < —8 / ef uV (ef ) Vu + / 4V (ef $)V (ef gu2)
—4 [t ouw?IvaP
This shows
Bl [erony <a [1weor 4 [l ow?vsp
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Hence
% / (¢! pu)? < 4 / (T ORIVI + 26 (VIV)6 + e[V w2
‘4/ (ef w2 |V £[2.

The first and the last term on the right-hand side cancel to give
A
% /(ef¢u)2 < 8/62f(VfV¢)¢u2 + 4/62f\V¢]2u2.

Note that the integrations on the right side only take place in the
support of V¢. Thus it shows, by assumption on |V f|?,

1Al / (e pu)? < 4 / IV f 2% + 8 / |Vl
2 suppV o
A

< / (R —2Intu+ )¢ + 8/e2fyv¢\2u2.
suppV o 2

So finally

A A
|—2|/(ef¢u)2§ sup e2f(R—2ln+u+|—2|) /u2

resuppV e

+88up62f|v¢|2/u2. O

Lemma 8.2.3 Let (M, g) be any compact manifold without boundary
and X be a domain in M. Define

Ax = inf{/(4|Vv|2 +Ro? — o2 no?) | v e CR(X), |[vlls = 1},
(8.2.16)
Ay = inf{/(4|Vv|2 +Ro? — o2 Ine?) | v e COM), |ofls = 1},

(8.2.17)
Let u(> 0) be a minimizer for A\yr. For any smooth cut-off function
ne Ce(X), 0<n<1, it holds

w?[Vl* [ (un)® Ing?

/
S AT T T T
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PROOF. Since nu/||nullz € C§°(X) and its L? norm is 1, we have, by
definition,

s f [4’V<”“>‘2 R )

[lrull3 Il lull3 " llull3 )

This implies

Al < [ Il + Bo? — 00 nGra)?] + a3 1 3
(8.2.18)
On the other hand, u is a smooth positive solution (cf [Ro]) of the
equation
4Au — Ru + 2ulnvw + Apyu = 0.

Using n?u as a test function for the equation, we deduce

A /(nu)2 = —4/(Au)n2u+ /R(nu)2 - 2/(nu)21nu.

By direct calculation

1 [t =1 [ 9l -4 [ vl

Hence

M [ =4 [ VP~ [ 290P + [ Rw? -2 [0
(8.2.19)
Comparing (8.2.19) with (8.2.18) and noting that ||nul|s < 1, we obtain

N lull3 < Aagllnul3 + 4 / VP / () I

Now we are ready to give a

Proof of Theorem 8.2.1.

First we note that the proof of Theorem 8.2.2 is included here.

At a given time ¢ in a Ricci flow (M, g(t)) and for o > 0, let us
recall, from (8.2.2),

Moz (9(1)) :inf{/[a2(4yvuy2  Re?)
— v Invdu(g(t)) —nlno | v € C®(M), |lv|s = 1}.
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The main aim is to find a uniform lower bound for A,2(g(t)),
t € [Th,Tx], o € (0,1]. So without loss of generality, we assume it
is negative.

The rest of the proof is divided into 5 steps.

Step 1. We estimate the change of A,2(t), the best constant of the
log Sobolev inequality, after one (r,d) surgery.

It will be clear that the proof below is independent of the number
of cut offs occurring in one surgery time 7". Therefore we just assume
there is one € horn and one cut off at T'.

Let (M, g(T™")) be the manifold right after the surgery and

A= X2(g(Th))

be the best constant for this post surgery manifold, defined in (8.2.2).
By [Ro], there is a smooth positive function u that reaches the
infimum in (8.2.2) and u solves

0*(4Au — Ru) + 2ulnu + Au + n(lno)u = 0. (8.2.20)
After taking the scaling
g =029(T"), Ry =0?R,dy =0 'd, u; = o™y
we see that uy satisfies
4A w1 — Riug +2uiInuwy +Aug =0 (8.2.21)

and

A inf{/((4\V91fu]2+Rlv2—v2 Ino?)dpu(gr) | v € CX (MY, [[o]ls = 1}.

(8.2.22)
Denote by U the o~ 'h neighborhood of the surgery cap C under

g1, i.e.
U={rec Mg (T)|d(z,C) <o h} ={x € MT | d(x,C) < h}.

Note that U — C is part of the € tube which is unaffected by the surgery.
Therefore, U — C is € close to a portion of the standard round neck
under the scaled metric 02h~2g;. Actually it is even J(< €) close if it
is part of the strong § neck. But we do not need this fact. Following
the description at the beginning of the section, there is a longitudinal
parametrization of U — C, called z which maps U — C to (—1,0) C
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(—e Y e ). Let ¢ : [-1,0] — [0,1] be a smooth decreasing function
such that ¢((—1) = 1 and ¢(0) = 0. Then n = {(z(z)) maps U — C to
(0,1). We then extend 7 to be a cut off function on the whole manifold
by setting n =1 in M+t — U and n =0 in C.

Define

Ax :inf{/((éllvglv\2 + R1v? — v*Inv?)du(gy) v € CE(MT - C),

[v]l2 = 1}
(8.2.23)
Then it is clear that

Ao2(g(T7)) < Ax.
By Lemma 8.2.3,

Ax <A +4f“%|v9177|2d/‘(91) _ f(U177)21n772du(91).

S (wrn)?dp(g1) S (wan)2dp(gr)

Observe that the supports of Vg7 and nlnn are in U — C. Moreover

co
’Vg177’ < T _772 II1772 <ec

Therefore the above shows

4co? f U%dﬂ(gl) f u%d,u(gl)
A2(g(T7)) < Ax <A+ U c—2U .
+o(T) < Ax h? 1— [puldu(gr) 11— [puldu(g)
(8.2.24)

Recall that A = A2 (g(T)). So, in order to bound it below, we need
to show that [;; ufdu(gr) is small. This is where we will use Lemma
8.2.1 and 8.2.2.

Under the metric ¢ = 0~ 2g, the capped € horn D of radius r
under g(T%) is just a capped € horn of radius r; = o~ 'r. Using the
longitudinal parametrization z of D as described at the beginning the
section, we can construct a cut-off function ¢ = ¢(z(z)) for z € M T,
which satisfies the following property.

i) {x € M | z(x) = 0} is the boundary of D.

ii) If z <0, then ¢(z) = 0; and if z > 1, then ¢(z) = 1.

) 0<é<l |Vl <2

iv) ¢ is set to be zero outside of D and is set to be 1 to the right of
the set

{r e M| z(z) = 1}.
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Notice that the support of V¢ is in the set where z is between 0
and 1. Applying Lemma 8.2.1 on uy, which satisfies (8.2.21), we know
that )

up(z) < cmax{n—/z, 1}, x € D.
L}
Hence, for a negative number Ay with |Ag| being sufficiently large,

(r) —2In" uy(z) + @ <c @, x € suppV g, ¢;
Ry(z) — 2In™ ul(x) + @
> Rl(w) +erp? —cpInt max{:L, > Rlz(m) + |AT°‘, z € D.

(8.2.25)
We stress that Ag is independent of the size of r; = o~ !r, which could
be large or small due to the scaling factor o.
Recall that we aim to find a uniform lower bound for A. If A =
Ay2(g(TT)) > Ag, then we are in good shape. So we assume throughout
that A < Ag. Then, by (8.2.21), it holds

4A1u1 — Riuq +2ui Inug + Agug >0 (8.2.26)

Motivated by the last section of [P2] and Lemma 92.10 in [KL],
we choose a function f = f(z) as the distance between x and the set
z~1(0) under the metric

i(Rl(:E) —2InTuy(z )+‘2—‘) 1(), relD.

By the first inequality in (8.2.25), in the support of Vg, ¢,

4V, fI2 < +|—2—l (8.2.27)

and in D,
A
AV 2 < Baw) — 2t (@) + 22,
Note that the right-hand side of (8.2.28) is positive by the second in-
equality in (8.2.25).
Inequalities (8.2.28) and (8.2.26) allow us to use Lemma 8.2.2 (with
A there replaced by Ag here) to conclude

(8.2.28)

Aol ]
ERA

f(bung <8 [ sup \/Rl —2Intuy +— +|| nglngoo

mesuppvglgb

X [|u1lf2.
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Here the underlying metric is g;. By (8.2.25) (first item) this shows

Ao 1
%He%ulllﬁc sup el [(= +[Ao])  [wfa. (8.2.29)
xEsuppVg, ¢ U

From (8.2.29), we will derive a bound for |[u1]|z2(yy which holds for
all finite 0. Here and later [lui|[z2() stands for the norm under the
metric g;.

First, we note from (8.2.29)

’AO’ . f f 0'2
— wfelflullzwy se sup el 4[5+ [Aol)  Juall2. (8.2.30)

xEsuppVg, ¢

Let us remember that U lies deep inside the capped € horn D. Going
from 9D (i.e. z71(0)) to U, one must traverse a number of disjoint e
necks. The ratio of scalar curvatures between the two ends of an €
neck is bounded by e“€ for some fixed co > 0. The ratio of the scalar
curvatures between OU and 0D is c3r2h~2, which is independent of the
scaling factor o. Therefore one must traverse at least

S In(cgr’h™2) (8.2.31)
Co€
number of € necks to reach U. Note K is independent of o.
Let G; be one of the € necks. The distance between its two ends
under the metric g is comparable to 2¢-*R~Y2(z;) where x; is a point
in G;. So, under the metric,

i(Rl(x) —2In" uy () + |A—20|)91(33)

the distance between the two ends is bounded from below by

cy inf \/E(Rl(x) —2In* uy(z) + M)R;l/?(a;,-)e-l > c5e L.
z€G; 4 2
Here the last inequality comes from the second item in (8.2.25). This
means that the function f increases by at least cse~! when traversing
one € neck.
Next we observe that

inf f> sup f
G2 suppV g, ¢
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since the support of V, ¢ is contained in the first € neck G1. Therefore

inf f > cse H(K —2) +inf f > cse Y(K —2)+ sup f.
u G2 suppVg, ¢

Substituting this to (8.2.30), we deduce

2
_ “1(K— (o
lur ]l 2y < 2elAgtfeme 72 (—3 +180])  [lual2.

Therefore, by the formula for K in (8.2.31),

2
_ o
|| 2oy < ealAg[(r2R2)7 (g +1Aol)  fuall2.
Since r < 1 by assumption, we know that

_ _ -2
lurll 2@y < esC(Ao) (o + 1)r~H(r2R%) T |lulls
5 267672—5
= CgC(AQ)h ”UHQ m
Since h < 6%r < 1, it is easy to see that we can choose § as a suitable
power of r so that

ull L2 du(e)) = llurllzzwy < colo + 1)R°||ull2 (8.2.32)

if € is made sufficiently small, once and for all. For instance, one can
choose § < rl/2,
Substituting (8.2.32) to (8.2.24), we see that

1

)< 3p3 .
)‘02(9(T )) —A+610(U+1) h 1—Cg(U+1)h5

Hence, given any oy > 0, we have, for all o € (0, 09), either
)‘02 (g(T+)) > Ao

or

A2 (g(T7)) < A+ cr(o 4+ 1)2h% = X2 (g(T)) + c11(o + 1)3h3

provided that h < (2(0g + 1)cg)~'/. This shows, for all o € (0, 0],
either \,2(g(T")) > Ao, or

Mo2(g(T7)) < A2 (g(TT)) + cr2|vol((M(T 7)) — vol (M(TT))|. (8.2.33)
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Here vol(M(T 7)) is the volume of the pre-surgery manifold at 7' and
vol(M(T™)) is the volume of the post-surgery manifold at T'. Note this
proves Theorem 8.2.2.

From the calculation around (8.2.32), when e > 0 is sufficiently
small, the surgery radius h can be chosen as

h = zor? (8.2.34)

where zq is some constant smaller than 1. Actually the power on r can
also be any number greater than 1.

Step 2. We estimate the change of the best constant in the log
Sobolev inequality in a given time interval without surgery.

Suppose the Ricci flow is smooth from time ¢ to to. Let t € (¢1,t2)
and o > 0. Recall that, for (M, g(t)), Perelman’s W entropy with
parameter 7 is

W, f,7) = /M (r(R+ IVFP) + f — n) adu(g(t))

where 1 = ﬁ. We are using u in this step to distinguish from u
in the last step.

We define
r=7(t)=0 4+t —t
so that 71 = €2 +ty —t; and 7 = o2 (by taking t = t; and ¢t = t
respectively).
Let 1y be a minimizer of the entropy W(g(t), f,m2) for all @ such

that [ adu(g(ts)) = 1.

We solve the conjugate heat equation with the final value chosen as
U9 at t = to. Let @y be the value of the solution of the conjugate heat
equation at ¢t = t1. As usual, we define functions f; with i = 1,2 by the
relation @; = e~/ /(47w7;)™2, i = 1,2. Then, by the monotonicity of the
W entropy ([P1])

NS aodutgtr)=1 W (9(t1), fo, 71) < W(g(tr), f1,71) < W(g(ta), f2, 72)
= [ [ adu(g(t))=1 W (9(t2), f, 72).

Here fy and f are given by the formulas

g = e~/ (dmm)V?,  a=et (4nm)"/2.
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Using these notations we can rewrite the above as
||~i|Tlf ) <02(R +|VIna*) —Ina — ln(47m2)"/2) adpu(g(ta))
ull1=1 .M

> inf <(O’2+t2—t1)(R+‘Vlnﬂ0’2)

llaolli=1Jm

Iy~ Ia(an(o? + t2 — 10)"? ) duly(12)
Denote v = V@ and vy = +/%p. This inequality is converted to

| 1|T1f ) (0 (Rv? + 4|V]?) — v* Inv?) du(g(ta)) — In(4mwo?)"/?
vll2=1JMm

1
> inf / <4(02 +ty — tl)(ZRUS + | Vg |?) — 03 lnv%) du(g(ty))
M

= lwollz=1

—In(4m(0? 4 t5 — 1))/

That is
Ag2(g(t2)) = )‘02+t2—t1 (9(t1))- (8.2.35)

Step 3. We estimate the change of the best constant in the log
Sobolev inequality in the time interval [T}, T5], with surgeries.

Now, let
Th<ti<ta<...<tp <1y

and t;, i = 1,2,...,k be all the surgery times from T3} to T5. Here,
without loss of generality, we assume that 77 and T, are not surgery
times. Otherwise we can just directly apply step 1 two more times at
T1 and T5. We also fix a

O-OZT2_T1+17

where o is the upper bound for the parameter ¢ in step 1, (8.2.33).
For any o € (0,1], by (8.2.35), we have

Ae2(9(12)) = )‘02+T2—tk(g(t;:))-
By Step 1 (8.2.33), either

A2+ Ty—t), (g(t,j)) > Ao
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or
Aoz, (9(81)) = A2y, (9(ty)) — crzvol(MI(ty) — vol(MI(t)))].
In the first case, we have

Ar2(9(T2)) = Ao

So a uniform lower bound is already found.
In the second case,

A2(9(T2)) = Mgz iy, (9(ty)) — crzlvol (M(t;) — vol(M(t]))]-

From here we start with A,2_ 7,4, (g(t; ) and repeat the above process.
We have, from (8.2.35), with 2 in (8.2.35) replaced by o2 + Ty — t,

)‘U2+T2—tk (g(t];)) > )\0'2+T2—tk,1 (g(t—k’_—l))

Continue like this, until 77, we have either

A2 (9(T2)) = o2y, (9(T1)) — 19 [vol (M) — vol (M(£]))]
(8.2.36)

A2 (9(T2)) = Ao — c12Xi [vol (M(t;) — vol(M(t]))].  (8.2.37)

Note that the above process can be carried out since all the parameters
under A is bounded from above by oy.
It is known that

SF ol (M(t;) — vol (M(t1))| < sup  vol (M(t)).
te[T1,Ts)

Hence, either

Ao2(9(T2)) = Ap2 i1y (9(T1)) — 12 sup  wol(M(t)),  (8.2.38)
tE[Tl ,TQ]
or
Ao2(9(T3)) > Ao — c12 sup  wvol(M(t)). (8.2.39)
tE[Tl,TQ]
In either case, the lower bound is independent of the number of surg-
eries.
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If (8.2.38) holds, then we have to find a lower bound for
Aoz, 1, (9(T1)), which is independent of 0. Remember that it is as-
sumed that (M, g(77)) satisfies a Sobolev inequality with constant A;.
It is well known that this implies a log Sobolev inequality. Indeed, from

(n-2)/n
(/”2"/("‘2)du(g(T1))> < A /(4\W\2 + Ro®)dp(g(Th))

+A1/v2du(9(T1)),

using Holder inequality and Jensen inequality for In, we have:
for those v € WH2(M, g(T1)) such that ||v|2 = 1, it holds

/1)2 Inv2du(g(T1)) < = In (Al /(4]V1}]2 + Rv*)du(g(Ty)) + A1> .

(8.2.40)

o3

Recall the elementary inequality: for all z,q > 0,
Inz<qgz—1Ing—1.
By (8.2.40), this shows

/1)2 Inv2dp(g(Ty)) qu <A1 /(4\Vv\2 + R} du(g(T1)) + A1>

non
g Ty

Take ¢ such that §qA; = o2+ T, — T). Since ¢ < 1, this shows, for
some
B = B(Ay,T1,Ty,n) =c (Ty = T1) + ¢ > 0,

dori o (0T) = inf | [0+ T =TT + Re?)
vl|lo=

— 02 Inv?du(g(Ty)) — gln(a2 + 1y —T1)
> —B.
Therefore we can conclude from (8.2.38) and (8.2.39) that

Ap2(9(To)) > min{—B, Ao} — c12 sup wvol(M(t)) = As
te[Tl,TQ]

for all o € (0,1]. By Definition 8.2.2, this is nothing but a (restricted)
log Sobolev inequality for (M, g(73)), i.e.

/v2 Inv?dp(g(Ty)) < o /(4]Vv[2 + Rv*)du(g(T)) — gln o2 — Ay
(8.2.41)
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where o € (0,1]. Obviously this implies the full log Sobolev inequality:
for all € > 0,

/v2 Inv?du(g(Ty)) < € /(4|Vv|2—|—Rv2)d,u(g(T2))—g1ne2+e2—A2—|—C'
(8.2.42)

where C' is a numerical constant.

Step 4. The log Sobolev inequality (8.2.41) or (8.2.42) implies cer-
tain heat kernel estimate.

Let p(z,t,y) be the heat kernel of A — 1R in (M, g(T)) (with the
fixed metric g(7%)). Then (8.2.41) or (8.2.42) implies, for ¢ € (0, 1],

n _ 1 A
p(m,t,y) < exp(4(T2 + 1) + 5‘ In ’A2H te+ RO )(47Tt)n/2 = /2’
(8.2.43)

Here Ry = sup R™(x,0) again. This follows from a generalization of
Davies’ argument [Dal, as done in Theorem 6.2.1.

Step 5. The heat kernel estimate (8.2.43) implies Sobolev inequality
perturbed with scalar curvature R and strong noncollapsing.

This is more or less routine. By adapting the standard method in
heat kernel estimate in [Dal, as demonstrated in the proof of Theorem
6.2.1, it is known that (8.2.43) implies the desired Sobolev imbedding
for g(Ty), i.e. for all v € W12(M, g(T3)), there is By > 0,

(n—2)/n
</v2"/("‘2)du(g(Tz))> SBz/(4\W\2 + Ro*)dp(g(T»))
+ By [ Vdutg(Ty).
The strong noncollapsing result follows from the work of Carron

[Ca] and Akutagawa [AK], as described in Chapter 4.
The last statement in the theorem is a result of (8.2.34). O



Chapter 9

Applications to the proof
of Poincaré conjecture

In this chapter we will use the strong noncollapsing result (Theorem
8.2.1) to clarify and simplify another key part of the proof of the
Poincaré conjecture, namely that there are only finitely many surgeries
in finite time.

The main work is to prove a strong canonical neighborhood prop-
erty for Ricci flow with surgeries (Theorem 9.2.1, part (1) below) that
mirrors Theorem 7.5.1, which deals with the case without surgeries. In
this chapter, unless stated otherwise, when we use the term canonical
neighborhood property with or without the prefix “strong”, we mean
the one defined as part of the a priori assumption in Definition 8.1.6.

Our proof seems to simplify and clarify Perelman’s original proof
both logically and technically. Recall Perelman’s proof in [P2] of The-
orem 9.2.1, part (1). One first assumes that such a strong canonical
neighborhood property for Ricci flow with surgeries holds with a worse
accuracy 2¢. Then one proves Lemma 9.1.1 below ( [P2], Lemma 4.5),
which describes the evolution of the surgery cap. Using this lemma, one
proves the (weak) s noncollapsing property. Then one finally proves the
strong canonical neighborhood property with surgeries with accuracy
€, using Lemma 9.1.1, the (weak) x noncollapsing property and the
method in Theorem 7.5.1. In contrast, we already know that the strong
noncollapsing result holds as long as one performs (r,d) surgery with
sufficiently small §. This allows us to prove Lemma 9.1.1 directly with
a different method. The proof of Lemma 9.1.1 outlined in [P2] seems
in need of further justification, as explained in Claim 9.1.1 in Step 2 of
the proof of Lemma 9.1.1 below. A combination of this lemma with the
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method in Theorem 7.5.1 leads to the strong canonical neighborhood
property with accuracy e. This method also allows one to bypass the
sophisticated uniqueness theorem of [ChZ2]|.See Remark 9.1.2 below.

9.1 Evolution of regions near surgery caps

Let us begin with two preliminary results on Ricci flow with surgeries.
One is called bounded curvature at bounded distance. The other is a
surgery version of Hamilton’s compactness theorem.

Proposition 9.1.1 (bounded curvature at bounded distance for Ricci
flow with surgery) (Claim II [P2] 4.2. See also [MT] Theorem 10.2
and [KL] section 70.)

Let (M, g) be a Ricci flow with surgery that satisfies the a priori as-
sumption (Definition 8.1.6) with the canonical neighborhood parameter
r =r(t) and accuracy e.

Assume € is sufficiently small. Then for any A > 0 and tg > 0
there exist positive constants K = K (A, e,r(ty)) and E = E(A, ¢, r(t)
such that the following statement holds.

If Q = R(xo,t9) > E, and for any x € M, the space time segment

{:E} X [to - (maX(Q7R($7t0)))_lvt0]

is unscathed by surgery, then

)

R(x,to) < K(A, E,T(to))R(xo,to), WS B(xo,AQ_1/2,t0).

PRroOOF. This result is essentially contained in the proof of the singu-
larity structure Theorem 7.5.1, Step 3. One difference is that there are
surgeries here, which may interfere with the limiting process in the
proof. However the existence of a suitable time interval and spatial
domain where the Ricci flow is smooth is guaranteed by the a priori
assumption which entails the strong canonical neighborhood property.
So the previous method still works.

Here are the details of the proof.

Suppose the lemma is not true. Then there exists a sequence of
Ricci flows (My, gr) and space time points (xg,tg) with the following
properties:

(i) The scalar curvature Ry (xg,to) tends to oo when k — o0;

(ii) There exists A > 0 and z € B(zg, A, gr(to)) such that

Rk(tho)R;;l(l’k,to) — 0Q, k — oo.
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By scaling and time shifting, we will take tg = 0 and assume that
QkERk(gjkvtO):lv k:1727

By (i), we may also assume that any point with (scaled) scalar curvature
higher than 1 has a strong canonical neighborhood property. For the
rest of the proof, we only deal with the scaled flows without changing
the notations.

For all p > 0, define

J(p) :Sup{Rk($70) |l‘ € B($kap7 gk(o))v k=1,2,.. '}7
po =sup{p | J(p) < oo}.

Integrating the spatial gradient bound in the a priori assumption, as
in step 2 of the proof of Theorem 7.5.1, we deduce that pg > 0.

Since the lemma is assumed false, we know py < co. We will show
that this leads to a contradiction, which proves the lemma. By pg < oo,
after passing to a subsequence when necessary, there exists yr € Mj
such that d(xg, yk, 9x(0)) — po and Ry (yk,0) — oco. Let oy be a mini-
mizing geodesic from xj to yg, lying in My. Since Ry (xk,0) = 1, there
exists a point zp € ay such that Ry(zp,0) = 2 and that zj is the
closest such point to y. We use (3, to denote the segment of oy that
connects z and y,. Then the scalar curvature R, > 2 along (. The
pinching property, as part of the a priori assumption, tells us that
the curvature tensor is bounded from below. Therefore, for each fixed
p < po, the curvature tensor of (Mg, gx) is uniformly bounded on the
balls B(xg, p, gi(0)). The injectivity radii are also uniformly bounded
away from zero due to the strong noncollapsing theorem. Hence Hamil-
ton’s compactness Theorem 5.3.5 implies the following. The marked
(sub)sequence (B(xk, po, gk (0)), gx(0), z1) converges in the C§° topol-
ogy to a marked incomplete manifold (B, goo(0), 7). Also the in-
complete Ricci flows (M, gx) in the region

Py = {(z,t) | d(zy,z, g1(0)) < po, —(max(1, Ry(x,0)))"" <t <0}

with marked space time point (zj,0), converges, in subsequence, to a
marked incomplete Ricci flow with metric goo(¢) in the region:

Py = {(,t)| 2 € Boo, —(max(1, Roo(x,0))) ™" <t <0.}

Here R, is the scalar curvature of go,. Note that P is unscathed by
surgery by assumption. Hence the limit process is meaningful. Notice
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also the geodesic segment o, converges to a geodesic segment cioe C By
and S to Boo. The common end point of ao, and B4 is denoted by yoo.

Observe that the scalar curvature Ry, along [ is at least 2. This
corresponds to high scalar curvature for the flows (Mg, gx), where the
strong canonical neighborhood property with accuracy e holds as part
of the a priori assumption. Hence, for any ¢y € (oo, the ball

Doo(q0) = {q € Boo | d*(¢0, 4, 90(0)) < € *[Roo(q0)] '}

is 2¢ close to either a time slice of strong e necks, € caps or compact
manifolds without boundary. Also Rs, becomes unbounded when the
curve o approaches the end point yo,. This shows Dy (go) is not close
to a compact manifold. Since a, is distance minimizing, we know that
D (qo) can not be close to an e cap either. The reason is that any
long geodesic going through the center of a cap can not be distance
minimizing. So the only possibility is D (qo) is close to a time slice of
a strong e neck.

Therefore the limit manifold (Mso, goo(0), Zo), as a union of 3e
necks, is diffeomorphic to S? x (0,1). The sectional curvature is non-
negative due to Hamilton-Ivey pinching Theorem 5.2.4 and the scalar
curvature tends to infinity as a point in B, tends to the end point x ..

The rest of the proof is identical to that of step 3 in Theorem 7.5.1.
One scales the limit flow in Py to get a metric cone, which has to
split by the maximum principle. This leads to contradiction with the
assumption that pg < co. (]

The next result is a surgery version of the Hamilton compactness
theorem for Ricci flow. The reader can also consult [MT] Theorem 11.1
for its proof.

Proposition 9.1.2 Let (M®, g%, (x*,t%)) be a sequence of marked 3-
dimensional Ricci flows with surgeries, which satisfy the a priori as-
sumption. Suppose that:

(i) For each y* € M® and t < t“ such that R(y®,t) > 4R(x,t%),
there exists a strong canonical neighborhood with accuracy €.

(11) limgy 00 Qo = 00 where Qq = R(z*,1%).

(iii) For each A < oo, if « is sufficiently large, then the ball
B(z*, AQ;1/2,ta) has a compact closure in M®.

(iv) For uniform constants k and r, the flow (M®,g%) is k noncol-

lapsed on scales less than r at each point of the ball B(z®, AQ;1/2, ).
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(v) There is p > 0 such that for each A > 0, any point y* €
B(mo‘,Ale/z,tO‘) is unscathed by surgery in the time interval [t* —
(maz(Qa, R(y™, %))~ 11, t°].

Then, after passing to a subsequence and shifting the time t* to 0,
the sequence

(M?,Qag”, (z%,t))
converges in Cp%. topology to a complete Ricci flow (M, g, (x>,0)).

The limiting Ricci flow exists in a time interval [—tg, 0] for some tg > 0.
Moreover the limiting flow has bounded and nonnegative curvature.

PROOF. By assumption (v), the space time domain

P ={(z, 1) [d(z®, 2z, g (t*))
< AQLM?, 1 — (maw(Qa, R(y*, 1)) ' <t <t}

is unscathed by surgery. The previous proposition tells us that there
exists a positive constant K = K (A) such that

R(z,t%) < K(A)Qa, d(az®,x,9"(t")) < AQ;".

By the noncollapsing assumption (iv), we know, from Theorem 5.3.5
again, that after passing to a subsequence and shifting the time t* to
0, the sequence

(M, Qag”, (z%,t%))
converges in C7° topology to a Ricci flow (M, g*°, (x*°,0)). This Ricci

loc
flow exists in a space time subregion of M x (—o0, 0], which is rela-
tively open and contains the time slice M x {0}.
By step 4 of the proof of Theorem 7.5.1, the scalar curvature of
M under ¢g*°(0) is bounded. Hence assumption (v) implies that the
limit flow actually exists in a fixed time interval [—tp,0]. The curva-
ture is nonnegative due to Hamilton Ivey pinching. This proves the

proposition. ]

Remark 9.1.1 It is convenient and desirable that condition (iv) holds,

i.e. every point in the ball B(wa,AQ;1/2,t°‘) is kK moncollapsed for a
fized k and under a fized scale. One may think that it suffices to assume
only the point (z,t%) is k noncollapsed. Then one uses the classical
volume comparison theorem and a priori curvature upper bound from
the previous proposition to obtain lower bound for the volume of balls
centered elsewhere. However, the constant k obtained in this manner is
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no longer uniform with respect to A. Moreover there could be compli-
cations when surgeries are present.

The next result ( [P2] Lemma 4.5.) gives a description of the evolu-
tion of surgery caps. It is a key lemma in proving the long time existence
of Ricci flow with surgery. In fact it can be regarded as a warm-up run
for the canonical neighborhood Theorem 9.2.1 below. The proof here
is quite different from the other ones available in the literature. One
reason is the strong noncollapsing property proven in the last chap-
ter. The other is the proof of Claim 9.1.1 below, which seems to need
further justification in the proof outlined in [P2].

In order to present the lemma, we introduce one more notation. Let
(M, g(t)) be a Ricci flow. Given z¢ € M, r > 0 and two moments ¢, ¢
in time, we denote

P(xo,to,T, to,tl) = {(x,t) ’ HAS B(LE(),T, t), tc [to,tl]}, (9.1.1)
if t1 > to.

Lemma 9.1.1 (behavior of Ricci flow near a surgery cap) For any
sufficiently small € > 0, any A > 1 and 0 € (0,1), there exists oy =
00(A,8,€) > 0 such that the following result is valid.

Let (M, g(t)) be a Ricci flow with compact, orientable initial value
and finitely many (r,0) surgeries in the time interval [0,T], which sat-
isfies the following requirements.

(1) The strong canonical neighborhood property with parameter rq
and accuracy € holds in [0,T] for some ro > 0.

(2) 6 < dg for all the (r,d) surgeries incurred in [0,T].

(3) One (r,0) surgery with surgery radius h occurs at time Ty €
(0,7).

(4) xq is any fized point in the surgery cap in (3).

Then,

(i) There exists a time Ty € (Ty, min(Ty + 0h?,T)] such that the
Ricci flow in the space time region

P(l‘o,To,Ah,To,Tl) = {(l‘,t) | x € B(l‘o,Ah,t), t e [T(],Tl]},

s unscathed.
Moreover, after scaling by factor h=2 and shifting time Tp to 0, the
Ricci flow in
P(xo, TQ, Ah, T(), Tl)
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is A1 close, in C’l[fc} topology, to the corresponding portion of the stan-

dard solution which starts at time 0 and which includes the tip of the
cap;

(ii) If Ty < min(Ty+0h?,T) and Ty is the supremum of those times
such that (i) holds, then the Ricci flow after time Ty is undefined for
all points in B(zg, Ah,Ty), i.e. the whole ball is cut off at time T by a
surgery.

PROOF. The proof is divided into a few steps.

Step 1. Proof of (i).

By Lemma 8.1.2, at the surgery time 7p, the metric g(TOJr ) immedi-
ately after the surgery in the ball B(z, 6-1/2h, To) is, after scaling by
h=2, §1/2 close to the metric in the corresponding ball of the standard
capped cylinder. Recall that the standard solution is the Ricci flow
whose initial value is the standard capped cylinder. We can choose §
sufficiently small so that A << ¢~'/2. By continuity of Ricci flow in
small time, conclusion (i) of the lemma holds for P(xq, Ty, Ah, Ty, t1),
for some time t; € (Tp, min(Ty + 0h2, T)].

Let @@ be the maximum of the scalar curvature of the standard
solution up to time 6. Since € is sufficiently small, we know that

R($7t) < 2Qh_27 (ﬂj‘,t) € P(x()vTO)Ah)TOytl)‘

Step 2. We start the proof of (ii).

Let T be the supremum of those t1s in Step 1, i.e. the Ricci flow sat-
isfies the requirements (1)—(4) and conclusion (i) of the lemma. More-
over 77 is the supremum time with these properties.

If 71 = min{Ty + 0h% T}, then we are done with the proof. Thus
we assume 1) < min{Ty + 60h? T}.

The task of this step is to prove the following:

Claim 9.1.1 Suppose 0 < 0 < 0¢(A,0,€) which is sufficiently small.
Then there must be a surgery happening at 11, which cuts off at least
some point in the closed ball B(xzg, Ah,Tp).

We caution that before the time T, many other surgeries could
have occurred elsewhere. But they do not cut off any points in the ball
B(xg, Ah,Tp). In step 3, we will show that the whole ball is cut off.

In the proof of the lemma outlined in [P2] page 10, it seems that
this claim is taken for granted with little proof. However, there could
be a case when no surgery appears at 7 or shortly after 77 but the A~}
closeness to a standard solution fails. One may use a limiting method
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outlined in [P2] Lemma 4.5 to rule out the case. It is suggested that
a sequence of flows violating this property will converge to a standard
solution. However there seems to be a need to justify the limiting pro-
cess, due to the possibility of surgery and lack of curvature control at
any given distance from the tip of the cap. Here we present a detailed
proof for the claim. The new ingredient in the proof is to show that if
the scalar curvature is very high at a space time point, then it will not
drop off very quickly. So canonical neighborhood persists over certain
time interval.

We use the method of contradiction. Suppose the claim is false.
Then, for each o = 1,2,. .., there exists o = dp(a)(— 0), and a marked
Ricci flow

(Ma7ga7x87T0) (912)
satisfying the requirements (1)—(4) and conclusion (i) of the lemma
in a maximal interval [Ty, T1] where Ty = Tp(a) and 77 = Ti(«).

But there is no surgery at time 77, which scathes the closed ball
B(zf, Ah(a),To(cv)). Here h(a) is the surgery radius at time Tp(a).
By continuity, the following statement is true:

there exists Th(a) > T4 () such that the ball

B(zf, Ah(a),Tp(a))  is unscathed in the interval  [Tp(«), To()].
(9.1.3)
Step 2.1. We prove the following claim

Claim 9.1.2 With the assumption (9.1.3), the balls B(mg‘,éo_l/2(a)

h(a),Ty) are also unscathed for all t € [Ty(a), Ta(ar)], provided that
Ty(«) is sufficiently close to Ty(a).

To simplify the presentation, we will drop the parameter « in the
next paragraphs, unless stated otherwise. An useful observation is that
we are free to make Th(«)(> T1(«)) as close to Ti(«) as we wish.

Suppose for contradiction Claim 9.1.2 at this sub-step is false in this
interval [Ty, Ts] i.e. the ball B(xo,éo_l/zh,To) is scathed by a surgery
at a time t in the above interval. There are only two ways this can
happen. One is that the whole ball is cut off by a surgery. The other
is that a surgery two sphere intersects with the ball. But the first way
is impossible since xy would be cut off too, contradicting the defini-
tion of Ty in (9.1.3) just before Step 2.1. Therefore, there exists a
first time t3 € [Tp,Ts], when a surgery two sphere intersects with

B(xo, (50_1/2h, Tp). Consequently

there exists a point x; € B(a:o,do_lﬂh,To), (9.1.4)
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which is at the center of a § neck of radius hg. Here hs is the surgery
radius of the surgery at time t3. Note hg is independent of h, the surgery
radius at time 7j.

We show that there exists a positive constant C' = C(n), depending
only on the coefficient 1 in the gradient bounds of the strong canonical
neighborhood property, such that

R(z,t) > C()h™, x € B(xo, 8y *h,To), t € [To.ts].  (9.1.5)

Here t3 is regarded as the time right before the surgery takes place. To
prove this, we recall from Step 1 first paragraph that, for small dg,

R(z,Ty) > %h_Q, x € B(wo, 8, *h, Tp).

Here g > 0 is the lowest scalar curvature of the standard solution. By
continuity of Ricci flow, there exists a time t4 € [T, t3] such that

R(z,t) > %h—% x € B(wo, 0y ?h, Ty), t € [To, ta).

Here we recall that the Ricci flow is smooth in the space time region
B(x, 50_1/2h, To) x [To,t5], by definition of t3 as the first surgery time
in the ball.

Since h is much smaller than the canonical neighborhood scale rg,

we see that the point (z,t) specified above satisfies the canonical neigh-
borhood property. In particular the gradient bound holds:

O R(z,t) > —’I’]R2($,7f).

After integration, this implies

R($ t) > R(l‘,T(])

. te [Ty, tal.
=149t — To)R(x, Tp) To,t4]

Since t — Ty < Oh? < h? and R(z,Tp) > %h_z, we deduce
R(:Evt) > C(n)h_27 le [T07t4]'

Note this bound is independent of t4, as long as t4 — Ty < h?. Hence
we can iterate this procedure as many times as necessary to deduce
(9.1.5).

Recall h < §%ry. Hence R(z,t3) > C(n)h~2 > ry? when § is small.

Thus every point (z,t3) with z € B(mo,éo_l/2h,T0) has a canonical
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neighborhood of accuracy e. So the ball B($0,5(]_1/2h,T0) at time ¢3
is entirely covered by canonical neighborhoods. By the definition of
surgery procedure, we have thrown away all compact components with
positive scalar curvature. So only € caps and € necks are present. By
definition of 77, the balls B(zg, Ah,Tp) at time t € [Ty, T}] intersect a
cap. So the ball B(xzg, Ah,Ty) at t3 also intersects a cap since either
t3 < T7 or it can be chosen close to T3. Therefore, at time t3, the ball
B(xy, 50_1/211, To) is covered by a € cap and € necks.

By (9.1.4), there exists z7 € B($0,5(]_1/2h,T0), which lies in the
surgery two sphere which is the center of a d neck. Note § is smaller
than e. So a center of every § neck is a part of an € neck. Hence, at
the moment after surgery, the smaller ball B(xg, Ah,Ty) at t3 would
lie in a compact manifold without boundary, which has positive scalar
curvature. But this means the ball B(zq, Ah,Ty) at t3 would be thrown
out, contradicting (9.1.3). This contradiction proves Claim 9.1.2.

Step 2.2. Thus the Ricci flow (9.1.2), with index « omitted, remains
smooth in the space time region

B($0750_1/2h7T0) X [T07T2]

for some Tb > T}. Since we can always choose a slightly smaller T5 if
necessary, we can assume without loss of generality

Ty < min(Ty + (120) Q'A% Ty + 0h2, T). (9.1.6)

Here 7 is the constant in the gradient bound of Definition 8.1.6.

By our assumption on 7}, when restricted to B(xg, Ah,T}), the
metric g(7T}) is, after scaling by h~2 and shifting time Tp to 0, A~1
close to the metric of the standard solution in the corresponding ball
at time (T — Tp)h~2. Thus we know that R(zq,T1) < 2Qh~2. We show
that a similar bound can be extended up to time 715, i.e.

R(zo,t) < 3Qh72%,  te [T, Tyl (9.1.7)

This inequality is a quick consequence of the canonical neighborhood
property. For ¢ specified in (9.1.7), if R(zo,t) < 2Qh~2, then there is
nothing to prove. So we assume R(xg,t) > 2Qh~2. Let

t=inf{l |l € [Tp,t], R(zo,1) > 2Qh2}.

Note h, as the surgery radius, is much smaller than rg, the parameter in
the canonical neighborhood property. Hence we know that each (z,1),
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[ € [t,t] has a canonical neighborhood. Therefore the gradient estimate
holds:
8lR($07 l) < 277R(3§‘0, l)2

Integrating this from 7 to ¢ and noticing R(xg,%) = 2Qh~2, we obtain

1 1
< < .
- 0.5Q_1h2 — 277(75 — E) - 0.5Q_1h2 — 277(T2 — Tl)

Therefore, when Ty satisfies (9.1.6), the upper bound (9.1.7) holds, i.e.

R(l‘o, t)

R(zo,t) < 3Qh™2, te[I1,Ty].
By the argument in Step 2.1, there is ¢ > 0 such that
R(zo,t) > cQh™2, t€ [Ty, Tn).
If Ty < Ty + (127)~1Q~'h?, the above argument can be applied in
the space time region
B(xo,8, "/*h, To) x [Ty, To).
Hence, for these T5, it holds
R(z,t) <CQh™2, (,t) € Blwo, 6y *h, To) x [Th, To].  (9.1.8)

If Ty > Ty + (127)"*Q~'h?%, by the upper and lower bound for
R(zo,t), we have the necessary surgery free time interval to apply
Proposition 9.1.1. It tells us that for any fixed D > 0, there exists
K(D,e,rg) > 0, such that the uniform bound

R(z,t) < K(D,¢e,ro)R(xo,t), on B(zg,Dh,t) x {t}, te [Ty, Ts]
(9.1.9)
holds when the (hidden) « is sufficiently large. Here the uniformity is
with respect to the parameter ae. We mention that Proposition 9.1.1 is
stated for complete Ricci flow. But both the statement and proof is of
local nature. Hence the result holds for local Ricci flows too. It is the
local version that we are using here.

Step 2.3. Recover the index o and consider the scaled metric
3%(s) = h™*(@)g* (To(a) + h*(a)s)
in the space time region

P(a) ={(z,s) | d(z,2§,5°(0)) < &5 "*(a),
s € [0, h™2(a)(T2(cr) — To())]}.
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For any fixed D > 0, we want to show that there exists a positive con-
stant K1 (D, €, 1) such that the uniform bound on the scalar curvature

R* < K1(D, €,1) (9.1.10)
holds on the compact sets
{(x,5) | d(z,25,3°(0)) < D, s €[0,h*(e)(Ta(a) — To(e))]}.

This bound is a consequence of (9.1.9) and Proposition 5.1.1 (3). Here
is the reason. Let sp € [0, 1] be a small number close to 0 so that

B(z§,D,g*(0)) C B(zy,2D,g%(s)), s € [0,s0].

For z € B(z§,2D,§*(s)), s € [0, s0], by Hamilton Ivey pinching, we
know from (9.1.9) that

|Ricge (z,5)| < cK(2D,€,10)
for some ¢ > 0. Therefore Proposition 5.1.1 (3) implies
Osd(x, x5, 3% (s)) < cK(2D, €, r9)d(z, zg, §%(s)).
Since s < 1, we can integrate to get
A, 8, 5%()) < d(a,a§, 5(0)eKEPE) | o € B(ag, D, 5%(0)).
Thus, we know
B(x§, D, §*(0)) C B(z§, DecK@Pero) o)) s e [0, so).

This process can be repeated starting from sy and so on. Hence the
above inclusion holds for all s € [0, 1]. Now (9.1.10) follows from (9.1.9)
by scaling.

By Theorem 8.2.1 in the previous chapter, the flows g% are strong x
noncollapsed under scale = () in the region P(a). We mention that,
due to the possible presence of surgeries elsewhere before T, we can
not use Perelman’s x noncollapsing result with surgeries here. In fact
the proof of that result hinges on this lemma.

There are two cases to deal with.

Case 1 is when limsup,,_, ., h~2(a)(T2(a) — To()) = a > 0.

By (9.1.10) and the strong x noncollapsing property, we can use the
localized version of Proposition 9.1.2 to conclude that a subsequence
of {g*(s)} converges, in Cf%, sense, to a complete Ricci flow §* in the
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time interval [0, a]. The completeness comes from the assumption that
do(e) — 0 and each time slice of the region P(a) is a ball of radius
50_1/2(O£) under g*(0). It is easy to see that g°°(0) is the initial metric of
the standard solution. Following the proof of Theorem 7.5.1, Step 4, we
know that the scalar curvature R is bounded at each time slice. Note
in doing so we need the x noncollapsing property again. The uniqueness
theorem of Chen and Zhu (Theorem 5.1.3 here) then tells us that §>(s)
is the standard solution in [0, al.

Remark 9.1.2 Due to the strong k noncollapsing property from The-
orem 8.2.1, the injectivity radii g are bounded away from 0. Hence
the uniqueness actually can be proven easily by following the proof of
the compact case. The main work in Chen and Zhu’s paper [ChZ2] is
to overcome the lack of uniform lower bound of the injectivity radii in
the noncompact case.

Thus, for any D > 1, there exists arbitrarily large o such that g*(s)
in

{(z,5) | d(z,2§,3%(0)) < D, s € [0,h*(a)(T2(ar) — To(a))]}-

is A~ close to a portion of the standard solution. For the standard
solution in the time interval [0, 6], 8 < 1, the distances are comparable.
Hence for each A > 1, we can find D > 1 such that

{(LE,S) ‘ d(xvxgvga(s)) <A, se [Ovh_2(a)(T2(a) - TQ(O())]}
C {(z,s) | d(z,25,3°(0)) < D, s €[0,h*(a)(Ta(e) — To(a))]}-

Therefore the unscaled flow ¢g® in the region P(xq, Ty, Ah, Ty, Ts) is
AL close to the standard solution after scaling. But Ty(a) > Ti(a),
contradicting the assumption that 73 is the supremum time this can
happen. Hence, in this case, we have proven Claim 9.1.1 made at the
beginning of Step 2.

Case 2 is when limsup,, ., h™?(a)(T2(a) — To()) = 0.

By (9.1.8), for large «, the scalar curvature R® corresponding to
the metric g* are uniformly bounded in the region

{(2,8) | d(z,25,5°(0) < & (@), s €[0,h2(a)(Ta(a) — To(a))]}.

Then we can use Proposition 5.3.1 which is an improved version of Shi’s
local gradient estimate. It tells us that all derivatives of the scalar cur-
vature are bounded uniformly on compact sets even though the time
gap tends to zero. By the strong x noncollapsing property, we can find
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a subsequence of {g“} that converges, in CX, sense, to the initial metric
of the standard solution. Recall that h=2(a) (T () — Tp(c))) goes to 0
when o — 0o. Hence there exists arbitrarily large o such that g®(s), re-
stricted in P(xo, Ty, Ah, Ty, Tz), and after scaling and shifting as before
is A~! close to a portion of the standard solution. But Ty(c) > Ty (a),
which again contradicts the assumption that 77 («) is the supremum
time this can happen.

Therefore the Claim 9.1.1 is valid, i.e. a surgery at T scathes the
ball B(x(), Ah, T()).

Step 3. Let (M, g(t)) be the Ricci flow in the statement of the
lemma. By definition of 71, for any s < T, (M, g(t)) in the parabolic
region P(zq, Ty, Ah, Ty, s), after scaling by factor h~2 and shifting time
Ty to 0, is A~! close to the corresponding portion of the standard so-
lution that includes the tip of the cap.

Therefore, for s close to T, there exists a point g € B(xg, Ah, Tp),
which, as a point in the cap, is far from the center of a § neck. In fact
the distance is comparable to 6 'h. Note that the distance functions
at times s1,s2 € [0,0] in a standard solution are comparable. Con-
sequently the diameter of the ball B(xzg, Ah,Ty) measured by g(s) is
bounded from above by Q8= /2h. Hence, at time s, the distance be-
tween every point in this ball B(zg, Ah,Ty) and a center of a § neck is
comparable to 5~ h.

By Step 2 (Claim 9.1.1), there is a point in B(zg, Ah, Tp) that is
cut off by a surgery at time 77. Recall that the cut in any (r,d) surgery
happens at the center of a § neck. By the last paragraph, the center
of the § neck can not intersect with the ball B(xg, Ah,Ty). Thus the
whole ball B(zg, Ah,Tp) is cut off. O

9.2 Canonical neighborhood property for Ricci
flow with surgeries

The following theorem states that the strong canonical neighborhood
property with suitable surgeries still holds, with parameters depending
only on the initial manifold and time, but not depending on the number
of surgeries. This is a key fact in proving there are only finitely many
surgeries in finite time. The proof is similar in spirit to that of Theorem
7.5.1, except that surgeries make the matter more complicated. The
theorem is a combination of Proposition 5.1 [P2] and Theorem 8.2.1
here.
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Theorem 9.2.1 (canonical neighborhood property with surgeries) Let
(M, ¢(0)) be a compact, orientable, normalized 3 manifold. For any
sufficiently small € > 0, there exist nonincreasing, positive numbers d;,
ri and K;, i = 0,1,2..., such that the Ricci flow with (M, g(0)) as the
wiatial value satisfies the following:

(1) On the time interval i€, (i + 1)e], the Ricci flow with finitely
many (1, 0;) surgeries, performed on strong 0; necks, satisfies the strong
canonical neighborhood property with accuracy € and parameter r;.

(2) On the time interval [ie, (i + 1)e], the Ricci flow is strong K
noncollapsed with constant k;, under scale 1.

PROOF. Once (1) is proven, then (2) follows immediately from Theo-
rem 8.2.1 in the previous chapter. So we just need to give a proof of
(1), which is divided into several steps. Recall that the strong canoni-
cal neighborhood property is defined as part of the a priori assumption
(Definition 8.1.6).

Step 1. Setup of induction process.

The proof is by induction and contradiction. Since the initial man-
ifold is normalized, the Ricci flow is smooth in a fixed amount of time.
Therefore the theorem is true for ¢ = 0 by the theory in smooth case.

Assume for induction that the theorem holds in the time interval
[(i — 1)e,i€] for a positive integer i and surgery parameters r;,d; and
surgery radius h; < 5?7"2-.

Now suppose for contradiction that part (1) of the theorem is false
in the next time interval [ie, (i + 1)e]. Then, there exists a sequence of
Ricci flows {(M“, g%)} with the following conditions:

(i) Each flow in the sequence satisfies the theorem up to the time
1€,

(ii) There exist positive numbers r* — 0, 6% — 0, & — oo, such
that (M, g*) undergoes finitely many (r®,d%) surgeries in the time
interval [ie, T%] where ie < T < (i + 1)e.

Note r* and §“ depend on two indices: a and i. However, if no
confusion arises, we just use one index and ignore the index i which
defines the time interval. We may also ignore both indices all together
if no confusions occur.

(iii) There exist x* € M®, such that the strong canonical neigh-
borhood property with accuracy € and parameter r® fails at the space
time point (z%, 7).

(iv) T is the smallest time such that (ii) and (iii) happen.

Let (M, %, (2%,0)) be the Ricci flow obtained by scaling (M, g%)
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around the space time point (z%, T%) by the factor R*(z%, T), and by
shifting time by 7%, i.e.

ga(f) — Qaga(Ta + E(Qa)—l)

where Q“ = R*(x®,T®) is the scalar curvature under the metric g*. We
will show that a subsequence of {(M®,§*)} converges to a & solution,
contradicting the induction assumption (iii), and proving the theorem.

Let us collect some properties of (M“, g%) and the scaled Ricci flow
(M=, ).

Property 1. Since T is the first time for (M®,g%) such that the
canonical neighborhood property with accuracy e breaks down, by con-
tinuity, we know that the strong canonical neighborhood property with
accuracy 2¢ holds up to T¢.

Property 2. By Theorem 8.2.1, (M®, g®(t)) is strong x noncollapsed
in the interval ¢ € [0, 7%] under scale 1 with some constant k;+1 > 0.

Property 3. Denote by R® the scalar curvature of (M @, g%). Then
R*(*,0) = 1 and

7 =1/ Rz, T) > 1,

where 7 and r“ are the canonical neighborhood scale for g% and g“ re-
spectively. The reason is that the strong canonical neighborhood prop-
erty for (M<, g*) with scale r® and accuracy € breaks down at (z®, T%).
This implicitly says that R*(z®, T) > 1/(r*)? — oo.

When attempting to take the limit, we face two possibilities.

Case 1. For every A > 0 and b > 0, there exists « sufficiently large,
such that all points in the ball B(Z, A, %(0)) are defined on the time
interval [—b, 0], i.e. there is no surgery cutting off any part of the ball.

Case 2. There exist A > 0 and b = b(«) > 0 such that for each large
a, there is a point y* in the ball B(z%, A, §*(0)), which is not defined
before the time interval [—b, 0], i.e. the point y® is added as a point in
a surgery cap at time —b(«).

Step 2. Case 1 is easy to deal with. Recall that the unscaled
(M=, g*(t)) is strong x noncollapsed in the interval ¢ € [0,7“] under
scale 1 with constant k1. Hence (M®, §*(t)) is strong x noncollapsed
when ¢ < 0 under scale \/ Re(z>, T) with the same constant k;;1. Note
we assumed the strong canonical neighborhood property breaks down
at (z,T%). This implicitly says that R(z®, T%) > 1/(r*)? — co. Thus
the scale under which (M@, §*(f)) is & noncollapsed tends to oo when
« — 00. Also there is no surgery in the space time region of concern.
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Hence we can just duplicate the proof of Theorem 7.5.1 (singularity
structure theorem) to prove that a subsequence of {(M®,§*)} con-
verges to a k solution. Therefore, for sufficiently large «, the unscaled
flow (M, g®) at the point (z®,T%) has a strong canonical neighbor-
hood with accuracy € and parameter r, reaching a contradiction with
induction condition (iii) in Step 1, proving the theorem.

Step 3. Thus we just need to deal with Case 2 from now on, i.e.
there exist A > 0 and b = b(«) > 0 such that for each large «, there
is a point y in the ball B(z%, A, g*(0)), which is not defined before
the time interval [—b(«),0], i.e. the point y® is added as a point in a
surgery cap at time —b(«).

In this step we follow the approach in [P2] as explained in [CZ], [KL]
and [MT].

Lemma 9.2.1 Suppose for some A > 0 and b = b(a) > 0, there is
a point y© in the ball B(z“, A, §*(0)), which is added as a point in a
surgery cap at time —b(«). Suppose also the scalar curvature satisfies,
for some constant J > 0,

RY(y*,t) < J, for all large «, t€[-b(a),0].

Then for sufficiently large «, the space time point (2*,0) in
(M, g*,(2%,0)) has a strong canonical neighborhood with accuracy e.

PROOF. (of the lemma) During the proof, all quantities are for the
scaled manifold (M?, §®).

First we show that there is 6; = 01(e, A, J,b(«)) < 1, depending
on the upper bound of b = b(«), but otherwise independent of «, such

that for all large «, B
b(a) < (h§)?6;. (9.2.1)

Here i~18‘ is the surgery radius of the surgery which added the point y®.
Recall for any (r,d) surgery, the parameter ¢§ is scaling invariant.
By the induction condition (ii) in Step 1, the parameter ¢, in the (r,d)
surgery tends to 0 when o — oo. Also, for a fixed large « and fixed

0 €(0,1), if
—b(a) + (h$)%6 <0, (9.2.2)

then the space time point (y®, —b() 4 (h$)?) is unscathed by surgery.
Hence we can apply Lemma 9.1.1, which implies that, the flow (M, g%)
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in the region

P(y*, —b(a), A, —b(ar), —b(ar) + (h§})*6)
= {(=.0) |d(z,y%, 3" (1)) < AR§,
—b(a) <1< —b(a) + (h§)*60}

is, after scaling by (izg‘)_z and time shifting, A~! close in Cl[:g topology,

to a corresponding region of the standard solution. In particular the
scalar curvature satisfies

RO(,~b(a) + (5§)%6) 2 5 min Ry (-, 0)(75) >

where Ry is the scalar curvature of the standard solution. By Lemma
8.1.3 (iii), we have

min Rs(-,0) > C/(1 —0)

for some C' > 0. Therefore, for any fixed 6 € (0, 1), when « is sufficiently
large, it holds

=60 (9.2.3)

For any 0; € (1/2,1), it holds 0 < 26; — 1 < 1. Hence we can find
such a 607 so that

R(y™, —b(a) + (201 — 1)(h§)?) > 4b(a)J (hG) 2. (9.2.4)

In fact any 6, € (1/2,1) satisfying

c
>1—- ——
br=1 16b(r)J

suffices. Therefore 67, which depends on the upper bound of b(«), can
be chosen independently of o otherwise.
If b(ar) > 601 (h§)?, then 61 < b(a)(hg) 2. Thus

R (y*, =b(er) + (201 — 1)(h§)?) < J < 201 < 2b(cx)J (h)
This contradicts with the bound for the scalar curvature in (9.2.4). So

b(a) < 61(h§)? (9.2.5)
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as long as (9.2.2) holds. Let 6 be the one given in (9.2.2). If 6 > 6y,
then (9.2.2) and (9.2.5) can not hold at the same time. Therefore 6 < 6,
which implies that (9.2.5) always hold, proving (9.2.1) i.e.

0 < —b(a) + (h§)?6;.

This allows us to use Lemma 9.1.1 to deduce: For any large Ay >0,
when « is sufficiently large, the flow (M, §%) in

P(y®, —b(a), A b, —b(a), 0)

is, after scaling by (l~18‘)_2 and shifting time by —b(«), A1_1 close, in
C’l[fcﬂ topology, to the corresponding portion of the standard solution
in the time interval [0, b(a)(hg) 2.

Since A and € are fixed here, we can choose Ay, which is much
larger than A and ¢!, As y® at time —b(«) lies in the surgery cap, by
definition of surgery, there exists a universal constant ¢ > 0 such that
the surgery radius Bg‘ satisfies

LR (Y, —b(a)) M2 < h§ < R (y*, —b(a)) V2.

From the last paragraph, (hg)2R%(y®,0) is A7' close to the scalar
curvature at a point in the standard solution at a time 65, where 65 < 64
which is bounded away from 1. Thus, there is a constant C' > 0 such

that o

}N.La 2 pa/, o > )
By the assumed bound of R%(y®,0) < J, we know that l~18l is
bounded from below by a positive constant. Therefore the ball
B(y®, A1h§, " (0)) contains the point z¢, since d(z%,y*,§*(0)) < A

and A << Aihf.

By Lemma 8.1.4, there are a few situations to deal with.

Situation 1. (y*,0) is in the tip of an evolving A1_1 cap and (z%,0)
is in the tip of an evolving 2A1_1 cap. Because A; >> ¢! by choice, the
later cap is a strong canonical neighborhood of accuracy (at least) e.
Recall there is no requirement for the life span of a cap in the definition.
The lemma is proven in this situation.

Situation 2. (y®,0) is in the tip of an evolving A ' cap and (2, 0)
is a center of evolving strong 2A1_1 neck. The lemma is also proven
since 2Al_1 < €.
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Situation 3. (y*,0) is in the tip of an evolving A1_1 cap and (z%,0)
is a center of evolving 2A1_1 neck which is not strong. Then we will deal
with it together with the situation 5.

Situation 4. (y*,0) is a center of an evolving A; " neck.

Since Al_l is much smaller than A~! or ¢, and d(2%, y®, §*(0)) < A,
we know that (7®,0) is a center of evolving 2A; " neck. If the neck is
strong, the lemma is proven. So there is only one situation left, which
also includes Situation 3:

Situation 5. (Z®,0) is at the center of an evolving 2A; " neck which
is not strong, i.e. the scaled life span is less than one.

However, we can extend the neck to earlier time to form a strong e
neck by virtue of the following:

Claim (Proposition 15.2 [MT])

There is 3 € (0,1/2) such that the following holds for any e € (0,1):

Let (N1 x [—t1,0],91(t)) be an evolving Be neck centered at x with
R(x,0) = 1. Let (Ng X [—to, —t1],g2(t)) be a strong (e/2 neck centered
at (x,—t1). Suppose N1 x {—t1} C Ny x {—t1}. Then the union

(Ng X [—tg, —tl]) U (Nl X [—tl,O])

with the induced metric contains a strong € neck centered at (x,0).

Taking the claim for granted, we proceed to prove the lemma. We
choose Ay so that 2A1_1 < fe where (3 is in the above claim. Observe
that for sufficiently large «, the space time point (%, —b(«)) lies in the
center of a J¢/2 neck (actually in a much finer strong ¢ neck) where a
surgery takes place which added the point y®. Recall y® is defined in
Case 2 at the end of Step 1. Thus the neck must be strong (3¢/2 neck.
The above claim then shows that (Z%,0) is at the center of a strong e
neck. Now a contradiction is reached in all situations. This proves the
lemma. except for the claim.

For completeness we give a proof of the claim. Suppose the claim
is not true. Then there is a sequence 3; — 07 and sequences of coun-
terexamples: ;e necks (Nl(i) X [—tgi), 0],g§i) (t)) and strong (;€/2 necks
(Nz(i) X [—tg), —tgi)],gg) (t)), which satisfy the conditions of the claim
but not the conclusion. Consider the unions

Ui = N x =49, 9]0 NO x 49, q),

These are incomplete Ricci flows which are glued together at time —t¢.
By the assumption that le) x{—t1} C NQ(Z) x{—t1} and the smoothness
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of the necks in their respective time interval, we know, for z in the
interior of Nl(l) and £k =0,1,2,...,

lim astgéi)(:n,s): lim Ostggi)(:E,s).

s—>(—t(i))7 s—>(—t(i))+

Hence the union U* is still a smooth solution of the Ricci flow in the
interior of the space time domain. Observe that the scalar curvature at
each space time point in U’ are uniformly bounded by 1 + o(1). The
reason is that the scalar curvature of a ;e neck is essentially nonde-
creasing in time when (; is sufficiently small, and at the largest time
t = 0 the scalar curvature is a perturbation of 1 by assumption. Using
Hamilton’s compactness Theorem 5.3.5, we can pick a subsequence of
{U", (z,0)} which converge, in C}°, topology, to a limit Ricci flow. Since
B; — 0, the limit flow is a complete portion of the standard shrinking
cylinder: S% x R x [-D,0]. Recall that (Nz(i) X [—tg), —tgi)],gg(t)) are
strong ;e necks. Also the scalar curvature is less than or equal to
1 + o(1). Therefore \tg) - tgi)] >1—o0(1). Thus D > 1 and hence U*
contains a strong e neck when ¢ is large. This contradiction with the
assumption proves the claim and the lemma. ]

Step 4. We prove the following statement:

Claim 9.2.1 For any A > 1, there exists b(A) > 0 such that for all o
sufficiently large, the space time region

B(‘%av A7 ga(o)) X [_b(A)7 0]

18 unscathed by surgery.
The key is that b(A) is independent of a.

Step 4.1. We prove the following lemma.

Lemma 9.2.2 Given any number J > 1, suppose for a point y“ €
B(z*, A, g“(0)), it holds

R(y*,0) < J.
Then for large «, there is no surgery scathing the segment

{y*} x [=eJ 71, 0].

1.e. y& is not added as a point of a surgery cap in the time interval
[cJ~1,0]. Here ¢ > 0 is a universal constant.
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PRrROOF. We use the method of contradiction again. Suppose the lemma
is false. Then there is a sequence of {ayx}, ap — oo when k — oo and
a sequence of times {—b(ay)} such that:

lb(a)| < 1/(kJ), R (y™*,0) < J (9.2.6)

and the point y** is added as a point in a surgery cap at time —b(ay).

Therefore, there exists a universal positive constant ¢; > 0 such that
ROy, =b(ag)) = c1/(h™*)?.

Here h* is the scaled surgery radius. We consider two cases.

Case 1. R (y —b(ay)) > 4J.

In this case, there exists a time —bj(ay) € (—b(ag),0), which is the
closest time to 0 such that

R (y®%  —by (ay)) = 4. (9.2.7)
By continuity, there exists a time —ba(ay) > —bi(ay) such that
RO (y, 5) > J, s € (=bi(ag), —b2(ag)).
By Property 3 in Step 1, it holds
J > 1> 1/(7%)?,

where 7% is the scaled parameter of the canonical neighborhood prop-
erty with accuracy 2¢. Hence the following gradient bound holds for all
the above s:

DR (y™, 5) > —n[R* (y**, )]?.

Integrating from —by () to —ba(ay) and using (9.2.7), we find

4J

RO (y™  —by(a)) > .
(v 2(0k)) 2 1+ |by (o) — ba ()[4

Note
b1 (k) — b2(ag)| < blay) < 1/(kJ) < 1/(4nJ),

when k is large. Hence
R (%, —by ) > 2

This argument can be repeated as long as —bs () < 0. Therefore we
know that .
R (y™*,0) > 2J,
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which contradicts with the assumption that R (y®#,0) < .J in the
lemma. Thus the lemma is proven in this case.

Case 2. R (y®, —b(ay)) < 4.J.
Then we can assume that

Rox(yo*,s) < 4J, s € [~b(ay,),0]. (9.2.8)
Otherwise there would be a time —by(ay) € (—b(ay),0] such that
RO (5™, —bi () = 4.

Then we are in the same situation as Case 1.

By (9.2.8) and (9.2.6), we can apply Lemma 9.2.1 to make the
following statement:

when £ is large, the space time point (z®, T%) in the unscaled flow
(M“k, g*) has a strong canonical neighborhood of accuracy e. This is
a contradiction to the induction assumption (iii) in Step 1 of the proof
of the theorem. So we have finished the proof of Lemma 9.2.2. O

Step 4.2. By Lemma 9.2.2 in Step 4.1, we can apply Proposition
9.1.1 to deduce:
For sufficiently large «, there exists K = K (e, A) > 0 such that

R*(2%,0) < K(e,A), 2% e B(i% A, §*(0)). (9.2.9)

Here we note that Proposition 9.1.1 does not care about the largeness
of the canonical neighborhood scale, which is not smaller than 1 here.

Lemma 9.2.2 and (9.2.9) then imply Claim 9.2.1 at the beginning
of Step 4, i.e. for some b(A) > 0, independent of large «,

B(‘%av A7 ga(o)) X [_b(A)7 0]

is unscathed by surgery.

Step 5. Finding a limit flow (M®°, g, 2>°).

By the result in Step 4 and strong x noncollapsing, we may apply the
compactness result Proposition 9.1.2. Hence there exists a subsequence
ay, such that the flow (M kT, g ) converges, in C}F. topology, to
a smooth limit flow (M°°, ¢>°, x>°) which exists in an open set of the
space time M x (—o0, 0], containing M x {0}. Now we are in the
situation of the canonical neighborhood Theorem 7.5.1 in the smooth

case. By Step 4 of that theorem, we know that the scalar curvature of
(M, 2%°,¢>(0)) is bounded.
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Step 6. We show the limit flow (M, ¢, x°) exists in a time in-
terval [—B, 0] where B is a positive constant.

Suppose the above statement is false. Then there exists a sequence
{ay}, going to infinity with the following property:

For any small p > 0, there exists fixed A > 1 and arbitrarily large
k such that y® € M satisfies d(2%,y“, §**(0)) < A. Moreover y*
is added during a surgery at time —b(ay) such that b(ay) < p.

By Step 5, we can find a positive constant ) which bounds the
scalar curvature of (M, ¢>(0),2°°). Hence for all large k,

ROy 0) < 2Q.

By Lemma 9.2.2, there is no surgery scathing {y*} x [—p,0] when
p < cQ! for a positive constant ¢. This is a contradiction with the
assumption that y®* is added at time —b(ay) € [—p,0]. Step 6 is com-
plete.

Step 7. We show the limit flow (M, ¢ 2°°) exists in the time
interval (—o0,0].

Suppose not. Let B be the maximum number such that the flow
(M, g, ) exists in a time interval [—B,0]. By Hamilton Ivey
pinching, the curvature operator of the limit flow is nonnegative. By
the trace Harnack inequality Corollary 5.3.1,

R>*(z,t) <

— t —B.0].
_HBQ, € [-B,0]

Hence we only need to bound the scalar curvature when ¢ approaches
—B. By the same proof as Step 5 of Theorem 7.5.1, we know that
R>*(x,—B) is finite for each z € M. Now we can repeat Step 5 of
this theorem to show that the limit flow (M, ¢, £°°) exists in an
open set of the space time M x (—o0, 0], containing M x [—B,0].
Note the existance of the necessary surgery free region is guaranteed by
lemma 9.2.1. Using Step 6 of the theorem, we know that (M, g>°, z°°)
exists in M x [-B — s,0] for some s > 0. This contradicts with the
definition that —B is the earliest time that the limit flow can exist.
Thus the limiting flow (M, ¢>°,x>°) is a k solution. This con-
tradicts the induction condition (iii) in Step 1: for large «, the flow
(M®,g%) at the space time point (z®,7%) does not have a canoni-
cal neighborhood property of accuracy e. This finally proves the theo-
rem. O
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9.3 Summary and conclusion

Let us close by presenting the flow chart of a simplified proof of the
Poincaré conjecture without reduced distance or volume.

Step 1. W entropy and its monotonicity [P1]. See also [Cetc], [CZ],
[KL], [MT] and Chapter 6 of this book.

Step 2. Local noncollapsing result via Step 1 [P1]. See also [Cetc],
[CZ], [KL], [MT] and Chapter 6 here.

Step 3. Getting ancient x solutions by blowing up of singularity
using Step 2 and Hamilton’s compactness theorem [P1]. See also [Cetc],
[CZ], [KL], [MT] and Chapter 7 here.

Step 4. (i) Showing the backward limits of ancient x solutions are
gradient shrinking solitons. Earlier work of Hamilton [Ha2] for type II
case and Chapter 7 of this book for type I case.

(ii) Universal noncollapsing of ancient, nonround x solutions; non-
compact case in Section 3.2 of [ChZ1]; both noncompact and compact
case in Chapter 7 of the book.

(iii) Curvature and volume estimates for ancient solutions [P1], [P2].
See also [Cetc], [CZ], [KL], [MT] and Chapter 7 here.

Step 5. Classification of gradient shrinking solitons [P1], [P2]. See
also [Cetc|, [CZ], [KL], [MT] and Section 5.4 here.

Step 6. Canonical neighborhood property [P1]. That is: regions of
high scalar curvature resemble the ancient k solution after appropriate
scaling.

See also [Cetc], [CZ], [KL], [MT] and Chapter 7 here.

Step 7. Surgery procedure, including properties of the standard so-
lution [P2]. See also [CZ], [KL], [MT] and Chapter 8 here.

Step 8. Finite time strong x noncollapsing with surgeries [Z4] or
Chapter 8 here.

Step 9. Canonical neighborhood property with surgeries [P2]. See
also [CZ], [KL], [MT] and this chapter.

Step 10. Existence of Ricci flow with surgeries, i.e. proving there are
finitely many surgeries within finite time: this chapter. See also [P2],
[CZ], [KL], [MT].

Theorem 9.3.1 (ezistence of Ricci flow with surgeries) Let (M, g(0))
be a compact, orientable, normalized 3 manifold. For any sufficiently
small € > 0, there exist nonincreasing, positive functions § = J(t),
r =r(t) and k = k(t) on R" such that the Ricci flow with (M, g(0))
as the initial value satisfies the following properties.
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(i) The Ricci flow is smooth on the time interval [0,t1) for some
t1 > 0, and (M, g(t)) with t € [0,t1), satisfies the strong canonical
neighborhood condition with accuracy € and parameter r(t).

(ii) Finitely many surgeries are done at ty, with parameters
(r(t1),0(t1)), performed on strong 61 necks. With the post surgery man-
ifold as the initial value at t1, the Ricci flow is smooth on the time in-
terval [t1,t2) for some ty > t1. Also (M, g(t)) with t € [t1,t2), satisfies
the canonical neighborhood condition with accuracy € and parameter
r(t).

(iii) The Ricci flow can be extended in the above manner to a
mazximal time Ty with surgeries at discrete times {t;} with parame-
ters (r(t;),0(t;)), i = 1,2,.... The number of surgeries in a finite time
interval is finite.

(iv) At any existence time t, the Ricci flow is strong k noncollapsed
with constant k(t), under scale 1.

(v) If Ty is finite, the initial manifold is diffeomorphic to a connected
sum of a finite copies of S? x S and metric quotients of the round three
sphere S3.

PROOF. Finally, only the last statement of (iii) and (v) remain to be
proven. Let [0,7] be a finite time interval when the Ricci flow with
surgery exists.

By the maximum principle and the equation

AR — 8;R + 2|Ric|* = 0,
when the Ricci flow is smooth, it holds

wig‘dR(:p,t) > —3/12(t + (3/2)].

Here we also used the assumption that the initial metric is normalized.
Since a surgery is performed at a high scalar curvature region, this
inequality survives surgeries. Let V' = V(¢) be the volume of (M, g(t))
at a nonsurgery time. Using the formula

GV = [ Rdu(g(t)

and the fact that surgery does not increase volume, we have
V(t) < C(1+1)32

Here C' > 0 is a constant. Let h(7) be the infimum of surgery
radii over the time period [0,7]. We have shown in Theorem 9.2.1
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that the canonical neighborhood parameter (radius) r(7") depends only
on T, € and the initial metric. Therefore we can choose h(7') > 0,
which is independent of the number of surgeries. After each surgery,
the manifold loses at least ch(T)? in volume. Hence, there are only
finitely many surgeries in the interval [0, T]. This proves (iii).

Now we prove (v). Suppose the Ricci flow becomes extinct at time
Ty. Then after finitely many surgeries the manifold is entirely covered
by canonical neighborhoods. Hence the initial manifold is diffeomorphic
to the connected sum of finite copies of metric quotients of S and
S% x St O

The final hurdle in proving the Poincaré conjecture is
Step 11. Finite time extinction of Ricci flow on simply connected
manifolds [P3].

Theorem 9.3.2 Let (M, g(0)) be a compact, orientable, normalized 3
manifold. Suppose the fundamental group of M is a free product of finite
groups and infinite cyclic groups, then the Ricci flow with (M, g(0)) as
the initial value, given by Theorem 9.3.1, becomes extinct in finite time
To.

The idea of the proof is to use curve shortening flow and certain
minimax functional. See [MT] Chapter 18 for a detailed exposition
of [P3] and [CM] for a different proof using minimal surfaces.

Conclusion

When M is simply connected, the Ricci flow becomes extinct in finite
time. By Theorem 9.3.1 (v), the manifold M is diffeomorphic to S, as
conjectured by Henri Poincaré. O
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