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Preface

First we provide a treatment of Sobolev inequalities in various settings:
the Euclidean case, the Riemannian case and especially the Ricci flow
case. Then, we discuss several applications and ramifications. These
include heat kernel estimates, Perelman’s W entropies and Sobolev in-
equality with surgeries, and the proof of Hamilton’s little loop conjec-
ture with surgeries, i.e. strong noncollapsing property of 3 dimensional
Ricci flow. Finally, using these tools, we present a unified approach to
the Poincaré conjecture, which seems to clarify and simplify Perelman’s
original proof. The work is based on Perelman’s papers [P1], [P2], [P3],
and the works Chow etc. [Cetc], Chow, Lu and Ni [CLN], Cao and
Zhu [CZ], Kleiner and Lott [KL], Morgan and Tian [MT], Tao [Tao]
and earlier work of Hamilton’s. The first half of the book is aimed at
graduate students and the second half is intended for researchers.
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Chapter 1

Introduction

The book is centered around Sobolev inequalities and their applications
to analysis on manifolds, and in particular to Ricci flow. There are two
objectives. One is to serve as an introduction to the field of analysis
on Riemann manifolds. The other is to use the tools of Sobolev imbed-
ding and heat kernel estimates to study Ricci flows, especially in the
case with surgeries, a research field that has attracted much attention.
Rather than making a comprehensive presentation, the aim is to present
key ideas, to explain the hard proofs and most important applications
in a succinct, accessible and unified manner.

Roughly speaking, a Sobolev inequality states that if the derivative
of a function is integrable in certain sense (Lp, etc.), then the func-
tion itself has better integrability. It lies in the foundation of modern
analysis. For example, Sobolev imbedding is an essential tool in study-
ing partial differential equations since the goal of solving a differential
equation is to integrate out the derivatives to recover the unknown func-
tion. On the other hand, a Sobolev inequality will also yield interesting
partial differential equations via minimizing the Sobolev constants. It
can also reveal useful information on the underlying space or manifold.
This last property is the focus of this book.

The book is divided into three parts. Chapter 2 is the first part,
where we will present basic materials on Sobolev inequalities in the
Euclidean case. These include the standard W 1,p(Rn) imbedding into
Lnp/(n−p), Orlicz and Cα spaces, when p ∈ [1, n), p = n and p > n re-
spectively. We will also present the Poincaré inequality and Log Sobolev
inequality. All these materials can be found in standard books, such
as [GT], [Maz], [Ad], [LL]. The prerequisite for this part is graduate
Real Analysis.

1



2 Chapter 1. Introduction

The second part consists of Chapters 3–4. Here we discuss Sobolev
imbedding on compact or noncompact Riemann manifolds with fixed
metrics. The main theme is to prove several close relatives of the
Sobolev imbedding. These include log Sobolev inequality, certain heat
kernel estimates, Poincaré inequality and doubling condition, Harnack
inequalities, etc. We will also show that the validity of certain Sobolev
inequalities imply such geometric properties as volume noncollapsing,
isoperimetric inequalities. Much of the material in this part is taken
from [Heb2] and [Sal]. The reader needs some basic knowledge of Rie-
mann geometry. In Chapter 3, a very brief summary of the most rele-
vant results in basic Riemann geometry is provided.

The third part starts from Chapter 5, where we outline a few basic
results of R. Hamilton’s Ricci flow. Starting from Chapter 6, we turn
to some recent research on the Poincaré conjecture.

From Perelman’s original papers [P1], [P2], [P3] and the works by
Cao and Zhu [CZ], Kleiner and Lott [KL] and Morgan and Tian [MT],
and Tao [Tao2], [Tao], it is clear that the bulk of the proof of the
Poincaré conjecture is consisted of two items. One is the proof of local
noncollapsing with or without surgeries, and the other is the classifica-
tion of backward limits of ancient κ solutions. After these are done, by
a clever blow-up argument, also due to Perelman, one can show that
regions where the Ricci flow is close to forming singularity have simple
topological structure, i.e. canonical neighborhoods. Then one proceeds
to prove that the singular region can be removed by finite number of
surgeries in finite time. When the initial manifold is simply connected,
the Ricci flow becomes extinct in finite time [P3] (see also [CM]). Thus
the manifold is diffeomorphic to S3, as conjectured by Poincaré.

Besides the results and techniques by R. Hamilton, the main new
tools Perelman used in carrying out the proof are several monotone
quantities along Ricci flow. These include the W entropy, reduced vol-
ume and the associated reduced distance. In [P1], Perelman first used
his W entropy to prove local noncollapsing for smooth Ricci flows, i.e.
the little loop conjecture by Hamilton. This result is a major break-
through for the theory of Ricci flow. However he then turned com-
pletely to the reduced volume (distance) to prove the classification and
a weaker form of noncollapsing with surgeries. The W entropy is not
used anymore. The reduced distance is a distance in space time, which
is suitably weighted by the scalar curvature. Even though it is not
smooth or positive in general, Perelman shows that the reduced dis-
tance miraculously satisfies certain differential equalities and inequal-
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ities in the weak sense. But a rigorous proof of these is lengthy and
intensive.

The main aim for the third part of the book is to show that the W
entropy and its monotonicity actually imply certain uniform Sobolev
inequalities along Ricci flows, which have many ramifications. One of
them is the aforementioned local noncollapsing result with or without
surgeries. Another one is the classification of the backward limits of
ancient κ solutions. This enables one to give a proof of the Poincaré
conjecture using techniques unified around W entropy, Sobolev imbed-
ding and related heat kernel estimate. This method allows one to bypass
reduced distance and volume which are central to Perelman’s original
proof. The reduced distance, being neither smooth nor positive in gen-
eral, is one reason for the complexity of the original proof. The proof
presented here, within Perelman’s framework, seems more accessible to
wider audience since the techniques involving Sobolev inequalities and
heat kernel estimates are familiar to many mathematicians. Much of
the highly intensive analysis involving reduced distance and volume is
now replaced by the study of the W entropy and the related uniform
Sobolev inequalities and heat kernel estimates. These results have inde-
pendent interest since they are instrumental to analysis on manifolds.
Besides, due to the relative simplicity and versatility, we believe the
current technique can lead to better understanding of other problems
for Ricci flow. One such result is the proof of Hamilton’s little loop con-
jecture with surgeries in Chapter 8. Some applications are also found
by several authors for Kähler Ricci flow, as indicated in Section 6.2.

We should mention that the reduced distance and volume are still
needed so far for the proof of the geometrization conjecture. Actually,
they are needed, but only in the proof of Perelman’s no collapsing
Theorem II with surgeries, i.e. Proposition 6.3 (a) in [P2]. A short
proof of the nonsurgery version is given in Section 6.3.

Let us briefly describe the content of Chapters 6–9. In Chapter 6,
we show that Perelman’s W entropy is just the formula in a log Sobolev
inequality and the monotonicity of a family of W entropies implies cer-
tain uniform Sobolev inequalities along a smooth Ricci flow. By earlier
result of Carron [Ca] and Akutagawa [Ak], local noncollapsing of Ricci
flow follows as a corollary. In Section 6.3, we also report two new results
which are not directly related to the proof of Poincaré conjecture. One
is a uniform Sobolev inequality with critical exponents. The other is a
localized uniform Sobolev inequality which implies the smooth version
of Perelman’s no local collapsing theorem II [P1] as a special case. These
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results are not published elsewhere. The content in Sections 6.4 and 6.5
are taken from the papers [KZ] and [Z1] respectively. The former is a
differential Harnack inequality for all positive solutions of the conjugate
heat equation. The later is certain upper bound for the fundamental
solution of the conjugate heat equations.

In Chapter 7, we present Perelman’s classification of backward lim-
its of ancient κ solutions and the canonical neighborhood property for
3 dimensional Ricci flow.

The main goal of Section 7.2 is to establish certain Gaussian type
upper bound for the heat kernel (fundamental solutions) of the conju-
gate heat equation associated with 3 dimensional ancient κ solutions to
the Ricci flow. As an application, in Section 7.3, using the W entropy
associated with the heat kernel, we give a different and shorter proof of
Perelman’s classification of backward limits of these ancient solutions.
The question of whether or not the classification can also be done in
this way has been raised in [Tao] e.g.

In Chapter 8, using the idea of Sobolev imbedding developed in
Chapter 6 and being inspired by the last section of [P2] and [KL], we
prove a uniform Sobolev inequality which is independent of the number
of surgeries. As one application, a strong finite time κ noncollapsing
result for Ricci flow with surgeries is proven. This gives the first proof
of Hamilton’s little loop conjecture with surgeries in 3 dimension case.
We mention that the smooth version of the little loop conjecture is
proven by Perelman [P1] using the monotonicity of his W entropy. The
main work in the surgery case involves the analysis of eigenvalues of
the minimizer equation of the W entropy over a horn like manifold. As
a result it is shown that the best constant of the associated log Sobolev
inequalities differ at most by the change in volume if the underlying
manifold undergoes surgeries (cut and paste). The proof, without using
reduced distance or volume, is short and seems more accessible. Its
main advantage over the weaker κ noncollapsing proved by Perelman is
that the relevant geometric information concentrates only on one time
slice, thus avoiding the complication associated with surgeries which
can happen shortly before this time slice. This chapter is based on [Z4].

In Chapter 9, with the help of strong κ noncollapsing, we will give
a detailed proof of Perelman’s existence theorem of Ricci flow with
surgeries. Something new about this chapter is the proof of Lemma
9.1.1, which describes the evolution of regions near surgery caps. This
lemma is a key step in proving there are finitely many surgeries in finite
time. Here we provide a proof which is considerably different from the
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one outlined in [P2], Lemma 4.5. The reason is that we are unable to
follow the original proof by Perelman, which seems to require a little
more justification. The proof also allows one to bypass sophisticated
uniqueness theorems for noncompact Ricci flows.

This result, together with the finite time extinction theorem in [P3]
or [CM] imply the Poincaré conjecture.

As described above, some of the materials in the book are not di-
rectly related to the proof of the Poincaré conjecture. As an experienced
worker solely interested in the Poincaré conjecture, one can start with
Section 5.4, then go to Sections 6.1 and 6.2, and then read Chapters 7,
8 and 9.

Due to limited space and time, we will only provide in detail those
results or proofs that are different from Perelman’s original one. These
include the proof of strong κ noncollapsing with surgeries, backward
limit of κ solutions and the proof of the canonical neighborhood prop-
erty with surgeries. Those parts which are more or less the same as the
original ones are only sketched or referred to other sources.

Owing to the vastness and depth of the topic, some necessary se-
lections of the material is necessary. This selection only reflects the
current personal preference and limited knowledge and is in no way a
snub to the materials that are left out. At the beginning of each sec-
tion, some basic background material will be sketched with little or no
proof. However standard references will be given. Coming to the proofs,
we will strive to present the main ideas. Sometimes this is done at the
price of sacrificing generality. The reader is led to references for further
development and generalizations. Due to my limited knowledge and
time constraint, the book contains many imperfections and omission.
It is hoped that improvements will be made constantly. The author
also welcomes all constructive suggestions and corrections, which can
be sent to qizhang@math.ucr.edu.

To close the introduction, we list a number of notations to be used
throughout the book. More notations will be introduced in each chapter
or section.

R or Rn: Euclidean space of dimension 1 or n; M or M : a Riemann
manifold; g or gij : the Riemann metric; Ric or Rij : the Ricci curvature;
Rm: the full curvature tensor; R: the scalar curvature.

∇: covariant derivative or gradient; ∆: Laplace operator; Hess: Hes-
sian; ∇2, or ∇2

i,j, or ∇i∇j: second covariant derivative.
dx, dg, dµ or dµ(g), dg(x, t) etc.: volume element; d(x, y): distance;

d(x, y, t), d(x, y, g(t)): distance with respect to metric g(t); B(x, r):
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geodesic ball of radius r centered at x; B(x, r, t) or B(x, r, g(t)):
geodesic ball of radius r centered at x, with respect to metric
g(t); |B(x, r)|: volume of the ball B(x, r) under a given metric;
|B(x, r, g(t))|h: volume of the ball under the metric h.



Chapter 2

Sobolev inequalities in the

Euclidean space

In this chapter we will define the Sobolev space W k,p(D) where D is
a domain in Rn and prove a basic imbedding theorem. Here k is a
positive integer and p ≥ 1. We will also present the closely related
Poincaré inequality.

2.1 Weak derivatives and Sobolev space W
k,p(D),

D ⊂ Rn

Let u be an locally integrable function in D, a domain in Rn. Let
α = (α1, . . . , αn) be a n-tuple of nonnegative integers. The symbol Dα

denotes the differential operator ∂α1
x1
. . . ∂αn

xn
.

Definition 2.1.1 A function v ∈ L1
loc(D) is called the α-th weak

derivative of u if

∫

D
vφdx = (−1)|α|

∫

D
uDαφdx

for all φ ∈ C∞
0 (D). Here |α| = α1 + · · · + αn.

Definition 2.1.2 For p ≥ 1 and k a nonnegative integer, we define
the Sobolev space

W k,p(D) ≡ Lp(D) ∩ {u | Dαu ∈ Lp(D), |α| ≤ k},

7



8 Chapter 2. Sobolev inequalities in the Euclidean space

with the norm

‖u‖ = ‖u‖k,p =

(∫

D
Σ|α|≤k|Dαu|pdx

)1/p

.

The space W k,p
0 (D) is defined as the closure of C∞

0 (D) under the
above norm.

In general, a function in W k,p(D) may not be smooth or even con-
tinuous. For example u(x) = ln(1/|x|) is in W 1,2(B(0, 1)) where B(0, 1)
is the ball of radius 1, centered at the origin in R3. Therefore, in study-
ing these weakly differentiable functions, it is important to know that
these functions can be approximated by smooth functions.

The first approximation result says that any Lp function is the Lp

limit of a sequence of smooth functions.

Proposition 2.1.1 Let u ∈ Lp(Rn), 1 ≤ p < ∞. For any, ǫ > 0,
define

uǫ(x) = ηǫ ∗ u(x) =

∫

Rn

ηǫ(x− y)u(y)dy,

where ηǫ = ǫ−nη(·/ǫ). Here the function η is a nonnegative function in
C∞

0 (B(0, 1)) such that
∫

Rn η(x)dx = 1.
Then uǫ ∈ C∞(Rn) ∩ Lp(Rn) and ‖uǫ − u‖p → 0 when ǫ→ 0.

Proof. The derivative only hits the smooth function η. Hence uǫ is
smooth. By Hölder’s inequality

|uǫ(x)| ≤
(
∫

ηǫ(x− y)dy

)(p−1)/p(∫

ηǫ(x− y)|u(y)|pdy
)1/p

.

Integrating the p-th power of the above inequality and noting the total
integral of ηǫ is 1, we know that

‖uǫ‖p ≤ ‖u‖p.

Hence uǫ ∈ C∞(Rn) ∩ Lp(Rn).
Next pick a continuous, compactly supported function w such that

‖u− w‖p < δ, an arbitrary positive number. Then

|wǫ(x) − w(x)| ≤
∫

ηǫ(x− y)|w(y) − w(x)|dy

≤ ǫ−n‖η‖∞
∫

B(x,ǫ)
|w(x) −w(y)|dy.
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Since w is continuous and compactly supported, we know that

‖wǫ − w‖p < δ

when ǫ is sufficiently small. Therefore

‖uǫ−u‖p ≤ ‖u−w‖p+‖wǫ−w‖p+‖wǫ−uǫ‖p ≤ 2‖u−w‖p+‖wǫ−w‖p < 3δ.

�

Remark 2.1.1 One can choose

η(x) = ce−1/(1−|x|2), |x| ≤ 1; η(x) = 0, |x| > 1.

Here c is the constant such that the total integral of η is 1.
The next proposition says that a function in W k,p(D) can be ap-

proximated in the W k,p norm by functions which are smooth in the
interior of D. Note that here the norm is stronger than the Lp norm in
the previous proposition.

Proposition 2.1.2 The space {u ∈ C∞(D) | ‖u‖k,p <∞} is dense in
W k,p(D).

Proof. In order to prove the proposition, we need to recall a standard
result called the partition of unity (for a proof, see [Zi] p53 e.g.)

Let J be a collection of open subsets of Rn whose union contains a
set D. There is a sequence of nonnegative functions {φi} in C∞

0 (Rn)
such that 0 ≤ φi ≤ 1 and

(i) for each φi there is a U ∈ J such that suppφi ⊂ U ,
(ii) for any compact K ⊂ D, there are only finitely many functions

in {φi}, whose supports intersect with K,
(iii) Σi≥1φi(x) = 1 for each x ∈ D.
Now we come back to the proof of the proposition. Let Ωi, i =

1, 2, . . ., be a sequence of open subsets of D, whose union is D. The
collection {Ωi − Ω̄i−1} is an open cover for D. Let {φi} be a partition
of unity, subordinating to this cover. We can make the support of φi
to be contained in Ωi − Ω̄i−1.

Let u ∈ W k,p(D), ǫ > 0. For each i ≥ 1, by the last proposition,
we can find ǫi > 0 such that supp(φiu)ǫi ⊂ Ωi − Ω̄i−1 and ‖(φiu)ǫi −
φiu‖k,p < ǫ2−i. Define

v = Σi≥1(φiu)ǫi .
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Then v ∈ C∞(D) since for each x ∈ D the above is actually a finite
sum. By Minkowski inequality

‖u− v‖k,p ≤ Σi≥1‖(φiu)ǫi − φiu‖k,p < Σi≥1ǫ2
−i = ǫ.

�

Remark 2.1.2 In general functions in W k,p(D) can not be approxi-
mated by functions in C∞(D̄). More conditions on the domain D have
to be imposed. See [Ad], Theorem 3.18 e.g.

2.2 Main imbedding theorem for W
1,p
0 (D)

Theorem 2.2.1 (Sobolev Imbedding) Let Ω be a domain in Rn,
then,

W 1,p
0 (Ω) →֒











L
np

n−p (Ω), 1 ≤ p < n;

Lϕ(Ω), p = n,ϕ(t) = exp(|t|p/(p−1)) − 1, Ω bounded;

C1−n
p (Ω), p > n.

(2.2.1)
Furthermore, there exists a constant C = C(n,p) such that, for any

u ∈W 1,p
0 (Ω),

{

‖u‖np/(n−p) ≤ C ‖Du‖p, p < n;

supΩ |u| ≤ C|Ω|1/n−1/p‖Du‖p, p > n.
(2.2.2)

Remark 2.2.1 For the case n = p, Lϕ(t)(Ω) is usually called an Or-
licz space, where ϕ(t) = exp(|t|p/(p−1)) − 1. A function u in this space
satisfies

∫

Ω[exp(|u(x)|p/(p−1)) − 1]dx <∞.

We divide the proof of the theorem into three parts. The first one
is:
The case 1 ≤ p < n.

Proof. We first establish the estimate for C1
0 (Ω) functions when p =

1 : W 1,1
0 (Ω) →֒ L

n
n−1 (Ω). Denote any x = (x1, x2, . . . , xn) ∈ Rn. Then
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for any i, 1 ≤ i ≤ n,

u(x) =

∫ xi

−∞
∂iu(x1, . . . , xi−1, s, xi+1, . . . , xn) ds

⇒ u(x) ≤
∫ +∞

−∞
|∂iu(x1, . . . , xi−1, xi, xi+1, . . . , xn)| dxi

⇒ |u(x)|n/(n−1) ≤
(

n
∏

i=1

∫

R

|∂iu| dxi
)1/(n−1)

.

Here and later ∂i = ∂xi . Now we integrate the above inequality suc-
cessively over each xi, i = 1, . . . , n, and apply the generalized Hölder
inequality with exponents p1 = p2 = . . . = pn−1 = n − 1. In order to
illustrate the idea, we carry out the calculation in detail for n = 3.
Integrating with respect to x1, we obtain,

∫

R

|u(x)|3/2 dx1 ≤
(
∫

R

|∂1u(x1, x2, x3)| dx1

)1/2

·
(
∫

R

[
∫

R

|∂2u(x1, x2, x3)| dx2

]

×
[
∫

R

|∂3u(x1, x2, x3)| dx3

])1/2

dx1

≤
(
∫

R

|∂1u(x1, x2, x3)| dx1

)1/2

·

(∫

R

∫

R

|∂2u(x1, x2, x3)| dx1dx2

)1/2

·

(∫

R

∫

R

|∂3u(x1, x2, x3)| dx1dx3

)1/2

where we used
∫

f
1
2 g

1
2 ≤ [

∫

f ]
1
2 [
∫

g]
1
2 .
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Integrating the last inequality over x2, we have
∫

R

∫

R

|u(x)|3/2 dx1dx2

≤
(
∫

R

∫

R

|∂2u(x1, x2, x3)| dx1dx2

)1/2

·
(
∫

R

[

∫

R

|∂1u(x1, x2, x3)| dx1] [

∫

R

∫

R

|∂3u(x1, x2, x3)| dx1dx3]

)1/2

dx2

≤
(
∫

R

∫

R

|∂2u(x1, x2, x3)| dx1dx2

)1/2

·
(
∫

R

∫

R

|∂1u(x1, x2, x3)| dx1dx2

)1/2

·
(∫

R

∫

R

∫

R

|∂3u(x1, x2, x3)| dx1dx2dx3

)1/2

.

Further, integrating the above over x3, we deduce
∫

R3

|u(x)|3/2 dx ≤
(∫

R

∫

R

∫

R

|∂3u(x1, x2, x3)| dx1dx2dx3

)1/2

·
(

∫

R

[∫

R

∫

R

|∂2u(x1, x2, x3)| dx1dx2

]1/2

×
[∫

R

∫

R

|∂1u(x1, x2, x3)| dx1dx2

]1/2

dx3

)

.

Therefore
∫

R3

|u(x)|3/2dx ≤
(∫

R

∫

R

∫

R

|∂3u(x1, x2, x3)| dx1dx2dx3

)1/2

·
(∫

R

∫

R

∫

R

|∂2u(x1, x2, x3)| dx1dx2dx3

)1/2

·
(∫

R

∫

R

∫

R

|∂1u(x1, x2, x3)| dx1dx2dx3

)1/2

≤
(∫

R

∫

R

∫

R

|∂1u| + |∂2u| + |∂3u|
3

dx1dx2dx3

)3/2

≤
(

∫

R

∫

R

∫

R

√

|∂1u|2 + |∂2u|2 + |∂3u|2
3

dx1dx2dx3

)3/2

= 3−
3
4

(∫

R3

|∇u(x)| dx
)

3
2
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where we have used the inequalities (abc)
1
3 ≤ a+b+c

3 ≤
√

a2+b2+c2

3 .

Thus,

‖u‖3/2 =

(∫

R3

|u(x)|3/2 dx
)

2
3

≤ 1√
3

(∫

R3

|∇u(x)| dx
)

.

In general, it holds, by induction,

‖u‖ n
n−1

≤
(

n
∏

i=1

∫

Ω
|∂iu| dx

) 1
n

≤ 1

n

∫

Ω

n
∑

i=1

|∂iu| dx ≤ 1√
n
‖∇u‖1

i.e.

‖u‖ n
n−1

≤ 1√
n
‖∇u‖1. (2.2.3)

Thus we have proved the theorem for p = 1.

For other values of p, we proceed as follows. Replace u in (2.2.3) by
the power |u|γ , we get for γ > 1,

‖|u|γ‖ n
n−1

≤ γ√
n

∫

Ω
|u|γ−1|∇u| dx

≤ γ√
n
‖ |u|γ−1 ‖p′ · ‖∇u‖p, with (p′ =

p

p− 1
).

(2.2.4)
Therefore, for p < n, we may choose γ to satisfy

nγ

n− 1
=

(γ − 1)p

p− 1
⇒ γ =

(n− 1)p

n− p
> 1.

Consequently,

‖u‖ np
n−p

≤ γ√
n
‖Du‖p.

This proves the theorem for p ∈ [1, np/(n − p)) when u is a C1

function. The case for general u follows from Proposition 2.1.2. �

Proof of the theorem for the case p = n.
The proof is due to Yudovich [Yu] and Trudinger [Tr1].
We will need some lemmas.

Lemma 2.2.1 Suppose u ∈W 1,1
0 (Ω), then,

u(x) =
1

nωn

∫

Ω

n
∑

i=1

(xi − yi)∂iu(y)

|x− y|n dy a.e. in (Ω).

where ωn is the volume of the unit ball in Rn.
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Proof. Suppose that u ∈ C1
0 (Ω) and extend u to be zero outside Ω.

Then for any ω ∈ Sn−1, |ω| = 1, we have

u(x) = −
∫ ∞

0
∂ru(x+ rω) dr. (2.2.5)

Also notice u(x) = 1
nωn

∫

Sn−1 u(x) dω, substituting into (2.2.5), we
have,

u(x) =
1

nωn

∫

Sn−1

(

−
∫ ∞

0
∂ru(x+ rω) dr

)

dω. (2.2.6)

Denote y = x+ rω, then r = |x− y|, ω = x−y
|x−y| ,

∂ru(x+ rω) =
n
∑

i

(yi − xi)∂iu(y)

|x− y| .

Plugging into (2.2.6),

u(x) = − 1

nωn

∫

Ω

(

n
∑

i

(yi − xi)∂iu(y)

|x− y|n

)

dy

=
1

nωn

∫

Ω

(x− y)∇u(y)
|x− y|n dy.

(2.2.7)

�

Remark 2.2.2 There is an alternative way to derive the above for-
mula. For an integrable and smooth function f , the integral

∫

Ω Γ(y −
x)f(y)dy is called the Newtonian potential with density f . Here Γ =

cn
|x−y|n−2 is the fundamental solution of the Laplacian. Using integration

by parts, the equality ∆u = ∆u yields,

u(x) = −
∫

Ω
Γ(y − x)△u(y) dy =

∫

Ω
∇yΓ(y − x)∇u(y)dy.

Lemma 2.2.2 Let Ω be a bounded domain in Rn, µ ∈ (0, 1] and define
the operator Vµ on L1(Ω) by the Riesz potential

(Vµf)(x) =

∫

Ω
|x− y|n(µ−1)f(y) dy.
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Then the operator Vµ maps Lp(Ω) continuously into Lq(Ω) for any
p ∈ [1, q] and q satisfying

0 ≤ δ = δ(p, q) =
1

p
− 1

q
< µ.

Furthermore, for any f ∈ Lp(Ω),

‖Vµf‖q ≤
(

1 − δ

µ− δ

)1−δ
ω1−µ
n |Ω|µ−δ‖f‖p.

Before the proof of the lemma, we need to cite Young’s inequality for
integration. For more information on Young’s inequality, see an updated
discussion involving best constant in Lieb and Loss [LL].

Proposition 2.2.1 Let f ∈ Lq(Rn) and k ∈ Lr(Rn) with 1
q + 1

r > 1,
then the function

(k ∗ f)(x) =

∫

Rn

k(x− y)f(y)dy

is defined for almost all x and

‖(k ∗ f)‖q ≤ ‖k‖r‖f‖p where
1

q
=

1

p
+

1

r
− 1.

Remark 2.2.3 In a special case, r = q, p = 1, then we can prove
‖(k∗f)‖q ≤ ‖k‖q‖f‖1 as a consequence of Minkowski integral inequality:
for any 1 ≤ q ≤ ∞,

[
∫
(
∫

|k(x− y)| dy
)q

dx

]
1
q

≤
∫
(
∫

|k(x− y)|q dx
) 1

q

dy.

Denote |f(y)|dy = dω(y), then,

[∫ (∫

|k(x− y)|dω(y)

)q

dx

]
1
q

≤
∫ (∫

|k(x− y)|q dx
)

1
q

dω(y)

≤
∫ (∫

|k(x− y)|q dx
) 1

q

|f(y)| dy

≤
∫

‖k‖q|f(y)| dy = ‖k‖q‖f‖1.
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Remark 2.2.4 For a more special case, p = q = 2, r = 1, we can
prove directly ‖k ∗ f‖2 ≤ ‖k‖2 ‖f‖1 by the following two ways:

(i)

∫
(
∫

k(x− y)f(y) dy

)2

dx

≤
∫ (∫

|k(x− y)| |f(y)| 12 |f(y)| 12dy
)2

dx

≤
∫ (

[

∫

|k|2 |f | dy][
∫

|f | dy]
)

dx

≤ ‖f‖1

∫

[

∫

|k|2 |f | dy] dx

≤ ‖f‖1

∫

[

∫

|k|2 dx]|f |dy

≤ ‖f‖2
1 ‖k‖2

2.

(ii)

∣

∣

∣

∣

∫
(
∫

k(x− y)f(y) dy

)

φ(x) dx

∣

∣

∣

∣

≤
∫ (∫

|k(x− y)φ(x)| dx
)

|f(y)| dy

≤
(

sup
y

∫

|k(x− y)φ(x)| dx
)∫

|f(y)| dy

≤
(

sup
y

‖k‖2 ‖φ‖2

)

‖f‖1

≤ ‖k‖2 ‖φ‖2 ‖f‖1 for ∀φ ∈ L2(Rn)

⇒ ‖k ∗ f‖2 ≤ ‖k‖2 ‖f‖1.

Proof. (for Lemma 2.2.2) Denote

h = |x− y|n(µ−1).

Choose r ≥ 1 such that

1

r
= 1 +

1

q
− 1

p
⇒ 1

r
+

1

p
= 1 +

1

q

Then,

|h f | =
(

|h|
r
q |f |

p
q

)

|h|
r(p−1)

p |f |pδ
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since r
q + r(p−1)

p = r(1
q + 1 − 1

p) = r
r = 1, pq + pδ = p(1

q + 1
p − 1

q ) = 1.
Now we can either use Hölder inequality (essentially reproving

Young’s inequality) or just apply Young’s inequality to deal with
‖h ∗ f‖q.

(i) Apply Hölder inequality with three components (q, p
p−1 ,

1
δ ) sat-

isfying 1
q + p−1

p + δ = 1
q + p−1

p + (1
p − 1

q ) = 1. Thus,

∫

h(x− y) |f(y)| dy ≤
(∫

(

h(x− y)
r
q |f(y)|

p
q
)q
dy

)
1
q

·
(∫

(

h(x− y)
r(p−1)

p
)

p
p−1 dy

)
p−1

p

·
(
∫

(

|f(y)|pδ
)

1
δ dy

)δ

.

Therefore,

‖h ∗ f‖qq = ‖
∫

|h(· − y) f(y)| dy‖qq ≤
(
∫

|f(y)|p dy
)q δ

·
∫

(

∫

hr(x− y) |f(y)|p dy
)

·
(

∫

hr(x− y) dy
)

q(p−1)
p dx

≤ ‖f‖pqδp · sup
x∈Ω

(

∫

hr(x− y) dy
)

q(p−1)
p ·

∫ ∫

hr(x− y) |f(y)|p dy dx

≤ ‖f‖pqδp · sup
x∈Ω

(

∫

hr(x− y) dy
)

q(p−1)
p · ‖f‖pp · sup

y∈Ω

(

∫

hr(x− y) dy
)

= ‖f‖pqδ+pp · sup
x∈Ω

(

∫

hr(x− y) dy
)

q(p−1)
p

+1

= ‖f‖qp · ‖h‖qr
(

because p(qδ + 1) = p
q

p
= q, q(1 − 1

p
+

1

q
) =

q

r

)

i.e.
‖h ∗ f‖q ≤ ‖f‖p · ‖h‖r.

(ii) Alternatively, applying directly Young’s inequality, noting 1
q =

1
r + 1

p − 1, we also have

‖Vµf‖q = ‖h ∗ f‖q = ‖
∫

Ω
h f dy‖q ≤ ‖h‖r‖f‖p.

To finish the proof of the lemma, it suffices to show ‖h‖r ≤
(

1−δ
µ−δ

)1−δ
ω1−µ
n |Ω|µ−δ. We consider the symmetrization of the domain
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Ω. Let BR(x) be the ball centered at x with radius R and with the
same volume as Ω, i.e. |Ω| = |BR(x)| = ωnR

n. Then |Ω − BR(x)| =
|BR(x) − Ω|. Using the fact that

{

|x− y|nr(µ−1) ≤ Rnr(µ−1) for y ∈ Ω −BR(x), 0 < µ < 1;

|x− y|nr(µ−1) ≥ Rnr(µ−1) for y ∈ BR(x)
⋂

Ω, 0 < µ < 1.

We have
∫

Ω
hr(x− y) dy =

∫

Ω−BR(x)
|x− y|nr(µ−1) dy +

∫

BR(x)
T

Ω
hr(x− y) dy

≤
∫

Ω−BR(x)
Rnr(µ−1) dy +

∫

BR(x)
T

Ω
hr(x− y) dy

≤ Rnr(µ−1)|Ω −BR(x)| +
∫

BR(x)
T

Ω
hr(x− y) dy

= Rnr(µ−1)|BR(x) − Ω| +
∫

BR(x)
T

Ω
hr(x− y) dy

≤
∫

BR(x)−Ω
|x− y|nr(µ−1) dy +

∫

BR(x)
T

Ω
|x− y|nr(µ−1) dy

=

∫

BR(x)
|x− y|nr(µ−1) dy

i.e.

‖h‖rr =

∫

Ω
hr(x− y) dy ≤

∫

BR(x)
|x− y|nr(µ−1) dy

≤
∫ R

0

∫

Sn−1

rnrµ−nrrn−1 dωdr

≤ nωn
n(rµ− r + 1)

Rn(rµ−r+1) (because

∫

Sn−1

dω = nωn)

≤ ω
r(1−µ)
n

rµ− r + 1
|Ω|rµ−r+1 (because |Ω| = |BR(x)| = ωnR

n)

≤
(

1

r(µ− δ)

)r(1−δ)
ωr(1−µ)
n |Ω|r(µ−δ)

(because 1 − δ =
1

r
⇒ r(1 − δ) = 1).

Therefore,

‖h‖r ≤
(

1 − δ

µ− δ

)1−δ
ω1−µ
n |Ω|µ−δ since

1 − δ

µ− δ
=

1

r(µ− δ)
.

�
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Remark 2.2.5 We have seen that for a domain Ω, the ball BR(0) with
|BR(0)| = |Ω| is called a symmetric rearrangement of Ω. Similarly, for
an integrable function f : Rn → R, vanishing sufficiently fast near
infinity, one can define its symmetric decreasing rearrangement f∗ in
the following manner. Let D be a measurable set with finite measure.
We denote by D∗ the symmetric rearrangement of D, centered at 0. Let
χD be the characteristic function of D. Then we define its symmetric
decreasing rearrangement by

χ∗
D ≡ χD∗ .

For f , its symmetric decreasing rearrangement is defined by

f∗(x) =

∫ ∞

0
χ∗
{|f |>t}dt.

As an example, let us just mention the Riesz-Rearrangement in-
equality. Given three nonnegative functions f, g, h ∈ C∞

0 (Rn) , there
holds:

I(f, g, h) ≡
∫

R2n

f(x)g(x− y)h(y) dxdy

≤
∫

R2n

f∗(x)g∗(x− y)h∗(y) dxdy ≡ I(f∗, g∗, h∗)

where f∗, g∗, h∗ are the symmetric rearrangement for f, g, h respec-
tively.

For a proof of this inequality, one can consult the book [LL]. There
are many interesting properties involving symmetric rearrangement.
Some of them are useful in finding the best constant of Sobolev in-
equalities. See Section 2.4 for a brief discussion of this topic.

Lemma 2.2.3 Let f ∈ Lp(Ω) and g(x) = V 1
p
f =

∫

Ω |x −

y|n( 1
p
−1)f(y) dy. Then there exists constants c1, c2 depending only on

n and p such that,
∫

Ω
exp

(

g

c1‖f‖p

)p′

dx ≤ c2 |Ω|, p′ =
p

p− 1

Proof. Apply the previous lemma by taking µ = 1
p , for any q ≥ p, we

have

‖g‖q = ‖V 1
p
f‖q ≤

(

q(1 − 1

p
+

1

q
)

)1− 1
p
+ 1

q

ω
1− 1

p
n |Ω|

1
q ‖f‖p

⇒
∫

Ω
|g|qdx ≤ q

q− q
p
+1
ω
q− q

p
n |Ω| ‖f‖qp (because 0 < 1 − 1

p
+

1

q
≤ 1)
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Now for any q ≥ p − 1 ⇒ p′q = qp
p−1 ≥ p, we can replace q in the

previous inequality by p′q,
∫

Ω
|g|p′qdx ≤ (p′q) (p′q ωn‖f‖p

′

p )q |Ω| (2.2.8)

where we have used p′q − p′q
p + 1 = p′q(1 − 1

p) + 1 = q + 1.
We continue to take q = [p], [p + 1], . . . , k, . . . in the above inequality,
for any k ≥ [p],

∫

Ω
|g|p′kdx ≤ (p′k) (p′k ωn‖f‖p

′

p )k |Ω|

Then by the Taylor expansion of the exponential function,

∫

Ω
exp

(

g

c1‖f‖p

)p′

dx

=

∫

Ω

[p]−1
∑

k=0

1

k!

(

g

c1‖f‖p

)p′k

dx+

∫

Ω

∞
∑

k=[p]

1

k!

(

g

c1‖f‖p

)p′k

dx

= (I) + (II)

To deal with the first part (I), we can use Hölder inequality to increase
the power of the function to be at least [p], the other term is the
fractional power of |Ω|, which is dominated by |Ω|. The key issue is to
handle the second part (II).

From inequality (2.2.8), for k ≥ [p],

∫

Ω

1

k!

(

g

c1‖f‖p

)p′k

dx ≤ (p′k)
kk

k!

(

p′ ωn

cp
′

1

)k

|Ω|.

By Stirling’s formula, k
k

k!

√
2πk ≈ ek for large k, then,

∫

Ω

1

k!

(

g

c1‖f‖p

)p′k

dx ≤ (p′
√
k)

(

e p′ ωn

cp
′

1

)k

|Ω|.
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We can choose sufficiently large c1 such that e p′ ωn

cp
′

1

< 1, so the series will

converge uniformly, and part (II) will be dominated by some constant
c2|Ω|. Thus we complete the proof. �

Now we prove the main imbedding theorem for the borderline case
p = n. It shows that W 1,n

0 (Ω) →֒ Lq(Ω) is almost, but not quite L∞(Ω).
One example is u = ln ln |x| in B(0, e) ⊂ Rn, n ≥ 2. For clarity, we
single out this borderline case as a new theorem.

Theorem 2.2.2 Let u ∈ W 1,n
0 (Ω), then there exists constants c1 and

c2 depending only on n such that,
∫

Ω
exp

( |u|
c1‖∇u‖n

)
n

n−1

dx ≤ c2 |Ω|.

Proof. Recall from (2.2.7),

u(x) =
1

nωn

∫

Ω

(x− y)∇u(y)
|x− y|n dy

⇒ |u(x)| ≤ 1

nωn

∫

Ω
|x− y|n( 1

n
−1)|∇u(y)| dy

=
1

nωn
V 1

n
|∇u| (µ =

1

n
).

For any q ≥ n,

⇒ ‖u‖q ≤
1

nωn
‖V 1

n
|∇u|)‖q ≤

(

1 − δ
1
n − δ

)1−δ

ω
1− 1

n
n |Ω| 1

n
−δ‖∇u‖n <∞.

Further, p = n, p′ = n
n−1 , by the previous lemma,

∫

Ω
exp

( |u|
c1‖∇u‖n

)
n

n−1

dx ≤
∫

Ω
exp

(

V 1
n
|∇u|

nωn c1 ‖∇u‖n

)
n

n−1

dx ≤ c2 |Ω|.

This establishes the theorem in the critical case p = n. �

Proof of the theorem for case p > n.

This is due to C. Morrey.

Lemma 2.2.4 Suppose Ω ⊂ Rn is convex and u ∈W 1,2(Ω). Then

|u(x) − ūΩ| ≤
dn

n|Ω|

∫

Ω
|x− y|1−n |∇u(y)|dy.

Here ūΩ is the average of u in Ω and d is the diameter of Ω.
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Proof. This is similar to the proof of Lemma 2.2.1. We just observe
that, for x, y ∈ Ω,

u(x) − u(y) = −
∫ |x−y|

0
∂ru(x+ rω)dr,

where ω = (y − x)/|y − x|. Integrating over ω ∈ Sn−1, the lemma
follows. �

The proof of the theorem in case p > n can then be carried out in
a few lines. Let u ∈W 1,p

0 (Ω), p > n. For any ball BR = B(x0, R), with
x0 ∈ Ω and R > 0, when necessary, we extend u to B(x0, R) by setting
u = 0 outside of Ω. By the last lemma

|u(x) − ūBR
| ≤ 2Rn

n|BR|

∫

BR

|x− y|1−n |∇u(y)|dy.

By Hölder’s inequality

|u(x) − ūBR
| ≤ 2n

nwn

(
∫

BR

|x− y|(1−n)p/(p−1)dy

)(p−1)/p

‖∇u‖p

≤ cn,pR
1−(n/p)‖∇u‖p.

Hence, for all x, y ∈ BR, we have

|u(x) − u(y)| ≤ Cn,pR
1−(n/p)‖∇u‖p.

This completes the proof of Theorem 2.2.1. �

The imbedding in the borderline case p = n can be improved. In
the paper [Mo2], J. Moser proved the following theorem.

Theorem 2.2.3 Let α be any positive number less than or equal to
n|Sn−1|1/(n−1). For each bounded domain Ω ⊂ Rn, there exists a posi-
tive constant c = c(n, α) such that

∫

Ω
exp

(

α[|u(x)|/‖∇u‖n]n/(n−1)
)

dx ≤ c|Ω|

for all u ∈ C∞
0 (Ω).

On the other hand, if α > n|Sn−1|1/(n−1), then

sup{
∫

Ω
exp

(

α|u(x)|n/(n−1)
)

dx |u ∈ C∞
0 (Ω), ‖∇u‖n = 1} = ∞.
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Another inequality of similar spirit is the Onofri’s inequality ( [On]):

Theorem 2.2.4 For each u ∈ C∞(S2), there holds

1

4π

∫

S2

e2udµ ≤ exp

(

1

4π

∫

S2

(|∇u|2 + 2u)dµ

)

with equality if and only if e2ug has constant curvature. Here g is the
standard metric on S2 and dµ is the standard volume form on S2.

These borderline embedding results and their generalizations to var-
ious settings have found applications in such fields as conformal geom-
etry and complex geometry. We refer the reader to the papers [DiTi],
[LZ], [Ru2] and [Ru3] for some recent developments. The last three pa-
pers also contain new and simpler proofs of results such as Theorem
2.2.4.

2.3 Poincaré inequality and log Sobolev in-

equality

Next we present a weighted Poincaré inequality which looks similar
to but weaker than the Sobolev inequality. It seems weaker because
there is no gain in the integrability of a function over the integrability
of its gradient. However, as we shall see in the next chapter, even a
non-weighted Poincaré inequality actually implies a Sobolev inequality
under the doubling condition of the metric balls of the ambient space.
This result is due to Saloff-Coste and Grigor’yan [Sal2], [Gr2].

Theorem 2.3.1 Let η be a nonnegative, continuous function in Rn.
Suppose η has compact support Ω,

∫

Ω ηdx = 1, and the super level set
{η ≥ k} is convex for all k ≥ 0. Write r as the diameter of Ω and L =
∫

Ω uηdx. Then for all u ∈ W 1,p(Ω), p ≥ 1, there exists C = C(n) > 0
such that

∫

|u− L|pηdx ≤ C(n)‖η‖∞rn+p

∫

|∇u|pηdx.

Proof. By Jensen’s inequality

∫

|u− L|pηdx =

∫
∣

∣

∣

∣

∫

(u(x) − u(y))η(y)dy

∣

∣

∣

∣

p

η(x)dx

≤
∫ ∫

|u(x) − u(y)|pη(x)η(y)dydx.
(2.3.1)
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Pick x, y ∈ Ω, then |x− y| ≤ r and

|u(x) − u(y)|p =

∣

∣

∣

∣

∫ 1

0
∇u(x+ s(y − x)) · (y − x)ds

∣

∣

∣

∣

p

≤ rp
∫ 1

0
|∇u(x+ s(y − x))|pds.

In the convexity assumption on η, we take k = min{η(x), η(y)}.
Thus x, y are in the super level set {η ≥ k}. Hence, for any s ∈ [0, 1],
x+ s(y − x) is also in the super level set. Therefore

η(x+ s(y − x)) ≥ min{η(x), η(y)}.

Hence

|u(x)−u(y)|p ≤ rp
∫ 1

0
|∇u(x+s(y−x))|pη(x+s(y−x))ds [min{η(x), η(y)}]−1 .

It shows

|u(x)−u(y)|pη(x)η(y) ≤ rp sup η

∫ 1

0
|∇u(x+s(y−x))|pη(x+s(y−x))ds.

Now we set z = y−x. Integrating the above inequality with respect to
x and y, we obtain

∫ ∫

|u(x) − u(y)|pη(x)η(y)dxdy

≤ rp sup η

∫ 1

0

∫

|z|≤r

∫

|∇u(x+ sz)|pη(x+ sz)dxdzds

≤ rp sup η

∫

|z|≤r

∫

|∇u(x)|pη(x)dxdz

= C(n)rn+p sup η

∫

|∇u(x)|pη(x)dx.

The proof is finished by substituting this to the right-hand side of
(2.3.1). �

The following log Sobolev inequality is another inequality which
appears weaker than the Sobolev inequality.

Theorem 2.3.2 For all v ∈ W 1,2(Rn) such that ‖v‖2 = 1 and all
ǫ > 0, there exists a constant c = c(n) such that

∫

v2 ln v2 dµ ≤ ǫ2
∫

|∇v|2dµ− n

2
ln ǫ2 + c(n).
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One can find in [Gro] the original proof of the theorem. A short
proof of this theorem from the standard Sobolev inequality is presented
in Theorem 4.2.1 below. On the other hand, this log Sobolev inequality
actually implies the standard Sobolev inequality. We will come back to
this fact in Chapter 4.

2.4 Best constants and extremals of Sobolev

inequalities

The Sobolev inequality: for u ∈W 1,p(Rn), 1 ≤ p < n,

‖u‖np/(n−p) ≤ C(n, p)‖∇u‖p

can be rephrased as

inf{‖∇u‖p | ‖u‖np/(n−p) = 1, u ∈W 1,p(Rn)} = C−1(n, p) > 0. (2.4.1)

Two important questions thus arise. Question 1: What is the infimum?
Question 2: Is the infimum reached by certain function(s)?

The questions was addressed by Talenti [Tal]. He showed that

C(n, p) = π−1/2n−1/2

(

p− 1

n− p

)1−(1/p) [ Γ(1 + (n/2))Γ(n)

Γ(n/p)Γ(1 + n− (n/p))

]1/n

.

The basic idea is to show that the extremal is reached by a radially
symmetric function and then work on the resulting ordinary differential
equation. Indeed, let u ∈W 1,p(Rn) and u∗ be the symmetric decreasing
rearrangement. Then, for all p ∈ [0,∞),

‖∇u‖p ≥ ‖∇u∗‖p, ‖u‖p = ‖u∗‖p.

Therefore, if the infimum is reached by a function u, then u must be
radially symmetric with respect to some point. The remaining task is to
find such an extremal function. We refer the details to the paper [Tal].

Let us finish this section with a little discussion about the minimizer
equation. The derivative (at u) of the functional I(u) =

∫

|∇u|2dx is a
linear functional

DI(φ) =
d

dt
|t=0

∫

|∇(u+ tφ)|2dx =

∫

2∇u∇φdx
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φ ∈W 1,2(Rn); and that for the functional J(u) =
∫

u2n/(n−2)dx is

DJ(φ) =
2n

n− 2

∫

u(n+2)/(n−2)φdx.

The Lagrange multiplier method tells us that

DI(φ) = cDJ(φ)

at a minimum u, for all φ ∈W 1,2(Rn). That is

∫

2∇u∇φdx = c
2n

n− 2

∫

u(n+2)/(n−2)φdx.

Hence u satisfies the equation:

∆u+ λu(n+2)/(n−2) = 0.

Here λ is a positive constant.
In the 1980s and 1990s, a few authors finally proved that all positive

solutions to this equation is radial around some point. See [GNN] for a
proof with some extra conditions and [ChLi] for a short proof without
extra conditions. In two dimension case, a similar result also holds for
the corresponding minimizer equation ( [ChLi]). The proofs rely on
the so-called moving plane method which is a clever application of the
maximum principle for linear elliptic equations.

One can also ask similar questions about best constant and nature
of extremal functions for the borderline case p = n. The understanding
is much less satisfactory though. An interesting partial result can be
found in [CC].



Chapter 3

Basics of Riemann

geometry

3.1 Riemann manifolds, connections, Riemann

metric

Riemann geometry is a vast area of mathematics, which can only be
properly covered by numerous books. Many books of different levels and
types have been written about Riemann, and more generally differen-
tial geometry. A quick search for the book title “Riemannian geometry”
in Mathscinet turns up 80 results, and for the title “Differential geom-
etry”, 497 results.

The purpose of this chapter is merely to introduce some basic no-
tations and concepts most closely related to the main theme: the study
of Ricci flow. Let us just mention a few recent books and the most
relevant references therein as main references for this section: [BSSG],
[CwLx], [Cha2], [GHL], [Jo], [Pet], [SY].

A topological manifold is a Hausdorff topological space such that
each point in the space is contained in an open set which is homeomor-
phic to some open set in Rn, the n dimensional Euclidean space.

Definition 3.1.1 (Smooth manifold) A smooth or C∞ manifold M is
a topological manifold with a collection of smooth local charts in the
following sense.

(i) Each chart is a pair (U, φ) where U is an open set in M and φ
is a homeomorphism from U to an open set in Rn.

(ii) The union of the open sets U of all the charts in the collection
is M.

27
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(iii) For any two charts (Ui, φi), i = 1, 2, the function below is C∞.

φ1 ◦ φ−1
2 : φ2(U1 ∩ U2) → φ1(U1 ∩ U2).

(iv) The collection of the charts is maximal with the above proper-
ties.

The maximal collection of charts in the definition is called a differ-
ential structure.

Definition 3.1.2 (atlas and orientable manifold)
An atlas for a smooth manifold M is a family of charts {(Ui, φi) | i ∈

I} such that {Ui | i ∈ I} is an open cover of M. Here I is some set for
indices.

An atlas {(Ui, φi) | i ∈ I} for a smooth manifold M is called oriented
if all chart transition functions φi ◦ φ−1

j , i, j ∈ I, have positive definite
functional determinant.

A smooth manifold is called orientable if it possesses an oriented
atlas.

Definition 3.1.3 (Tangent space) Let M be a smooth manifold and
c : R → M a smooth curve such that c(0) = m, a point on M. Let
U be a neighborhood of m and f : U → R be a smooth function. The
tangent vector of c at m is the operator of directional differentiation
along c at m, called Dc or c′(t), defined by

Dc(f) =
d

dt
f(c(t))|t=0.

The linear space of all tangent vectors at m is called the tangent
space at m and is denoted by Tm(M) or TmM.

Definition 3.1.4 (a canonical basis for Tm(M)) Let (U, φ) be a local
chart around m ∈ M. The tangent vector ∂

∂xi ∈ Tm(M) is defined as

∂

∂xi
f =

∂

∂xi
(f ◦ φ−1)(x1, . . . , xn)|φ(m),

for all f ∈ C∞(U). Here f ◦φ−1 is a smooth function whose domain is
in Rn and (x1, . . . , xn) is the Euclidean coordinate in Rn.

The tangent vectors { ∂
∂xi , i = 1, . . . n} is a canonical basis for

Tm(M).
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Definition 3.1.5 (tangent bundle) For a smooth manifold M, the set

T (M) ≡ ∪m∈MTm(M) = {(m, v) |m ∈ M, v ∈ Tm(M)},

equipped with the following structure of 2n dimensional smooth mani-
fold, is called the tangent bundle of M.

Let (U, φ) be a local chart around m ∈ M. For v ∈ Tm(M), we
define the mapping

ψ(v) = (φ(m), φ∗(v)).

Here φ∗(v) is the tangent vector in Rn defined by

φ∗(v)(h) = v(h ◦ φ), for all h ∈ C∞(Rn).

The pair
(∪m∈UTm(M), ψ)

is a local chart of T (M).

Remark 3.1.1 By definition, for the local basis { ∂
∂xi }, we have

φ∗(
∂

∂xi
)(h) =

∂

∂xi
(h ◦ φ) =

∂

∂xi
(h ◦ φ ◦ φ−1) =

∂

∂xi
(h).

Here the last term is just partial derivative in the xi direction in Rn.
Hence, in the canonical local coordinates for Tm(M) and Rn, the map-
ping ψ takes the form

ψ(m,ai
∂

∂xi
∣

∣

m
) = (φ(m), a1, . . . , an).

Definition 3.1.6 (cotangent bundle) For a smooth manifold M and
m ∈ M, the dual space of Tm(M), denoted by Tm(M)∗ is called the
cotangent space at m. It is the space of all bounded linear functionals
on Tm(M). The set

T (M)∗ ≡ ∪m∈MTm(M)∗ = {(m, η) |m ∈ M, η ∈ Tm(M)∗},

equipped with the following structure of 2n dimensional smooth mani-
fold, is called the cotangent bundle of M.

Let (U, φ) be a local chart around m ∈ M. For η ∈ Tm(M)∗, we
define the mapping

ψ(η) = (φ(m), φ∗(η)).
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Here φ∗(η) is the cotangent vector in Rn defined by

φ∗(η)(φ∗(v)) = η(v), for all v ∈ Tm(M).

The pair
(∪m∈UTm(M)∗, ψ)

is a local chart of T (M)∗.
A canonical local coordinates for Tm(M)∗ is {dxi} where

dxi(
∂

∂xj
) = δij

which is 1 if i = j and 0 otherwise.

Definition 3.1.7 ((p, q) tensor) Let M be a smooth manifold and m ∈
M. A p times covariant and q times contravariant tensor, or (p, q)
tensor in short, is a (p, q) linear form (bounded linear functional) on

Tm(M) × . . .× Tm(M) × Tm(M)∗ × . . .× Tm(M)∗.

The space of all the above (p, q) tensors is denoted by T qp (Tm(M)).
A canonical local coordinates for T qp (Tm(M)) is

{

dxi1 ⊗ . . .⊗ dxip ⊗ ∂

∂xj1
⊗ . . .⊗ ∂

∂xjq

}

i1,...,ip,j1,...,jq

.

Here ⊗ is the tensor product defined generally by

u⊗ v(x, y) = u(x)v(y)

where x, y are elements of vector spaces V and W respectively, and u, v
are elements of the dual spaces V ∗ and W ∗ respectively.

The disjoint union of all T qp (Tm(M)), m ∈ M, denoted by T qp (M),
equipped with the natural smooth manifold structure defined in the same
way as for tangent or cotangent bundles, is called T qp tensor bundle.

A smooth section of T qp (M) is called a tensor field.

Remark 3.1.2 Let (U, φ) and (U,ψ) be two local charts of M asso-
ciated with the local coordinates {xi} and {yi} respectively. Let η be a
(p, q) tensor field on U represented locally by

η = T
j1...jq
i1...ip

dxi1 ⊗ . . .⊗ dxip ⊗ ∂

∂xj1
⊗ . . .⊗ ∂

∂xjq
,
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η = T̃
j1...jq
i1...ip

dyi1 ⊗ . . .⊗ dyip ⊗ ∂

∂yj1
⊗ . . .⊗ ∂

∂yjq
.

Then

T̃
j1...jq
i1...ip

= T
l1...lq
k1...kp

∂xk1

∂yi1
. . .

∂xkp

∂yip
∂yj1

∂xl1
. . .

∂yjq

∂xlq
.

Let φ be a C1 map from one smooth manifold M to another N.
The next definition introduces the derivative of φ and the induced map
between vector fields or tensors on these manifolds.

Definition 3.1.8 (derivative of a map, push forward, pull back, dif-
ferential of a diffeomorphism)

1. The derivative of φ at m ∈ M, denoted by Dφ(m) or φ∗, is the
linear map between TmM and Tφ(m)N, given by

Dφ(m)(X)f = X(f ◦ φ)

for all X ∈ TmM and all smooth f defined in a neighborhood of φ(m).
Dφ(m)(X) is called the push forward of X by φ.
2. φ∗ : T 0

p (Tφ(m)N) → T 0
p (TmM), the pull back by φ on (p, 0) ten-

sors, is the linear map given by,

(φ∗β)(X1, . . . ,Xp) = β(φ∗X1, . . . , φ∗Xp)

for all β ∈ T 0
p (Tφ(m)N) and Xi ∈ TmM, i = 1, . . . , p.

3. Suppose further that φ is a diffeomorphism. Then φ∗ : Tφ(m)N →
TmM is defined to be φ−1

∗ . i.e. φ∗(Y ) ≡ φ−1
∗ (Y ) for Y ∈ Tφ(m)N.

In general, φ∗ : T qp (Tφ(m)N) → T qp (TmM), the pull back or differ-
ential of φ on (p, q) tensors, is defined by items 2 and 3 with the rule
φ∗(α⊗ β) = φ∗(α) ⊗ φ∗(β).

The next three definitions introduce the concepts of differential
forms which are anti-symmetric (skew symmetric) covariant tensors,
and exterior derivatives on these tensors. The space of differential forms
is then equipped with interesting algebraic structures. On the other
hand, these concepts also have their origin in the theory of integration.
Let us recall the Green’s integration theorem for a bounded, smooth
domain D on R2.

Let P,Q be two smooth functions on D̄. Then
∫

∂D
(Pdx+Qdy) =

∫

D
(∂xQ− ∂yP )dxdy.
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The quantities Pdx+Qdy, (∂xQ− ∂yP )dxdy can be regarded as a
differential 1 form and a differential 2 form on R2, which will be defined
below. Moreover the later can be thought of as the exterior derivative
of the former.

Using differential forms is the most convenient way to a coordinate-
free definition of integration which is crucial for analysis on manifolds.

Definition 3.1.9 (antisymmetrization operator, exterior product) Let
V be a vector space and V ∗ be its dual, the space of bounded linear
functionals on V . Let k be a positive integer. For an element f ∈ ⊗kV ∗,
we define an antisymmetric multilinear functional

(Antf)(v1, . . . , vk) =
1

k!
Σpsign(p)f(vp(1), . . . , vp(k))

where the sum is over all permutations p of {v1, . . . vk} ⊂ V .
The space of all antisymmetric elements in ⊗kV ∗ is denoted by

∧kV ∗.
The exterior product of f ∈ ∧iV ∗ with g ∈ ∧jV ∗ is an element in

∧i+jV ∗ defined by

f ∧ g =
(i+ j)!

i!j!
Ant(f ⊗ g).

Examples. 1). If f, g ∈ V ∗, then for u, v ∈ V , it holds

(f ∧ g)(u, v) = f(u)g(v) − f(v)g(u).

(2) Let dx1, . . . , dxn be a basis for V ∗. Given wi = aijdx
j ∈ V ∗,

i = 1, 2, . . . n, then

w1 ∧ . . . ∧ wn = det(aij)dx
1 ∧ . . . ∧ dxn. (3.1.1)

For the proof, just notice that

w1 ∧ . . . ∧ wn = a1
j1 . . . a

n
jndx

j1 ∧ . . . ∧ dxjn .

By antisymmetry

w1 ∧ . . . ∧ wn = sign(j1, . . . , jn)a
1
j1 . . . a

n
jndx

1 ∧ . . . ∧ dxn

= det(aij)dx
1 ∧ . . . ∧ dxn.

(3) Let w1, . . . , wk ∈ V ∗ and v1, . . . , vk ∈ V , then

w1 ∧ . . . ∧ wn(v1, . . . , vk) = det(wi(vj)).

The proof is an easy exercise of induction.
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Exercise 3.1.1 Prove the above statement (3).

Definition 3.1.10 (differential forms, vector fields) A section of the
cotangent bundle T (M)∗ over a smooth manifold M is a continuous
map f: M → T (M)∗ such that π(f(m)) = m for all m in M. Here π
is the projection map from T (M)∗ to M, which sends all elements in
Tm(M) to m.

A smooth function on M is called a 0 form.
A section of the cotangent bundle T (M)∗ is called a one form.
A section of the tangent bundle T (M) is called a vector field.
Let q be a positive integer, a section of ∧qT (M)∗, the fiber bundle

of skew-symmetric q-linear functionals on T (M), is called a q form.
A canonical local coordinates for ∧qT (M)∗ is

{dxi1 ∧ . . . ∧ dxiq | i1 < . . . < iq}.

The theory of differential forms was developed by E. Cartan. It
provides an approach to differentiation and integration, which is inde-
pendent of coordinates.

Definition 3.1.11 (exterior differentiation) The exterior derivative is
a linear mapping from ∧qT (M)∗ to ∧q+1T (M)∗, defined inductively in
the following manner.

Let f ∈ C∞(M), then, for all vector field X on M,

df(X) = X(f).

Let η ∈ ∧qT (M)∗ be given in a local chart (U, φ) as

η = Σi1<...<iqηi1...iqdx
i1 ∧ . . . ∧ dxiq .

Then
dη = Σi1<...<iqdηi1...iq ∧ dxi1 ∧ . . . ∧ dxiq .

Remark 3.1.3 It is easy to see that in local coordinates (U, φ) with
φ = (x1, . . . , xn), it holds

df =
∂f

∂xi
dxi (3.1.2)

where ∂f
∂xi is given in Definition 3.1.3.

Next we explain how to integrate differential forms on differential
manifolds. We emphasize that this concept of integration is well defined
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even if the manifold is not equipped with a metric. At this moment in-
tegration is regarded as a linear functional on the space of smooth func-
tions. After we provide the manifold with a metric, say a Riemannian
one, then we will choose special forms so that the resulting integra-
tion is compatible with the metric. These special forms are referred as
volume forms.

Definition 3.1.12 (integration of differential forms)
Let M be a smooth, orientable manifold and (U, φ), φ(m) =

(x1(m), . . . , xn(m)), m ∈ U , be a local chart. Let w be a n-form on
M and there exists a smooth function f on U such that

w|U = fdx1 ∧ . . . ∧ dxn.

Here dxi( ∂
∂xj ) = δij , i.e. {dxi} is the canonical basis for the cotangent

space.
We define

∫

U
w =

∫

φ(U)
f ◦ φ−1dx1 . . . dxn.

Let {(Ui, φi)} be a family of local charts for M such that {(Ui, hi)}
is a partition of unity for M, then we define

∫

M

w = Σi

∫

M

hiw = Σi

∫

Ui

hiw.

Remark 3.1.4 One needs to prove that the above integration is inde-
pendent of the choice of local charts, or the partition of unity. This is
where we are using antisymmetry of forms. Let (U,ψ), ψ = (y1, , , , yn)
be another local chart. These yi are smooth functions on M. Therefore
the local formula (3.1.2) tells us

dxi =
∂xi

∂yj
dyj .

Here again ∂xi

∂yj means ∂xi◦ψ−1

∂yj . However they are regarded as functions

on M but not as functions on ψ(U) ⊂ Rn. More precisely, for m ∈ M

∂xi

∂yj

∣

∣

∣

∣

m

=
∂xi ◦ ψ−1

∂yj

∣

∣

∣

∣

p

, ψ(m) = p.

Hence the n form in the definition can be written as

w|U = f
∂x1

∂yj1
dyj1 ∧ . . . ∧ ∂xn

∂yjn
dyjn .
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According to (3.1.1), we have

w|U = fdet(
∂xi

∂yj
)dy1 ∧ . . . ∧ dyn.

By definition, in the local chart (U,ψ),

∫

U
w =

∫

ψ(U)
f ◦ ψ−1det(

∂xi

∂yj
)dy1 . . . dyn.

Now we have returned to the usual change of variable formula in the
Euclidean setting. There is one subtle change of notion though. Here
the function det( ∂x

i

∂yj ) is regarded as a function on ψ(U) ⊂ Rn via

the definition ∂xi

∂yj = ∂xi◦ψ−1

∂yj . If we write y = (y1, . . . , yn) and x =

(x1, . . . , xn), then it is clear that

y = ψ ◦ φ−1(x)

since φ−1(x) and ψ−1(y) are the same point in M. Therefore,

∫

U
w =

∫

ψ(U)
f ◦ ψ−1det(

∂xi

∂yj
)dy1 . . . dyn

=

∫

ψ(U)
f ◦ ψ−1(y)det(

∂xi ◦ ψ−1(y)

∂yj
)dy1 . . . dyn

(note x = φ ◦ ψ−1(y) )

=

∫

ψ(U)
f ◦ ψ−1(y)det(

∂x

∂y
)dy1 . . . dyn

=

∫

φ(U)
f ◦ ψ−1(ψ ◦ φ−1(x))dx1 . . . dxn

(Jacobi formula, Euclidean case)

=

∫

U
fdx1 ∧ . . . ∧ dxn.

From here one can prove that the integral thus defined is independent
of the choice of the local charts (coordinates). We leave the details as

Exercise 3.1.2 Prove that integration thus defined is independent of
the choice of local charts for the manifold.

The next concept is called covariant derivative of a vector field, or
more generally a tensor field. It is a generalization of directional deriva-
tive in the Euclidean case. The covariant derivative of a tensor field is
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also a tensor field which must satisfy the change of coordinates formula
in Remark 3.1.2. Simply using the Euclidean directional derivative for-
mula in the manifold case will not produce a tensor.

Definition 3.1.13 (covariant derivative, connections) Let Γ(M) be
the space of differentiable vector fields on a smooth manifold M, and
let T (M) be the tangent bundle. A connection ∇ is a map

∇ : T (M) × Γ(M) → T(M)

satisfying
(i) For m ∈ M, X ∈ Tm(M), Y ∈ Γ(M), it holds ∇(X,Y ) ∈

Tm(M),
(ii) ∇ is linear,
(iii) For any differentiable function f : M → R, it holds

∇(X, fY ) = X(f)Y + f∇(X,Y ).

(iv) For any X,Y ∈ Γ(M), if X is of class Ck and Y is of class
Ck+1, for a positive integer k, then ∇(X,Y ) is class Ck.

The covariant derivative of Y with respect to X, denoted by ∇XY ,
is ∇(X,Y ).

Let η be a differentiable one form, the covariant derivative of η with
respect to X is defined as

(∇Xη)(Y ) = X(η(Y )) − η(∇XY )

for all differentiable vector field Y .
(v) In general, let T be a (p, q) differentiable tensor field, and let

X1, . . . Xp and η1, . . . , ηq be differentiable vector fields and one form
respectively. The covariant derivative of T with respect to X is defined
by

(∇XT )(X1, . . . Xp, η1, . . . , ηq) = X(T (X1, . . . Xp, η1, . . . , ηq))

− T (∇XX1,X2, . . . Xp, η1, . . . , ηq)) − . . .

− T (X1,X2, . . . Xp, η1, . . . , ηq−1,∇Xηq)).

Let T be a (p, q) differentiable tensor field, then ∇T can be regarded
as a (p + 1, q) tensor field via the above formula i.e.

(∇T )(X,X1, . . . Xp, η1, . . . , ηq) ≡ (∇XT )(X1, . . . Xp, η1, . . . , ηq).
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Remark 3.1.5 The motivation behind the above definition is the
Leibnitz rule for differentiation. The term X(T (X1, . . . Xp, η1, . . . , ηq))
is nothing but the directional derivative of the scalar function
T (X1, . . . Xp, η1, . . . , ηq) in the direction of X.

Definition 3.1.14 (Riemann manifold) A Riemann manifold is a
smooth manifold with a Riemann metric, a smooth, positive definite,
symmetric (2, 0) tensor field. The Riemann metric is also called an
inner product for vector fields.

Theorem 3.1.1 (The fundamental theorem of Riemann geometry)
There is a unique Riemann connection ∇ satisfying the following con-
ditions.

(i) ∇ is a connection defined in Definition 3.1.13.
(ii) ∇ is torsion free, i.e. for all differentiable X,Y ∈ Γ(M),

∇XY −∇YX = [X,Y ].

(iii) Let g be the Riemann metric. For all differentiable X,Y,Z ∈
Γ(M),

Z(g(X,Y )) = g(∇ZX,Y ) + g(X,∇ZY ).

Condition (iii) means that g is parallel, i.e. the covariant derivative
of g with respect to any tangent vector is 0. This is clear from the last
formula in Definition 3.1.13, by taking T = g.

Proof of the theorem. Let X,Y,Z ∈ T (M). By condition (iii),

X(g(Y,Z)) = g(∇XY,Z) + g(Y,∇XZ),

Y (g(Z,X)) = g(∇Y Z,X) + g(Z,∇YX),

Z(g(X,Y )) = g(∇ZX,Y ) + g(X,∇ZY ).

Adding the first two identities and subtracting the last one, we deduce,
after using condition (ii)

2g(∇XY,Z) = X(g(Y,Z)) + Y (g(Z,X)) − Z(g(X,Y ))

+ g([X,Y ], Z) − g([X,Z], Y ) − g([Y,Z],X).

Hence the covariant derivative is uniquely determined by g. �

It is often convenient to perform covariant differentiation on local
coordinate systems. In the following we list some useful formulas con-
cerning covariant derivatives in local systems.
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Proposition 3.1.1 (local formulas for Riemann connection, the
Christoffel symbols) Let (U, φ) be a local chart around a point m ∈ M
and ∂

∂xi , i = 1, . . . n, be a local basis for Tm(M). Then

∇ ∂

∂xj

∂

∂xk
= Γijk

∂

∂xi
,

where

Γijk =
1

2
gil(∂jgkl + ∂kglj − ∂lgjk) (3.1.3)

is called the Christoffel symbols. Here ∂jgkl ≡ ∂
∂xj gkl, etc. Also (gil) is

the inverse of (gil).

Let T = T
j1...jq
i1...ip

dxi1 ⊗ . . .⊗dxip ⊗ ∂
∂xj1

⊗ . . .⊗ ∂
∂xjq be a smooth (p, q)

tensor. Then

∇∂/∂xkT = T
j1...jq
i1...ip,k

dxi1 ⊗ . . . ⊗ dxip ⊗ ∂

∂xj1
⊗ . . .⊗ ∂

∂xjq
, (3.1.4)

where

T
j1...jq
i1...ip,k

=
∂T

j1...jq
i1...ip

∂xk
−Σp

r=1Γ
l
irkT

j1...jq
i1...ir−1lir+1...ip

+Σq
s=1Γ

js
lkT

j1...js−1ljs+1...jq
i1...ip

.

Proof. The above formula for Christoffel symbols is a direct conse-
quence of the fundamental theorem of Riemann geometry. One just
needs to observe that the Lie bracket

[
∂

∂xj
,
∂

∂xk
] = 0.

Formula (3.1.4) follows from item v) in Definition 3.1.13 �

Remark 3.1.6 The notation T
j1...jq
i1...ip,k

stands for the {i1 . . . ip, j1 . . . jq}
component of the tensor ∇∂/∂xkT . It does not mean the derivative of the

corresponding component of the tensor T with respect to xk. However
in local orthonormal coordinates (Definition 3.4.6 below), Γijk = 0 at
the origin. Therefore at this one point, these two quantities are equal.

Diffeomorphisms and vector fields are important objects in differ-
ential geometry and topology. A smooth vector field X on a manifold
M generates a one parameter family of diffeomorphisms φt via the
differential equation

dφt(p)

dt
= X(φt(p)), p ∈ M. (3.1.5)
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Here, as usual dφt(p)
dt is regarded as the tangent vector of the curve c =

c(t) = φt(p) at the point φt(p). Naturally one would like to understand
how does a vector or tensor field change under φt. This is described by
a differential operator for tensor fields, called the Lie derivative.

We have

Definition 3.1.15 (Lie derivative) Let α be a smooth tensor field on
M. The Lie derivative of α with respect to X is the tensor field

LXα ≡ lim
h→0

φ∗hα− α

h
=
dφ∗hα

dh

∣

∣

∣

∣

h=0

.

Here dφt(p)
dt = X(φt(p)), t > 0, φ0(p) = p ∈ M. φ∗h is the differential of

φh acting on the tensor field α, defined in Definition 3.1.8.

A simple and useful observation is the following

Proposition 3.1.2 Let φt and ηs be the one parameter family of dif-
feomorphisms generated by smooth vector fields X and Y respectively,
i.e. for p, q ∈ M,

dφt(p)

dt
= X(φt(p)),

dηs(q)

ds
= Y (ηs(q)).

Then ψs ≡ φt ◦ηs ◦φ−t is the one parameter family of diffeomorphisms
generated by (φt)∗Y .

Proof. Pick a smooth function f ∈ C∞(M). Using (3.1.6) below re-
peatedly, we have, for a point p ∈ M,

dψs(p)

ds
(f) =

d

ds
f(ψs(p)) =

d

ds
f(φt ◦ ηs ◦ φ−t(p))

=
d

ds
(f ◦ φt)(ηs(φ−t(p))) =

d

ds
(ηs(φ−t(p)))(f ◦ φt)

= Y (ηs(φ−t(p)))(f ◦ φt).
On the other hand, by Definition 3.1.8,

((φt)∗Y )(ψs(p))f = Y (φ−t(ψs)(p))(f ◦ φt) = Y (ηs(φ−t(p)))(f ◦ φt).

Thus
dψs(p)

ds
= ((φt)∗Y )(ψs(p)),

which proves the proposition. �

Practical ways of computing Lie derivatives are provided by the
following
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Proposition 3.1.3 (i) for f ∈ C∞(M), LXf = X(f);
(ii) For a smooth vector field Y , LXY = [X,Y ] = XY − Y X;
(iii) For a (p, 0) tensor α,

(LXα)(X1, . . . ,Xp)

= X(α(X1, . . . ,Xp)) − Σp
i=1α(X1, . . . ,Xi−1, [X,Xi],Xi+1, . . . ,Xp).

(iv) Let DXα be the covariant derivative of α with respect to X.
Then

(LXα)(X1, . . . ,Xp)

= (DXα)(X1, . . . ,Xp) + Σp
i=1α(X1, . . . ,Xi−1,DXiX,Xi+1, . . . ,Xp).

Proof. (ii) During the proof we need to use the simple formula for
the tangent of a smooth curve c = c(s). For all smooth functions f on
M,

dc(s)

ds
(f) =

d

ds
(f(c(s))). (3.1.6)

Let φt and ηs be the one parameter family of diffeomorphisms gen-
erated by X and Y respectively, i.e. for p, q ∈ M,

dφt(p)

dt
= X(φt(p)),

dηs(q)

dt
= Y (ηs(q)).

By the above definition

LXY = lim
t→0

φ∗tY − Y

t
= lim

t→0

(φt)
−1
∗ Y − Y

t

= lim
t→0

(φ−t)∗Y − Y

t
= − lim

t→0

(φt)∗Y − Y

t
.

Here we have used Definition 3.1.8 for φ∗t : the pull back on vector fields,
and the semigroup property (φt)

−1 = φ−t.
Since p is an arbitrary point on M, we can just prove the result for

s = 0. Using Proposition 3.1.2, we compute, at t = 0, the derivatives

d((φt)∗Y )(p)f

dt

=
d

dt

d

ds
f(φt ◦ ηs ◦ φ−t(p)) =

d

ds

d

dt
f(φt ◦ ηs ◦ φ−t(p))

=
d

ds
lim
t→0

f(φt ◦ ηs ◦ φ−t(p)) − f(ηs ◦ φ−t(p)) + f(ηs ◦ φ−t(p)) − f(ηs(p))

t

=
d

ds
lim
t→0

[f(φt ◦ ηs) − f(ηs)] ◦ φ−t(p)
t

+
d

ds
lim
t→0

f(ηs ◦ φ−t(p)) − f(ηs(p))

t
.
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Hence, at t = 0,

d((φt)∗Y )(p)f

dt

=
d

ds
lim
t→0

[f(φt ◦ ηs) − f(ηs)](p)

t
+

d

ds
lim
t→0

f(ηs ◦ φ−t(p)) − f(ηs(p))

t

=
d

ds

d

dt
f(φt ◦ ηs(p)) +

d

ds

d

dt
f(ηs ◦ φ−t(p))

≡ I + II.

Here we have used the fact that φ0 is the identity map.
By (3.1.6) again, we have, at s = t = 0,

I =
d

ds

d

dt
f(φt ◦ ηs(p)) =

d

ds

dφt(ηs(p))

dt
f =

d

ds
X(φt(ηs(p)))f

=
d

ds
X(ηs(p))f = Y |ηs(p)(X(f)) = Y |p(X(f)).

Similarly, when s = t = 0,

II =
d

dt

d

ds
f(ηs ◦ φ−t(p)) = − d

dt

d

ds
f(ηs ◦ φt(p)) = − d

dt

d(ηs(φt(p))

ds
f

= − d

dt
Y (ηs(φt(p)))f = − d

dt
Y (φt(p))f = −X(p)(Y (f)).

Therefore

(LXY )(p) = −d((φt)∗Y )(p)

dt
= [X,Y ](p).

This proves (ii).
The proof of (iii) follows easily from (ii) and Definition 3.1.8 part

3. Indeed, for a point m ∈ M, and t = 0,

(LXα)(m)(X1, . . . ,Xp) =
d[φ∗tα(m)(X1, . . . ,Xp)]

dt

=
d

dt
[α(φt(m))((φt)∗X1, . . . , (φt)∗Xp)]

=
d

dt
[α(φt(m))(X1, . . . ,Xp)]

+ Σp
i=1α(φt(m))(X1, . . . ,Xi−1,

d

dt
((φt)∗Xi),Xi+1, . . . ,Xp)

= X(m)(α(X1, . . . ,Xp)) − Σp
i=1α(m)(X1, . . . ,Xi−1, LXXi,Xi+1, . . . ,Xp).

Finally (iv) is a direct consequence of (iii), the formula for covariant
derivatives

X(α(X1, . . . ,Xp)) = (DXα)(X1, . . . ,Xp)

+ Σp
i=1α(m)(X1, . . . ,Xi−1,DXXi,Xi+1, . . . ,Xp)
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and the torsion-free condition

DXXi −DXiX = [X,Xi].

See Definition 3.1.13 and Theorem 3.1.1. �

Sometimes we need to deal with the Lie derivative involving time
dependent vector fields and the associated one parameter family of
diffeomorphisms. For example, such a need arises in the study for Ricci
flow. The following fact will be useful in Section 5.4 where we will
discuss Ricci solitons.

Proposition 3.1.4 Let X = X(t), t > 0, be a family of smooth vector
fields on M, depending smoothly on t. Denote by φt,s the family of
diffeomorphisms associated with X(t). That is

{

dφt,s(p)
dt = X(t)(φt,s(p)), t > s ≥ 0,

φs,s(p) = p, p ∈ M.

Then the following conclusions are true.
(i) If α is a smooth tensor field on M, then

LX(t)α = lim
h→0

φ∗h+t,tα− α

h
.

(ii) d
dt(φ

∗
t,0α) = φ∗t,0(LX(t)α).

Remark 3.1.7 If no confusion arises, one can write φt,0 as φt.

Proof. (i) By definition

LX(t)α = lim
h→0

η∗hα− α

h

where ηh is the one parameter family of diffeomorphisms generated by
X(t) for the fixed time t, i.e. d

dhηh = X(t)(ηh). Therefore we just need
to show that

lim
h→0

φ∗h+t,tα− η∗hα

h
= 0.

This is equivalent to showing that

lim
h→0

(φh+t,t)∗Z − (ηh)∗Z

h
= 0
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for any smooth vector fields Z. Choose a smooth function f on M.
Then

lim
h→0

(φh+t,t)∗Z − (ηh)∗Z

h
f = Z( lim

h→0

f ◦ φh+t,t − f ◦ ηh
h

).

Therefore we only have to show

lim
h→0

f ◦ φh+t,t − f ◦ ηh
h

= 0. (3.1.7)

By definition, for a point p ∈ M,

d

dt
(f ◦ φt,s(p)) =

dφt,s(p)

dt
f = X(t)(φt,s(p))f.

Hence

f ◦ φh+t,t(p) = f(p) +

∫ h

0
X(t+ l)(φt+l,t(p))fdl.

In the same manner

f ◦ ηh(p) = f(p) +

∫ h

0
X(t)(ηl(p))fdl.

Taking the difference of the last two identities, we deduce

lim
h→0

f ◦ φh+t,t(p) − f ◦ ηh(p)
h

= lim
h→0

1

h

∫ h

0
[X(t + l)(φt+l,t(p)) −X(t)(ηl(p))]fdl = 0,

which proves (3.1.7) and consequently statement (i).

Next we prove (ii).
By the semigroup property φh+t,0 = φh+t,t ◦ φt,0, there hold

d

dt
φ∗t,0α = lim

h→0

φ∗h+t,0α− φ∗t,0α

h

= lim
h→0

(φh+t,t ◦ φt,0)∗α− φ∗t,0α

h
= lim

h→0

φ∗t,0 ◦ φ∗h+t,tα− φ∗t,0α

h

= φ∗t,0

(

lim
h→0

φ∗h+t,tα− α

h

)

= φ∗t,0(LX(t)α).

The last step is by (i). Hence statement (ii) is true. �
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Remark 3.1.8 Let α be a (p, 0) tensor field on a Riemann manifold
M. Let X be a vector field on M and φ a diffeomorphism on M. Then

φ∗(LXα) = Lφ−1
∗ Xφ

∗α.

Exercise 3.1.3 Prove the formula in the remark.

3.2 Second covariant derivatives, commutation

formulas, curvatures

Now we define the second covariant derivative. Let X,Y and Z be
smooth vector fields on M. By definition ∇Z is a (1, 1) tensor field
satisfying

(∇Z)(Y ) = ∇Y Z.

Hence
∇X [(∇Z)(Y )] = ∇X(∇Y Z).

A differentiation should follow the Leibnitz rule. So we require

(∇X(∇Z))(Y ) + (∇Z)(∇XY ) = ∇X(∇Y Z).

i.e.

(∇X(∇Z))(Y ) = ∇X(∇Y Z) − (∇Z)(∇XY ) = ∇X(∇Y Z) −∇∇XY Z.

The left-hand side gives rise to the second covariant derivative of a
vector field.

Definition 3.2.1 (second covariant derivative, Hessian of a function)
Let Z be a smooth vector field on M. Then the second covariant deriva-
tive of Z is a (2, 1) tensor field, denoted by ∇2Z, defined by

∇2
X,Y Z ≡ (∇X(∇Z))(Y ) ≡ ∇X(∇Y Z) −∇∇XY Z

for all smooth vector fields X and Y .
In general, let T be a smooth (p, q) tensor field, then its second

covariant derivative is a (p+2, q) tensor field, denoted by ∇2T , defined
by

∇2T (X,Y ) = ∇2
X,Y T = (∇X(∇T ))(Y ) = ∇X(∇Y T ) −∇∇XY T

for all smooth vector fields X and Y .
In particular, if T is a smooth, scalar function f , then ∇2f is called

the Hessian of f .
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Remark 3.2.1 It is important to realize the relation between the sec-
ond covariant derivative ∇2

X,Y T and the iterated covariant derivative
∇X(∇Y T ). From the above definition, the two differ by ∇∇XY T . How-
ever, let {x1, . . . , xn} be an orthonormal coordinate (Definition 3.4.6),
centered at a point p. Denote Xi = ∂

∂xi . Then, at p, ∇XiXj = 0,
i, j = 1, . . . , n. Hence, ∇2

Xi,Xj
T = ∇Xi(∇XjT ). Sometimes the symbol

T,i is used to denote ∇XiT . At p, one uses the notation T,ji to denote
the second covariant derivative where

T,ji ≡ ∇2
Xi,Xj

T = (T,j),i.

Notice the reversal of the order of i and j in the notation T,ji, which
means differentiation in xj direction first and xi direction second.

Example. For a smooth function f : M → R, its Hessian is the
(2, 0) tensor field. In local system {x1, . . . , xn},

∇2f = f,ijdx
i ⊗ dxj

where

f,ij =
∂

∂xi

(

∂f

∂xj

)

− Γkij
∂f

∂xk
.

The second covariant derivative of a vector field is not symmetric
with respect to X and Y in general. The amount for which the second
covariant derivative fails to be symmetric is called curvature tensor.

Definition 3.2.2 (curvature tensor) The Riemann curvature tensor
is a (3, 1) tensor field defined by

R(X,Y )Z ≡ ∇2
X,Y Z −∇2

Y,XZ

= ∇X(∇Y Z) −∇Y (∇XZ) −∇[X,Y ]Z

for all vector fields X,Y and Z.
Equivalently, the curvature tensor can also be written as a (4, 0)

tensor via the definition

R(X,Y,Z,W ) = g(R(X,Y )Z,W ) ≡< R(X,Y )Z,W > (3.2.1)

for all smooth vector fields X,Y,Z,W .

Remark 3.2.2 This is NOT the only way to define the (4, 0) curvature
tensor. Many authors also use the definition

R(X,Y,Z,W ) = g(R(X,Y )W,Z). (3.2.2)

Note the reversal of the order of W and Z. Thus the (4, 0) tensor defined
this way has the opposite sign comparing with (3.2.1).
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Remark 3.2.3 One can switch the covariant and contravariant com-
ponent of a tensor using the Riemann metric in the above manner. In
local coordinates this is amount to lowering or raising the index in a
tensor. Usually there is no need to rename the tensor since the change
will be recorded either by the change of index in the local form or by
the ways the arguments (vector fields or one forms) are arranged.

Remark 3.2.4 In local coordinates {x1, . . . , xn}, we can write the
components of (3, 1) curvature tensor as Rijkl which is defined by

R(
∂

∂xi
,
∂

∂xj
)
∂

∂xk
= Rlijk

∂

∂xl
.

Explicitly
Rlijk = ∂iΓ

l
jk − ∂jΓ

l
ik + ΓpjkΓ

l
ip − ΓpikΓ

l
jp. (3.2.3)

The components of (4, 0) curvature tensor defined by (3.2.1) can be
written as Rijkl where

Rijkl =< R(
∂

∂xi
,
∂

∂xj
)
∂

∂xk
,
∂

∂xl
>= ghlR

h
ijk. (3.2.4)

Note the superscript is lowered into the fourth subscript. In some pa-
pers, such as [Ha1], [CZ], it is lowered into the third subscript, which
corresponds to formula (3.2.2). This convention produces a different
sign in computation.

We just saw that the quantity ∇2
X,Y Z −∇2

Y,XZ leads to the curva-
ture tensor when Z is a vector field. It would be curious to see what
would emerge when Z is replaced by a (p, q) tensor T . Indeed there is
the important

Proposition 3.2.1 (Ricci identities or commutation formulas) Given
a smooth (p, q) tensor field T and smooth vector fields X and Y , it
holds

∇2
X,Y T −∇2

Y,XT = ∇X(∇Y T ) −∇Y (∇XT ) −∇[X,Y ]T.

In local coordinate system {x1, . . . , xn}, the above becomes

T
l1...lq
k1...kp,ji

− T
l1...lq
k1...kp,ij

≡ ∇2
i,jT

l1...lq
k1...kp

−∇2
j,iT

l1...lq
k1...kp

= −Σp
h=1R

r
ijkh

T
l1...lq
k1...kh−1rkh+1...kp

+ Σq
h=1R

lh
ijsT

l1...lh−1slh+1...lq
k1...kp

.

In this formula, the notation T
l1...lq
k1...kp,ij

etc. means the {k1 . . . kp; l1, . . . , lq}
component of the tensor ∇2

∂

∂xj ,
∂

∂xi

T etc., defined in Remark 3.2.1.
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Proof. The first stated formula is an immediate consequence of the
definition of second covariant derivatives for tensor fields (Definition
3.2.1).

To prove the second statement, one notices that T can be written
as the tensor product of p one forms and q vector fields. So only the
proof when T is a one form needs to be sorted out and the rest of the
proof for the general formula follows from the product rule.

Let T be a one form and Z be a vector field. Then T (Z) is a scalar
function. Therefore, the Lebnitz rule says

X(T (Z)) = (∇XT )(Z) + T (∇XZ),

and

Y (X(T (Z))) = (∇Y (∇XT ))(Z) + (∇XT )(∇Y Z) + (∇Y T )(∇XZ)

+ T (∇Y (∇XZ)).

Exchanging X and Y , the above becomes

X(Y (T (Z))) = (∇X(∇Y T ))(Z) + (∇Y T )(∇XZ) + (∇XT )(∇Y Z)

+ T (∇X(∇Y Z)).

Taking the difference of the last two identities, one obtains

Y (X(T (Z))) −X(Y (T (Z)))

= (∇Y (∇XT ))(Z) − (∇X(∇Y T ))(Z) + T (∇Y (∇XZ)) − T (∇X(∇Y Z)).

Moving the first two terms of the right-hand side to the left, we arrive
at

(∇X(∇Y T ))(Z) − (∇Y (∇XT ))(Z) − [X,Y ](T (Z))

= T (∇Y (∇XZ)) − T (∇X(∇Y Z)).

Since
[X,Y ](T (Z)) = (∇[X,Y ]T )(Z) + T (∇[X,Y ]Z),

the above becomes

(∇X(∇Y T ))(Z) − (∇Y (∇XT ))(Z) − (∇[X,Y ]T )(Z)

= T (∇Y (∇XZ)) − T (∇X(∇Y Z) + T (∇[X,Y ]Z)).

By Definition 3.2.2, this implies

[∇2
X,Y T −∇2

Y,XT ](Z) = −T (R(X,Y )Z).
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Now let T = Tmdx
m, X = ∂

∂xi , and Y = ∂
∂xj and Z = ∂

∂xk in a local
coordinate system. Then

(Z) = −Tmdxm(R(X,Y )Z)

= −Tmdxm(Rlijk
∂

∂xl
) = −RmijkTm.

That is
Tk,ji − Tk,ij = −RmijkTm.

Here Tk,ij means the k-th component of the tensor ∇2
Y,XT . �

The curvature tensor enjoys certain symmetries and antisymme-
tries. The identities (ii) and (iv) below are usually referred to as the
first and second Bianchi identities.

Proposition 3.2.2 For X,Y,Z, T, U ∈ Γ(M), it holds

(i) R(X,Y,Z, T ) = −R(Y,X,Z, T ) = −R(X,Y, T, Z);

(ii) R(X,Y,Z, T ) +R(Y,Z,X, T ) +R(Z,X, Y, T ) = 0;

(iii) R(X,Y,Z, T ) = R(Z, T,X, Y );

(iv) (∇XR)(Y,Z, T, U) + (∇YR)(Z,X, T,U) + (∇ZR)(X,Y, T, U) = 0,

(permutation of X,Y,Z).

Proof. The proof of (i) to (iii) is a simple algebra exercise from the
definition. Therefore we only present proof of iv).

By Definition 3.1.13, ∇XR, the covariant derivative of the (4, 0)
tensor R, is given by

(∇XR)(Y,Z, T, U)

= X < R(Y,Z)T, U > − < R(Y,Z)T, ∇XU >

− < R(Y,Z)∇XT, U > − < R(∇XY,Z)T, U >

− < R(Y,∇XZ)T, U >

(3.2.5)

Here and later < ·, · >≡ g(·, ·). Since ∇Xg = 0, we know that

X < R(Y,Z)T, U >=< ∇X(R(Y,Z)T ), U > + < R(Y,Z)T, ∇XU > .

Therefore the first two terms on the right-hand side of (3.2.5) merge
into one to give

(∇XR)(Y,Z, T, U) =< ∇X(R(Y,Z)T ), U > − < R(Y,Z)∇XT, U >

− < R(∇XY,Z)T, U > − < R(Y,∇XZ)T, U > .
(3.2.6)
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Performing permutations of X,Y,Z on (3.2.6) yields

(∇YR)(Z,X, T,U) =< ∇Y (R(Z,X)T ), U > − < R(Z,X)∇Y T, U >

− < R(∇Y Z,X)T, U > − < R(Z,∇YX)T, U >,
(3.2.7)

(∇ZR)(X,Y, T, U) =< ∇Z(R(X,Y )T ), U > − < R(X,Y )∇ZT, U >

− < R(∇ZX,Y )T, U > − < R(X,∇ZY )T, U > .
(3.2.8)

Adding (3.2.6), (3.2.7) and (3.2.8), we deduce

(∇XR)(Y,Z, T, U) + (∇YR)(Z,X, T,U) + (∇ZR)(X,Y, T, U)

≡ T1 − T2 − T3.
(3.2.9)

Here T1 is the sum of the three terms of the form< ∇X(R(Y,Z)T ), U >,
i.e.

T1 =< ∇X(R(Y,Z)T ) + ∇Y (R(Z,X)T ) + ∇Z(R(X,Y )T ), U >

≡< I,U > .
(3.2.10)

The term T2 is the sum of the three terms containing the covariant
derivatives of T , i.e.

T2 =< (R(Y,Z)∇XT ) + (R(Z,X)∇Y T ) + (R(X,Y )∇ZT ), U >

≡< II,U > .
(3.2.11)

The term T3 is the sum of the terms such that the covariant deriva-
tive only appears inside the arguments of R(·, ·), i.e.

T3 =< R(∇XY,Z)T +R(Z,∇YX)T, U >

+ < R(∇Y Z,X)T +R(X,∇ZY )T, U >

+ < R(∇ZX,Y )T +R(Y,∇XZ)T, U > .

(3.2.12)

Using the torsion-free property for Riemann connections,

R(∇XY,Z)T +R(Z,∇YX)T = R(∇XY −∇YX,Z)T = R([X,Y ], Z)T,

etc., we reduce (3.2.12) to

T3 =< R([X,Y ], Z)T +R([Y,Z],X)T +R([Z,X], Y )T,U >

≡< III, U > .
(3.2.13)
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If we can show that I = II + III then the proof is done. First let
us compute I. From definition of curvature tensor,

R(Y,Z)T = ∇Y∇ZT −∇Z∇Y T −∇[Y,Z]T.

Hence

∇X(R(Y,Z)T ) = ∇X∇Y∇ZT −∇X∇Z∇Y T −∇X∇[Y,Z]T.

Similarly

∇Y (R(Z,X)T ) = ∇Y∇Z∇XT −∇Y∇X∇ZT −∇Y∇[Z,X]T,

∇Z(R(X,Y )T ) = ∇Z∇X∇Y T −∇Z∇Y∇XT −∇Z∇[X,Y ]T.

Adding the last three identities together and pairing the terms contain-
ing ∇XT , ∇Y T , and ∇ZT together, we deduce

I = ∇X(R(Y,Z)T ) + ∇Y (R(Z,X)T ) + ∇Z(R(X,Y )T )

= (∇X∇Y −∇Y∇X)∇ZT + (∇Y∇Z −∇Z∇Y )∇XT

+ (∇Z∇X −∇X∇Z)∇Y T

−∇X∇[Y,Z]T −∇Y∇[Z,X]T −∇Z∇[X,Y ]T

= R(X,Y )∇ZT + ∇[X,Y ]∇ZT +R(Y,Z)∇XT

+ ∇[Y,Z]∇XT +R(Z,X)∇Y T + ∇[Z,X]∇Y T

−∇X∇[Y,Z]T −∇Y∇[Z,X]T −∇Z∇[X,Y ]T.

Rearranging the like terms, we have

∇X(R(Y,Z)T ) + ∇Y (R(Z,X)T ) + ∇Z(R(X,Y )T )

= R(X,Y )∇ZT +R(Y,Z)∇XT +R(Z,X)∇Y T

+ (∇[X,Y ]∇Z −∇Z∇[X,Y ])T + (∇[Y,Z]∇X −∇X∇[Y,Z])T

+ (∇[Z,X]∇Y −∇Y∇[Z,X])T
(3.2.14)

By the definition of curvature tensor again, we know that

(∇[X,Y ]∇Z −∇Z∇[X,Y ])T = R([X,Y ], Z)T + ∇[[X,Y ],Z]T.

Similarly

(∇[Y,Z]∇X −∇X∇[Y,Z])T = R([Y,Z],X)T + ∇[[Y,Z],X]T,

(∇[Z,X]∇Y −∇Y∇[Z,X])T = R([Z,X], Y )T + ∇[[Z,X],Y ]T.
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Note that the left-hand side of the last three terms are just the 4th,
5th and 6th term of the right-hand side of (3.2.14). Therefore

I = ∇X(R(Y,Z)T ) + ∇Y (R(Z,X)T ) + ∇Z(R(X,Y )T )

= R(X,Y )∇ZT +R(Y,Z)∇XT +R(Z,X)∇Y T

+R([X,Y ], Z)T +R([Y,Z],X)T +R([Z,X], Y )T

= II + III

(3.2.15)

where we just used the Jacobi identity [[X,Y ], Z] + [[Y,Z],X] +
[[Z,X], Y ] = 0.

By (3.2.15), (3.2.10), (3.2.11), (3.2.13), we know that

T1 = T2 + T3,

which, according to (3.2.9), proves the second Bianchi identity. �

The full curvature tensor is usually not easy to handle, especially in
high dimensions. It is often convenient to deal with the trace, which is a
tensor now called the Ricci curvature (tensor). The Ricci curvature can
be regarded as a (2, 0) tensor whose trace is called the scalar curvature.
The components of the curvature tensor lead to the concept of sectional
curvature. Thus we have

Definition 3.2.3 (Ricci, Scalar and Sectional curvatures) The (2, 0)
Ricci curvature tensor is the trace of the curvature tensor, i.e., for
X,Y ∈ Tp(M)

Ric(X,Y ) = Trace(· → R(·,X)Y ) = Σn
i=1R(ei,X, Y, ei)

where {ei} is an orthonormal basis for Tp(M).
The scalar curvature R is the trace of the Ricci curvature, i.e.

R = Σn
j=1Ric(ej , ej).

The plane E ⊂ Tp(M) spanned by X,Y is called a section of the
tangent space. The sectional curvature with respect to E is

sec(E) = sec(X,Y ) =
R(X,Y, Y,X)

g(X,X)g(Y, Y ) − g(X,Y )2
.

Remark 3.2.5 In local coordinates, the Ricci and scalar curvature are
given by

Rij = Rkkij = −gklRikjl, R = gijRij = gijgklRkijl = −gijgklRikjl.
By (3.2.3),

Rij = ∂kΓ
k
ij − ∂iΓ

k
kj + ΓkkpΓ

p
ij − ΓkipΓ

p
kj. (3.2.16)
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Remark 3.2.6 The curvature tensor has a rich structure. For exam-
ple, it can be decomposed into the sum of three parts. The first part is
determined solely by the scalar curvature, the second part by the Ricci
curvature. The last part, called the Weyl tensor, vanishes in dimension
3 and lower. See Chapter 1 of [CLN] e.g. Thus in dimension 3, the full
curvature tensor is determined solely by the Ricci curvature. This fact
makes 3 dimensional Ricci flow quite special.

The following twice contracted the second Bianchi identity and is
particularly useful in the study of Ricci flow. Written in local coordi-
nates, it is

Proposition 3.2.3
2gij∇iRjk = ∇kR.

Proof. In local coordinates the second Bianchi identity can be written
as

∇iRjklm + ∇jRkilm + ∇kRijlm = 0.

Multiplying this by gimgjl and using the fact that the covariant deriva-
tive of the inverse metric is zero, we have

gim∇i(g
jlRjklm) + gjl∇j(g

imRkilm) + ∇k(g
imgjlRijlm) = 0.

By definition of Ricci and scalar curvatures,

gimgjlRijlm = R, gjlRjklm = −Rkm, gimRkilm = −Rkl.

Hence
gim∇iRkm + gjl∇jRkl −∇kR = 0.

The identity follows by rearranging the indices. �

3.3 Common differential operators on mani-

folds

In the next paragraph we present the concepts of gradient, divergence
and Laplace operators on Riemann manifolds. These, like in the Eu-
clidean case, are perhaps the three most widely used differential oper-
ators.

First we define the gradient of a differentiable scalar function f :
M → R. This is a confusing notion historically. At first look, it seems
reasonable to define the gradient of f as the covariant derivative of f .
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The covariant derivative of f is a (1, 0) tensor, i.e. a 1 form df . So, if
X is a vector field, then

∇Xf = X(f) = df(X).

Here ∇X stands for covariant derivative and df is regarded as a one
form: linear functionals on the tangent spaces. However in the Eu-
clidean setting, traditionally the gradient of a function is a vector field.
Let us recall that the gradient of a smooth function in Rn is defined
by

< gradient f,X >= X(f)

for all smooth vector fields X on Rn. Here the brackets <,> stands for
the Euclidean inner product.

Following this Euclidean tradition, one has to transplant df to the
tangent space via the Riemann metric.

Definition 3.3.1 (gradient of a scalar function) The gradient of a
smooth scalar function f : M → R, denoted by ∇f , is a vector field
((0, 1) tensor field), such that

g(∇f,X) = X(f) = df(X)

for all smooth vector field X on M.

Following tradition, most people still use ∇f to denote the gradient
of f . This should not be confused with covariant derivative.

The following formula for the gradient in local coordinates is
often useful. Let (U, φ) be a local chart for M with φ(m) =
(x1(m), . . . , xn(m)), m ∈ U . For a smooth scalar function f on U

∇f = gij
∂f ◦ φ−1

∂xj
∂

∂xi
. (3.3.1)

The proof is straightforward from the definition. Indeed, suppose
∇f = ci ∂

∂xi . Let X = li ∂
∂xi be any smooth vector field. By definition

gijc
ilj = lj

∂(f ◦ φ−1)

∂xj
.

Since lj is arbitrary, this implies

gijc
i =

∂(f ◦ φ−1)

∂xj
.
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Multiplying by gkj on the above equality, and summing up, we deduce

ci = gij
∂(f ◦ φ−1)

∂xj
,

which gives the local formula.
This local formula sometimes takes a shorter form

∇f = gijfj∂i (3.3.2)

which is convenient during heavy computations. Obviously fj stands

for ∂(f◦φ−1)
∂xj and ∂i for ∂

∂xi .

Definition 3.3.2 (divergence of a tensor)
(i) The divergence of a C1 vector field X on a Riemann manifold

is the scalar

div X = trace(∇X) ≡ Σn
i=1g(∇eiX, ei)

where ∇ is the covariant derivative of X, and {ei} is an orthonormal
basis of the tangent space.

(ii) The divergence of a C1, (p, q) tensor field T on a Riemann
manifold is a (p, q − 1) tensor given by

(div T )(X1, . . . ,Xp, η1, . . . , ηq−1) = trace(∇T )

= Σn
i=1g(∇eiT (X1, . . . ,Xp, η1, . . . , ηq−1), ei)

where ∇eiT (X1, . . . ,Xp, η1, . . . , ηq−1) is regarded as a vector field.

Remark 3.3.1 The reason ∇eiT (X1, . . . ,Xp, η1, . . . , ηq−1) is a vector
field is that ∇eiT is a (p, q) tensor. So it is a linear combination of
the direct sums of p one forms and q vector fields. After acting on p
vector fields and (q − 1) one forms, ∇eiT has only one component left,
a vector field.

The divergence of a vector field takes the following form in local
coordinates:

For a C1 vector field X = ξi ∂
∂xi ,

divX =
1√
g

∂

∂xi
(
√
g ξi) (3.3.3)

where
√
g ≡

√

det(gij).
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Here is a quick proof of this formula. By definition ∇X is a (1, 1)
tensor given by

∇X =

(

∂ξi

∂xj
+ ξkΓikj

)

∂

∂xi
⊗ dxj.

The trace of a (1, 1) tensor T ij is just T ii . Therefore

divX =
∂ξi

∂xi
+ ξkΓiki.

By the local formula for the Christoffel symbols (3.1.3)

Γiki =
1

2
gij
∂gij
∂xk

=
1√
g

∂
√
g

∂xk
. (3.3.4)

This shows

divX =
∂ξi

∂xi
+ ξk

1√
g

∂
√
g

∂xk
,

which implies the desired formula.
Next we introduce the Laplace-Beltrami operator on scalar func-

tions on manifolds, which is a generalization of the Laplace operator
on Rn. It perhaps is the most important second order operator in ge-
ometric analysis.

Definition 3.3.3 (the Laplace-Beltrami operator of a scalar function)
Let u be a C2 scalar function on M. Then the Laplace-Beltrami operator
is the one defined by

∆u = div(∇u).

By the computation of gradient and divergence, in local coordinates,
it holds

∆u =
1√
g

∂

∂xi

(√
g gij

∂u

∂xj

)

. (3.3.5)

The ∆u is also the trace of the Hessian of u as given in Definition 3.2.1.
Recall that the Hessian of u is a (2, 0) tensor given by

(Hess u)(X,Y ) = ∇2
X,Y u = ∇X(∇Y u) − (∇XY )u.

Therefore in the local coordinates (U, φ) with φ = (x1, . . . , xn),

(Hess u)ij = (Hess u)(
∂

∂xi
,
∂

∂xj
) =

∂

∂xj

(

∂u

∂xi

)

− Γkij
∂u

∂xk
.
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Recall the trace of a (2, 0) tensor Tij is gilTli. So

tr(Hess u) = gil
[

∂

∂xi

(

∂u

∂xl

)

− Γkli
∂u

∂xk

]

.

To see this being equal to ∆u, we recall that

∂gij
∂xk

= gilΓ
l
jk + gjlΓ

l
ik.

This is nothing but the local form of formula (iii) in the fundamental
theorem of Riemann geometry, which means that the metric tensor g
has zero covariant derivative. Since (gij) is the inverse of (gij), it holds

gihghj = δij

Differentiating this identity with respect to xk, one can show by simple
manipulation of indices that

∂gij

∂xk
= −gilΓjlk − gjlΓilk. (3.3.6)

From (3.3.5) and (3.3.4),

∆u = gij
∂2u

∂xi∂xj
+
∂gij

∂xi
∂u

∂xj
+ gijΓlil

∂u

∂xj
.

Taking k = i in (3.3.6) and summing up, and then substituting the
sum into the above expression for ∆u, we deduce

∆u = gij
∂2u

∂xi∂xj
− gilΓkli

∂u

∂xk
= tr(Hess u). (3.3.7)

3.4 Geodesics, exponential maps, injectivity

radius, Jacobi fields, index forms

In this section we will define the concept of geodesics. There are two
approaches to this. One is to regard a geodesic as generalization of
straight lines in the Euclidean space in the sense that the tangent vec-
tor of a straight line is a constant, i.e. the derivative of the tangent
vector field along a straight line is zero. The other approach is to view
geodesics as locally distance minimizing curves.
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Definition 3.4.1 (covariant derivative for a vector field along a curve)
Let c = c(t) be a C1 curve on M and X = X(c(t)) be a C1 vector
field along c. Fixing t, let V1, . . . , Vn be C1 vector fields in an open
neighborhood U of c(t), such that V1(p), . . . , Vn(p) form a basis for the
tangent space Tp(M) for each p ∈ U . Suppose

X(c(t)) = ξi(t)Vi(c(t)).

Then
∇c′(t)X(c(t)) ≡ ξ̇i(t)Vi(c(t)) + ξi(t)∇c′(t)Vi|c(t).

The definition is clearly independent of the choice of the basis Vi. If the
tangent vector c′(t) for the curve c = c(t) can be expanded to a vector
field Y , defined in an open neighborhood of c = c(t), then the above
definition for ∇c′(t)X(c(t)) coincides with ∇YX restricted to c = c(t).
However, this expansion may not always be possible.

Definition 3.4.2 (geodesics) Let (M, g) be a Riemann manifold and
∇ be the Riemann connection. A parameterized curve c = c(t) on M
is a geodesic if ∇c′c

′ = 0.

Note that the tangent vector has constant magnitude, i.e. |c′(t)| =
√

g(c′(t), c′(t)) is a constant. Indeed, for f = f(c(t)) ≡ g(c′(t), c′(t))

d

dt
f(c(t)) = ∇c′(t)[g(c

′(t)), c′(t))]

= 2g(∇c′(t)c
′(t), c′(t))) = 0.

Here we have used the Leibniz rule and the fact that ∇g = 0.
Next we present the well-known geodesic equation in local coordi-

nates. Let (U, φ) be a local chart of M such that φ = (φ1, . . . , φn) being
a local diffeomorphism from U ⊂ M to a domain in Rn. Let c = c(t)
be a curve in U , then

c(t) = φ−1(x1(t), . . . , xn(t))

where (x1(t), . . . , xn(t)) is the parametric equation for a curve in
φ(U) ⊂ Rn. This image of c = c(t) under φ is often regarded the same
as c = c(t) itself. Note that xi(t) = φi(c(t)). The geodesic equation in
local coordinates is actually a system of equations for xi.
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Let f : U → R be a smooth function. By Definition 3.1.3

c′(t)(f) =
d

dt
(f ◦ φ−1)(x1(t), . . . , xn(t)) Euclidean derivative

=
∂(f ◦ φ−1)

∂xi
ẋi(t) Euclidean chain rule

=
∂f

∂xi
ẋi(t). Definition 3.1.4

Therefore

c′(t) = ẋi(t)
∂

∂xi
.

Now we compute, from the definition of covariant derivative

∇c′(t)c
′(t) = ∇c′(t)(ẋ

i(t)
∂

∂xi
)

=
d2xi(t)

dt2
∂

∂xi
+ ẋi(t)∇c′(t)

∂

∂xi
.

If c = c(t) is a geodesic, then ∇c′(t)c
′(t) = 0. Hence xi satisfy the

system of equations

d2xi

dt2
+ Γijk(c(t))

dxj

dt

dxk

dt
= 0. (3.4.1)

By standard theory of ordinary differential equations, this system
always has a local in-time solution. It is also easy to see that a geodesic
is a critical point in for the first variation of the arclength. We will
return to this point in Proposition 3.4.1 below.

In multivariable calculus suitable coordinates such as rectangular
and spherical ones play important roles since they simplify complicated
calculations and expressions. For differential geometry, due to the com-
plexity of objects one is facing, finding suitable local coordinates is even
more important.

First, let us introduce natural local coordinates called the exponen-
tial map, using the geodesics. The geodesic equation given above is a
system of second order, quadratic nonlinear ordinary differential equa-
tions. Since the manifold is smooth, the coefficients of the equation Γkij
are also smooth. By standard theory of ordinary differential equations,
for any point p ∈ M and a vector v ∈ TpM, there exists a unique
geodesic c = c(t), t ∈ [0, t0] for some t0 > 0, such that c(0) = p and
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c′(0) = v. Here t0 may depend on p and v. If t0 <∞, then we consider
the curve

l(t) = c(t0t).

Clearly l(0) = c(0) = p and l′(0) = t0c
′(0) = t0v. Also the curve l is

well defined for t ∈ [0, 1]. Moreover

∇l′(t)l
′(t) = t20∇c′(s)c

′(s) = 0, s = t0t.

Therefore l is a geodesic, existing at least for the time interval [0, 1]
such that l(0) = p and l′(0) = t0v. Note that v is an arbitrary vector in
TpM. From the theory of ordinary differential equations, it is not hard
to prove that there exists an maximal open set D ⊂ TpM, satisfying
the following properties.

(a) 0 ∈ D; (b) for each v ∈ D, there exists a unique geodesic l, such
that l(0) = p and l′(0) = v; (c) exists at least on the time interval [0, 1].

Now we are ready to give

Definition 3.4.3 (exponential map) Give p ∈ M, the exponential map
expp is a map from D ⊂ TpM to M given by

expp(v) = l(1)

where l is the geodesic such that l(0) = p and l′(0) = v.

Remark 3.4.1 expp is a local diffeomorphism in a neighborhood of the
zero tangent vector.

By the inverse function theorem, it suffices to prove that, Dexpp,
the derivative of expp at 0 ∈ TpM is nonsingular. We will prove that
Dexpp at 0 is actually the identity map.

To prove this fact, let us recall a definition of derivative of a smooth
map, say F , from a smooth manifold M1 to another smooth mani-
fold M2. The derivative of F at m1 is the linear map from Tm1M1 to
TF (m1)M2 such that

b′(0) = DFm1a
′(0).

Here a = a(τ) is any smooth curve on M1 such that a(0) = m1 and
b = b(τ) is the image of a under F , i.e. b(τ) = F (a(τ)). Note that this
definition is nothing but a restatement of the chain rule.

Now we take M1 = TpM, M2 = M and F = expp with domain
D ⊂ TpM. Pick any v ∈ D, let a = τv. Then b = b(τ) = expp(τv). By
the above definition

d

dτ
expp(τv)

∣

∣

τ=0
= [Dexpp]

∣

∣

0
v.
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From its definition, for τ ∈ [0, 1],

expp(τv) = cτ (1)

where c = cτ (t) is the geodesic such that cτ (0) = p and c′τ (0) = τv.
Here the derivative is with respect to t. By uniqueness of local solutions
of the geodesic equation, we know that

cτ (t) = l(τt)

where l = l(t) is the geodesic such that l(0) = p and l′(0) = v. Therefore

expp(τv) = cτ (1) = l(τ). (3.4.2)

i.e. expp(τv) is just the geodesic starting from p, with initial tangent
vector equaling v. Hence

d

dτ
expp(τv)

∣

∣

τ=0
= v

which shows v = [Dexpp]
∣

∣

0
v. Since v is an arbitrary vector in the do-

main D containing 0, we know that [Dexpp]|0 is the identity map.
The exponential map expp is a natural local diffeomorphism be-

tween the tangent space TpM and the manifold M. Of course we can
not expect expp to be a global diffeomorphism in general. The next
concept, called injectivity radius, measures to what extent expp stays
as a diffeomorphism.

Definition 3.4.4 (injectivity radius) The injectivity radius at p ∈ M,
denoted by inj(p), is the radius of the largest open ball in TpM, centered
at 0 (tangent vector), on which expp is a diffeomorphism.

The infimum of inj(p) for all p ∈ M, which is denoted by Inj(M),
is called the injectivity radius of the whole manifold M.

A closely related concept is called the conjugate point.

Definition 3.4.5 (conjugate point) Let p ∈ M and expp : TpM → M
be the exponential map. A point x ∈ M is a conjugate point of p if x is a
singular value of expp, i.e. there exists v ∈ TpM such that x = expp(v)
and the linear map Dexpp : Tv(TpM) → TxM is singular.

Knowledge of injectivity radius and conjugate points is important
to the understanding of the structure of a manifold and to the study
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of Ricci flow. We will present a few results on the lower bound of
injectivity radius in Section 3.6.

In differential geometry, many objects such as connections, cur-
vatures, etc. involve rather complicated expressions. Therefore, it is
imperative to use efficient local coordinate systems to simplify the no-
tations and computation. One of the most useful coordinate systems is
given by

Definition 3.4.6 (Local orthonormal coordinates) Let p ∈ M and
expp be the exponential map defined on D ⊂ TpM. Let {e1, . . . , en} be
an orthonormal basis for TpM, i.e. g|p(ei, ej) = δij . Given v = yiei ∈
TpM, define

J(v) = (y1, . . . , yn).

Then the map φ ≡ J ◦ exp−1
p is a local diffeomorphism which maps

U ≡ expp(D) to Rn.
The local chart (U, φ) is called local orthonormal coordinates around

p.

Remark 3.4.2 Under local orthonormal coordinates, there hold, at the
point p (where y = (y1, . . . , yn) = 0)

1). gij = g( ∂
∂yi ,

∂
∂yj ) = δij

2). Γijk = 0.
The proof, though very short, needs certain care about the concepts.

Let f be a smooth function on M. By definition

∂f

∂yi
=
∂[f ◦ φ−1]

∂yi
=
∂[f ◦ expp ◦ J−1](y1, . . . , yn)

∂yi

=
∂[f ◦ expp(y1e1 + · · · + ynen)]

∂yi
.

So, at p (y = 0), we have

∂f

∂yi
=
d[f ◦ expp(sei)]

ds

∣

∣

∣

∣

s=0

=
d expp(sei)]

ds

∣

∣

∣

∣

s=0

f = eif.

Here we just used the definition of the tangent of a curve, i.e. c′(s)f =
[f ◦ c(s)]′. Since f is arbitrary, we know ∂

∂yi = ei, which is the chosen
orthonormal basis for TpM. Hence we have proven that

gij = g(
∂

∂yi
,
∂

∂yj
) = δij .
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To prove the second statement, let us pick v = yiei ∈ TpM. Then
c = c(t) = expp(tv) is a local geodesic such that c(0) = p and c′(0) = v.
The parametric equation for c = c(t) in the local orthonormal system
is

φ(c) = φ(c(t)) = J ◦ exp−1
p (c(t)) = J ◦ exp−1

p (expp(tv)) = t(y1, . . . , yn).

Therefore xi ≡ tyi satisfies the geodesic equation (3.4.1) which implies

Γijk(exp(tv))y
jyk = 0.

Note that this equation does not mean Γijk(exp(tv)) = 0 if t 6= 0. This is

because for a different choice of {yi}, the point exp(tv) may be different.
However, the same equation implies Γijk(p) = 0 by taking t = 0 and

arbitrary yi. This proves the second claim.
After all these equations and computations about geodesics, let us

take a more intuitive view of geodesics, i.e. as local distance minimizing
curves. We recall the concept of length of a curve.

Definition 3.4.7 (length (arclength) of a curve) Let c = c(s), s ∈
[a, b] ⊂ R be a piecewise C1 curve on a Riemann manifold M. Then
the length of c is

|c| =

∫ b

a

√

g(c′(s), c′(s))ds.

A closely related concept is the energy of a curve.

Definition 3.4.8 (energy of a curve) Let c = c(s), s ∈ [a, b] ⊂ R be a
piecewise C1 curve on a Riemann manifold M. Then the energy of c is

e(c) =
1

2

∫ b

a
g(c′(s), c′(s))ds.

Definition 3.4.9 (variation of a curve) A variation of a smooth curve
c : [a, b] → M is a smooth, two variable function B that maps [a, b] ×
(−ǫ, ǫ) to M, such that B(s, 0) = c(s). Here ǫ > 0. The tangent of the
curve B(·, t) at (s, t) is denoted by ∂sB, and that of the curve B(s, ·)
at (s, t) is denoted by ∂tB. For any fixed t, the curve s → B(s, t) is
denoted by ct.

Proposition 3.4.1 Let B(s, t) = ct(s) be a variation of the curve c =
c(s). Then, at t = 0,

d

dt
e(ct) = g(∂tB, c

′(s))
∣

∣

s=b

s=a
−
∫ b

a
g(∂tB,∇c′t(s)

c′t(s))ds,
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d

dt
l(ct) =

b− a

l

(

g(∂tB, c
′(s))

∣

∣

s=b

s=a
−
∫ b

a
g(∂tB,∇c′t(s)

c′t(s))ds

)

.

Here l is the length of the curve c = c(s) on [a, b].

Proof. We just give a proof of the first formula and leave the second
one as exercise. We start from

d

dt
e(ct) =

1

2

d

dt

∫ b

a
g(c′t(s), c

′
t(s))ds.

In the following computation, we will use properties of covariant deriva-
tives of vector fields on a Riemann manifold. But, c′t(s) and ∂tB are not
vector fields on M. They are defined only in a lower dimensional subset
in general. However using similar idea as in Definition 3.4.1, one can
still apply the rules in the fundamental theorem of Riemann geometry.
Hence

d

dt
e(ct) =

1

2

∫ b

a
∂t[g(c

′
t(s), c

′
t(s))]ds =

∫ b

a
g(∇∂tBc

′
t(s), c

′
t(s))ds

=

∫ b

a
g(∇∂tB∂sB, ∂sB)ds =

∫ b

a
g(∇∂sB∂tB, ∂sB)ds

=

∫ b

a
∂s[g(∂tB, ∂sB)]ds−

∫ b

a
g(∂tB,∇∂sB∂sB)ds.

Here we have used the identity (torsion free condition in the fundamen-
tal theorem of Riemann geometry)

∇∂sB∂tB −∇∂tB∂sB = [∂sB, ∂tB] = 0. (3.4.3)

The proposition is thus proven since ∂sB = c′t(s). �

From the first variation formula of the arclength, we know that
a distance minimizing curve joining two points p, q ∈ M must be a
geodesic. If p, q lie in sufficiently small neighborhood, a geodesic con-
necting the two and lying in the neighborhood is also distance mini-
mizing. However, this may not be the case if p, q are not close. It is
interesting to study the borderline case, that is the furthest point be-
yond which a geodesic is no longer distance minimizing. These points
form the so-called cut-locus described by

Definition 3.4.10 Let M a complete manifold (c.f. Definition 3.4.14),
p ∈ M and v ∈ TpM with ‖v‖ = 1. Write cv(t) = expp(tv), the geodesic
such that cv(0) = p, c′v(0) = v. Define

lv = sup{t > 0 | cv is distance minimizing on [0, t]}
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The cut-locus of p is the set {exp(lvv) | v ∈ TpM, ‖v‖ = 1, lv <
+∞}.

Every point in the cut-locus is called a cut point.

Next we consider the second variation formula.

Proposition 3.4.2 Given a length parameterized geodesic c = c(s)
with length l, let B(s, t, u) = ct,u(s) be a smooth variation with two
parameters, i.e. B is a smooth map from [0, l]× (−ǫ, ǫ)× (−δ, δ) to M,
and B(s, 0, 0) = c(s). Then, at t = u = 0,

∂2

∂u∂t
e(ct,u) = g(∇∂uB∂tB, c

′(s))
∣

∣

s=l

s=0

+

∫ l

0

[

g(∇c′(s)∂tB,∇c′(s)∂uB) +R(∂uB, c
′(s), ∂tB, c

′(s))
]

ds

and

∂2

∂u∂t
l(ct,u) = g(∇∂uB∂tB, c

′(s))
∣

∣

s=l

s=0

+

∫ l

0

[

g(∇c′(s)∂tB,∇c′(s)∂uB) +R(∂uB, c
′(s), ∂tB, c

′(s))
]

ds

−
∫ l

0
g(c′(s),∇c′(s)∂tB)g(c′(s),∇c′(s)∂uB)ds.

Proof. As in the proof of the first variation formula

1

2

∂

∂t
g(∂sB, ∂sB) = g(∇∂sB∂tB, ∂sB).

Therefore

1

2

∂2

∂u∂t
g(∂sB, ∂sB) = g(∇∂uB∇∂sB∂tB, ∂sB) + g(∇∂sB∂tB,∇∂uB∂sB).

By (3.4.3) and the Definition 3.2.2 (curvature tensor), the above be-
comes

1

2

∂2

∂u∂t
g(∂sB, ∂sB) = g(∇∂sB∇∂uB∂tB, ∂sB) +R(∂uB, ∂sB, ∂tB, ∂sB)

+ g(∇∂sB∂tB,∇∂sB∂uB).

If t = u = 0, then ∂sB = c′(s) and ∇∂sB∂sB = 0 since c = c(s) is a
geodesic. Hence

∂

∂s
g(∇∂uB∂tB, ∂sB) = g(∇∂sB∇∂uB∂tB, ∂sB) + g(∇∂uB∂tB,∇∂sB∂sB)

= g(∇∂sB∇∂uB∂tB, ∂sB).
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Therefore

1

2

∂2

∂u∂t
g(∂sB, ∂sB) =

∂

∂s
g(∇∂uB∂tB, ∂sB) +R(∂uB, ∂sB, ∂tB, ∂sB)

+ g(∇∂sB∂tB,∇∂sB∂uB).

The first formula in the proposition follows by integration.
The second formula is proven similarly. �

Exercise 3.4.1 Prove the second formula in the proposition.

In the second variation formula for the energy and curve length, the
principal term is

I ≡
∫ l

0

[

g(∇c′(s)∂tB,∇c′(s)∂uB) +R(∂uB, c
′(s), ∂tB, c

′(s))
]

ds

If we write X = ∂tB and Y = ∂uB, then the above becomes

I =

∫ l

0

[

g(∇c′(s)X,∇c′(s)Y ) +R(Y, c′(s),X, c′(s))
]

ds

If we regard the energy or arclength as functionals of curves, this quan-
tity can be regarded as Hessians of the functional, which play a similar
role as the Hessian of a function.

Definition 3.4.11 (index form) Let c = c(s) be a length parameterized
geodesic with length L. Then the bilinear form I defined by

I(X,Y ) =

∫ L

0
[g(X ′, Y ′) + g(X,R(c′, Y )c′)]ds

=

∫ L

0
[g(X ′, Y ′) +R(X, c′, Y, c′)]ds

is called the index form of c. Here X and Y are vector fields along
c = c(s), and X ′, Y ′ are the covariant derivative of X,Y along c′(s),
respectively.

Observe that

g(∇c′(s)X,∇c′(s)Y ) =
∂

∂s
g(X,∇c′(s)Y ) − g(X,∇c′(s)∇c′(s)Y ).

After integration, we obtain

I(X,Y ) = g(X,∇c′(s)Y )|L0 −
∫ L

0
g(X,∇c′(s)∇c′(s)Y+R(Y, c′(s))c′(s))ds.

(3.4.4)
This formula provides the motivation for
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Definition 3.4.12 (Jacobi field) A Jacobi field along a geodesic c =
c(t) is a vector field J along c, satisfying the second order equation

J ′′(t) +R(J(t), c′(t))c′(t) = 0

where J ′′(t) ≡ ∇c′(t)∇c′(t)J(t) and R is the curvature tensor.

Remark 3.4.3 Note by (3.4.4), the index form is decided by the in-
formation on the end points if one of the vector fields is a Jacobi field,
i.e.

I(X,Y ) = g(X,∇c′(s)Y )|L0 (3.4.5)

if Y is a Jacobi field.
This property allows one to simplify many expressions such as vol-

ume form, Laplace operator when using certain Jacobi fields. The basic
volume comparison theorems are derived in this manner. We will return
to this point with detail a little later.

Another important property of Jacobi fields is that they describe
the derivative of the exponential map. More precisely, we have

Proposition 3.4.3 Let u, v ∈ TpM, p ∈ M. Let c be the geodesic
expp(sv). Then

Dexpp
∣

∣

sv
(su) = Y (s)

where Y is the Jacobi field along c = c(s) such that Y (0) = 0 and
Y ′(0) = u.

Proof. Recall that expp maps a ball in TpM to M. Hence Dexpp
∣

∣

sv
is a map from Tsv(TpM) to Texpp(sv)M. Since TpM is linear, we know
that Tsv(TpM) and TpM are isomorphic. Therefore there is no need to
distinguish vectors in these two spaces.

For small numbers s and t consider the variation

B(s, t) = expp(sv + stu).

Then the chain rule tells us

∂B

∂t
= Dexpp

∣

∣

sv+stu
(su).

Define the vector field Y = Y (s) = ∂B
∂t (s, t) at t = 0. By Definition

3.4.1,

Y ′(s) = ∇c′(s)(Dexpp
∣

∣

sv
(su)) = Dexpp|svu+ s∇c′(s)(Dexpp|svu).
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Since Y clearly satisfies the initial conditions Y (0) = 0 and Y ′(0) = u,
we just need to show that Y is a Jacobi field. This is true since

∇c′(s)∇c′(s)Y (s) = ∇c′(s)∇Y (s)c
′(s)

= ∇Y (s)∇c′(s)c
′(s) +R(c′(s), Y (s))c′(s)

= −R(Y (s), c′(s))c′(s).

Here we just used the fact that ∇c′(s)c
′(s) = 0 since c is a geodesic. �

The next two propositions are two immediate applications of Jacobi
fields.

Proposition 3.4.4 Let p, q be two points in a complete manifold M
(c.f. Definition 3.4.14), connected by a geodesic c such that c(a) = p
and c(b) = q with b > a. Then q is a conjugate point of p if and only if
there exists a nontrivial Jacobi field along c such that J(a) = J(b) = 0.

Proof. We suppose q = exppv for some v ∈ TpM. If q is conju-
gate to p, then by Definition 3.4.5 there exists ξ ∈ Tv(TpM) such that
Dexpp|v(ξ) = 0. Define a family of curves on M

β(s, t) = expp(s(v + tξ)).

Then, as in the proof of the last proposition, we know that the vector
field

Y (s) =
∂β

∂t
(s, 0)

is a Jacobi field along the curve c = c(s) = expp(sv). By the chain rule

Y (s) =
∂β

∂t
(s, 0) = Dexpp|sv(sξ).

Clearly Y (0) = 0 and Y (1) = Dexpp|vξ = 0 by assumption. But
Y ′(0) = Dexpp|0ξ = ξ. So Y is nontrivial. This proves one direction of
the proposition.

On the other hand suppose there exists a nontrivial Jacobi field
along c = expp(sv) such that J(0) = 0 and J(1) = 0. Then J ′(0) 6= 0.
Define β(s, t) = expp(s(v+tJ ′(0))). By the proof of the last proposition

again, we know that J(s) = ∂β
∂t (s, t)|t=0 and

Dexpp|vJ ′(0) = J(1) = 0

which shows that q = c(1) is a conjugate point of p. �
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Another application of Jacobi fields is that they can characterize
the local orthonormal and the associated geodesic spherical coordinates
which simplify many computations.

Let B(p, r) ⊂ M be the geodesic ball centered at p with radius r,
i.e.

B(p, r) = {expp(sv) | s ∈ [0, r], v ∈ TpM, ‖v‖ = 1}.
Suppose the ball does not intersect the cut-locus of p. By Proposition
3.6.2 part (3) below, the inverse exponential map exp−1

p exists and is a
local chart on B(p, r). Let {e1, . . . , en} be an orthonormal basis of TpM.
Every point q in B(p, r) is represented in this chart by the coordinates
(x1, . . . , xn), i.e. q = expp(x

1e1 + · · · + xnen). Recall from Definition
3.4.6 that (x1, . . . , xn) is a local orthonormal coordinate of q.

Definition 3.4.13 (geodesic spherical coordinates) Let {x1, . . . , xn} be
a local orthonormal coordinate of q. Then (v, s) ∈ Sn−1 × [0,∞), the
coordinates of (x1, . . . , xn) in the spherical system in Rn is called a
geodesic spherical coordinate of q.

Proposition 3.4.5 Let q = expp(sv) ∈ B(p, r) which does not inter-
sect with the cut-locus of p. Here v is a unit vector in TpM and s > 0.
Let (x1, . . . , xn) be the above local orthonormal coordinate of q.

Then
∂

∂xi
|q =

1

s
Yi(s),

where Yi is the Jacobi field along the curve c = c(t) = expp(tv) such
that Yi(0) = 0 and Y ′

i (0) = ei, i = 1, . . . , n.

Proof. For any fixed s ∈ [0, r], let q = expp(sv). By Proposition 3.6.2
part (3) again, the ball B(p, r) does not contain any conjugate point of
p. Hence Dexpp|sv is nonsingular and thus

{Dexpp|sve1, . . . ,Dexpp|sven−1,Dexpp|sven}

is a basis of TqM. In fact it is nothing but the local basis { ∂
∂x1 , . . . ,

∂
∂xn }.

One just needs to verify that, for any smooth function f on B(p, r), by
definition,

∂f

∂xi
|q =

[

d

dl
|l=0expp(sv + lei)

]

f = [Dexpp|svei] f.

Let c = c(t) be the geodesic expp(tv). According to Proposition
3.4.3,

Dexpp
∣

∣

sv
(sei) = Yi(s)
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where Yi is the Jacobi field along c = c(t) such that Yi(0) = 0 and
Y ′
i (0) = ei, i = 1, . . . , n. Hence

{ ∂

∂x1
|q, . . . ,

∂

∂xn
|q} = {1

s
Y1(s), . . . ,

1

s
Yn(s)}

is the canonical basis of TqM. �

Having discussed a few local properties of the exponential map, we
turn to the concept of complete manifolds, which is based on a global
property of the exponential map.

Definition 3.4.14 A Riemann manifold is geodesically complete if any
geodesic can be extended to a geodesic defined on all real lines.

The following theorem, called Hopf-Rinow theorem, provides a use-
ful description of geodesically complete manifold.

Theorem 3.4.1 (Hopf-Rinow theorem) The following statements for
a Riemann manifold (M, g) are equivalent.

(i) Let d be the distance function associated with g, i.e. for p, q ∈ M,

d(p, q) = inf{ length of smooth curves joining p, q}.

Then M is a complete metric space with respect to d.
(ii) For one point p ∈ M, the exponential map expp is defined on

whole TpM.
(iii) For any point q ∈ M, the exponential map expq is defined on

whole TqM.
(iv) M is geodesically complete.
Moreover any one of the above statements implies
(v) Any two points in M can be joined by a minimal geodesic, i.e.

a geodesic whose length is the distance between the two points.

Remark 3.4.4 By virtue of this theorem, one usually calls a geodesi-
cally complete manifold a complete manifold.

Before proving the theorem we state and prove two lemmas. One of
them is the Gauss lemma. There are at least two proofs to the lemma.
We will take the proof that uses Jacobi fields. The following notations
will be used in the proof of the lemmas. Let p ∈ M. We define, for
r > 0, B0(0, r) = {v ∈ TpM | ‖v‖ < r}. Also B(p, r) is the metric ball
on M, i.e. B(p, r) = {x ∈ M | d(x, p) < r}.
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Lemma 3.4.1 (Gauss lemma) Let u, v ∈ TpM and c = c(s) be the
geodesic expp(sv). Then

gc(s)(Dexpp|svv,Dexpp|svu) = gp(v, u). (3.4.6)

In particular c′(s) is orthogonal to a smooth geodesic sphere centered
at p and with radius d(c(s), p), i.e. c′(s) is orthogonal to

{expp(d(c(s), p)v) | v ∈ TpM, ‖v‖ = 1},

provided that the geodesic sphere is smooth.

Proof. By the chain rule, we have c′(s) = Dexpp|svv. By Proposition
3.4.3, we also know that

Dexpp|svu =
1

s
Y (s),

where Y (s) is the Jacobi field along c = c(s) such that Y (0) = 0 and
Y ′(0) = u. Hence

h(s) ≡ gc(s)(Dexpp|svv,Dexpp|svu) = gc(s)(c
′(s),

1

s
Y (s)).

Since Y (s) is a Jacobi field and c = c(s) is a geodesic, we have

[sh(s)]′′ =
∂2

∂s2
gc(s)(c

′(s), Y (s)) = gc(s)(c
′(s),

Y ′′(s)) = −R(Y, c′, c′, c′) = 0.

Therefore h(s) is a constant. Using Y (0) = 0, we know that

1

s
Y (s) → Y ′(0) = ∇c′(s)Y (s)|s=0 = u

when s→ 0. This shows h(s) = h(0) = gp(v, u), proving (3.4.6).
Finally we just note that gp(v, u) = 0 for any u ∈ TsvTpM such

that u is tangent to ∂B0(0, s), which is the sphere in TpM, centered
at 0, with radius s. Here we are using the equivalence of TpM and
TsvTpM again. By the just proven formula (3.4.6), we know that c′(s)
is orthogonal to the geodesic sphere. �

Lemma 3.4.2 (1) For any point p ∈ M, there exists ǫ > 0 such that
expp is a diffeomorphism from the ball B0(0, ǫ) ⊂ TpM onto the metric
ball

B(p, ǫ) = {x ∈ M | d(x, p) < ǫ} ⊂ M
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i.e.
expp(B0(0, ǫ)) = B(p, ǫ).

Moreover, for any unit tangent vector v ∈ TpM, the geodesic c(s) =
expp(sv), s ∈ [0, ǫ] is distance minimizing.

(2) For any q ∈ B(p, ǫ)c where ǫ is the same as in (1), there exists
p1 ∈ ∂B(p, ǫ) such that

d(p, q) = d(p, p1) + d(p1, q) = ǫ+ d(p1, q).

Proof. (1) We choose ǫ sufficiently small, so that expp is a diffeo-
morphism on B0(0, ǫ). Pick a point p1 ∈ expp(∂B0(0, ǫ)). Then there
exists a unit vector v in TpM such that p1 = expp(ǫv). We will show
that d(p, p1) = ǫ, i.e. p1 ∈ ∂B(p, ǫ), and the geodesic c(s) = expp(sv),
s ∈ [0, ǫ] is distance minimizing.

Let σ = σ(s), s ∈ [0, a], a > 0, be a smooth curve joining p and p1.
First we assume σ stays in expp(B0(0, ǫ)) for all s ∈ [0, a]. We write,
for a function r : [0, a] → [0,∞) and unit vectors v(s) ∈ TpM so that

σ(s) = expp(r(s) v(s)).

By the chain rule

σ′(s) = r′(s)Dexpp|r(s)v(s)v(s) + r(s)Dexpp|r(s)v(s)v′(s).

Here v′(s) is just d
dsv(s) since v(s) is regarded as a vector in the Eu-

clidean space. Since v(s) is a unit vector, the Gauss lemma tells us

g(Dexpp|r(s)v(s)v(s),Dexpp|r(s)v(s)v(s)) = g|p(v(s), v(s)) = 1.

Differentiating gp(v(s), v(s)) = 1 with respect to s, we know that
gp(v(s), v

′(s)) = 0. Applying Gauss lemma again, we have

g(Dexpp|r(s)v(s)v(s),Dexpp|r(s)v(s)v′(s)) = g|p(v(s), v′(s)) = 0.

Therefore

g(σ′(s), σ′(s)) =|r′(s)|2 + r2(s)g(Dexpp|r(s)v(s)v′(s),Dexpp|r(s)v(s)v′(s))
≥ |r′(s)|2.

This shows

L(σ) =

∫ a

0

√

g(σ′(s), σ′(s))ds ≥ |
∫ a

0
r′(s)ds| = r(a) − r(0) = ǫ.
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Observe that Dexpp|r(s)v(s) is nonsingular since r(s)v(s) is sufficiently
close to the origin of TpM. Hence the equality holds if and only if
v′(s) = 0. This means that the infimum of the lengths of σ is ǫ, and
if the length of σ is ǫ, then σ(s) = expp(sv(0)) and σ is a geodesic.
Let σ be such a geodesic. Since expp is a diffeomorphism on B0(0, ǫ)
and expp(r(a)v(0)) = expp(ǫv) = p1, we know that r(a)v(0) = ǫv.
Therefore σ is just the geodesic c at the beginning of the proof, up to
reparametrization.

If σ goes out of expp(B0(0, ǫ)), then at some point it crosses the
boundary. By the above argument, its length is greater than ǫ. In any
case, we have shown that d(p, p1) = ǫ and c = expp(sv) is distance
minimizing. We have also shown that expp(∂B0(0, ǫ)) ⊂ ∂B(p, ǫ). This
inclusion obviously holds when ǫ is replaced by any smaller positive
number. Consequently

expp(B0(0, ǫ)) ⊂ B(p, ǫ).

To finish the proof, we just need to show the reversal of the inclusion
holds. Pick a point q ∈ [expp(B0(0, ǫ))]

c. Let σ = σ(s), s ∈ [0, a], a > 0,
be a smooth curve joining p and q. Then there exists a number α ∈ (0, a]
such that the point σ(α) ∈ expp(∂B0(0, ǫ)). In the last paragraph, we
have shown that L(σ|α0 ) ≥ ǫ. Therefore L(σ|a0) ≥ ǫ+L(σ|αa ). Minimizing
the inequality over all smooth curves connecting p and q, we see that

d(p, q) ≥ ǫ+ d(p1, q) ≥ ǫ. (3.4.7)

Here p1 is certain point on expp(∂B0(0, ǫ)) whose compactness assures
the existence of p1. Hence q ∈ B(p, ǫ)c. Therefore

[expp(B0(0, ǫ))]
c ⊂ B(p, ǫ)c

and eventually
expp(B0(0, ǫ)) = B(p, ǫ),

proving (1).

Proof. (2) This is immediate from (3.4.7) and the conclusion that
∂expp(B0(0, ǫ)) = ∂B(p, ǫ). �

Now we commence:
the proof of the Hopf-Rinow theorem.

The main work is to show just one of (i)–(iv) implies (v). Once this
is done, the rest of the proof is quite routine. Clearly (iii) is equivalent
to (iv) and (iii) implies (ii). The order of the proof is: (iii) → (v), (iii)
→ (ii) → (i) → (iii).
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Proof. (iii) to (v).
Suppose expp is defined on the whole TpM for any p ∈ M.
Pick two points p, q ∈ M. Let ǫ > 0 be sufficiently small. By part

(2) of the previous lemma, there exists a point p1 ∈ ∂B(p, ǫ) such that

d(p, q) = d(p, p1) + d(p1, q).

By part (1) of the previous lemma, there exists a unit vector v ∈ TpM,
such that p1 = expp(ǫv). By assumption, the c(t) = expp(tv) is defined
for all t > 0. Define

I = { t > 0 |t+ d(c(t), q) = d(p, q)}; T = sup(I ∩ [0, d(p, q)]).

If we can show that T = d(p, q), then

d(p, q) ≤d(p, c(T )) + d(c(T ), q) ≤ L(c|T0 ) + d(c(T ), q)

= T + d(c(T ), q) = d(p, q).

Thus d(c(T ), q) = 0 and d(p, c(T )) = T . So c is a distance minimizing
geodesic connecting p and q.

We use the method of contradiction to show that T = d(p, q). Sup-
pose T < d(p, q). Applying part (1) of the previous lemma for the points
c(T ) and q, we can find ǫ > 0 and p2 ∈ ∂B(c(T ), ǫ) such that

ǫ+ d(p2, q) = d(c(T ), q).

By definition of T , it holds T + d(c(T ), q) = d(p, q). Therefore

ǫ+ d(p2, q) = d(p, q) − T.

This implies

d(p, q) ≤ d(p, p2) + d(p2, q)

≤ d(p, c(T )) + d(c(T ), p2) + d(p2, q) ≤ T + ǫ+ d(p2, q) = d(p, q).
(3.4.8)

Hence all inequalities here become equalities. In particular

d(p, p2) = d(p, c(T )) + d(c(T ), p2) = T + ǫ.

Let γ : [0, ǫ] be the minimal geodesic connecting c(T ) and p2. Then the
concatenated curve c1 ≡ c|T0 ∪ γ|ǫ0 is at least a piecewise smooth curve
with length T + ǫ. Since this curve is distance minimizing, the first
variation formula for the distance shows that c1 is a smooth geodesic.
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Note c and c1 coincides in an open interval. The uniqueness of the
solutions of the geodesic equation tells that c1 is an extension of c|T0 ,
i.e. c1 = expp(tv), t ∈ [0, T + ǫ]. Moreover

p2 = expp((T + ǫ)v) = c(T + ǫ).

We have shown that c1 is a minimal geodesic connecting p and p2.
Hence any segment of c1 is a minimal geodesic. It is clear that (3.4.8)
holds when ǫ is replaced by any ǫ1 ∈ [0, ǫ]. Therefore

T + ǫ1 + d(c(T + ǫ1), q) = d(p, q), ǫ1 ∈ [0, ǫ].

This is a contradiction with the definition of T . We have proven that
(iii) implies (v).

Proof. (iii) to (ii) to (i).
Since (ii) is a special case of (iii), we just need to prove that (ii)

implies (i), i.e. if expp is defined on whole TpM for one p, then M is a
complete metric space.

Let {qj} be a Cauchy sequence. By (v) (as a consequence of
(iii)), there exists a sequence of unit vectors {vj} ⊂ TpM such that
qj = expp(d(p, qj)vj). Since the unit sphere of TpM is compact, a
subsequence of {vj}, converges to a unit vector w ∈ TpM. Because
|d(p, qj) − d(p, qk)| ≤ d(qj , qk), we know that {d(p, qj)} is a Cauchy
sequence of real numbers. We can regard qj as a point on the geodesic
starting from p with initial velocity vj. Suppose d(p, qj) → r when
j → ∞. Then qj → expp(rw) by the continuous dependence of finite
time solutions of the geodesic equation on the initial value. Hence M
is complete metric space.

Finally we need the

Proof. (i) to (iii).
Suppose M is a complete metric space. Pick p ∈ M and v ∈ TpM.

Let T be the supremum of t such that expp(tv) is defined. Suppose T
is finite. Choose a sequence {ti} such that ti → T when i → ∞. Then
the sequence {expp(tiv)} is a Cauchy sequence in M. Let q be the
limit of this sequence. From geodesic equation, we can extend expp(tv)
smoothly beyond T , using q as the initial point. This shows T = ∞.
The proof of Hopf-Rinow theorem is done. �

In geometric analysis, one often needs to compute the Laplacian of
the distance function. Using Jacobi fields, one can convert the second
order differentiation into the index form which is an integral expression
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involving the curvature of the manifold. Needless to say, this has impor-
tant implications. For instance, one can obtain bounds on the Laplacian
of the distance function if there are certain bounds on the curvature.
This kind of result is referred to as Laplacian comparison theorems.
One can also derive similarly volume comparison results, which will be
presented in the next section.

Proposition 3.4.6 For p, x ∈ M, a complete Riemann manifold of
dimension n, let r = r(x) = d(x, p) be the distance function. Let c :
[0, a] → M be a geodesic joining p and x parametrized by arclength. Sup-
pose c does not intersect with the cut-locus of p. Let {e1, . . . , en−1, c

′(0)}
be an orthonormal basis of TpM and {e1(s), . . . , en−1(s), c

′(s)} be an
orthonormal basis of Tc(s)M where ei(s) is the parallel transport of ei
along c. For i = 1, , , , n− 1, let Xi be the Jacobi field along c such that
Xi(0) = 0 and Xi(a) = ei(a), which exist by Remark 3.4.5. Then the
following identities hold:

∆r(x) = Σn−1
i=1

∫ d(x,p)

0
(|X ′

i |2 +R(c′(s),Xi, c
′(s),Xi)ds = Σn−1

i=1 I(Xi,Xi)

(3.4.9)
where X ′

i(s) = ∇c′(s)Xi(s), I is the index form;

∆r(x) = ∂s|s=a
√

det(g(Xi,Xj)), a = d(x, p); (3.4.10)

∆r(x) =
n− 1

r
+ ∂s|s=a ln

√

detge. (3.4.11)

Here (g(Xi,Xj)) is the n by n matrix with X1, . . . Xn−1 being the above
Jacobi fields and Xn = c′(s). Also detge is the determinant of the matrix
g( ∂
∂xi ,

∂
∂xj ) under a canonical basis in the exponential coordinates.

Proof. For simplicity, we denote c′(s) by Xn. By (3.3.7) and the def-
inition of the gradient of a function, at the point x,

∆r = traceHess r = XiXir − (∇XiXi)r

= Xi < Xi, grad r > − < ∇XiXi, grad r >

=< Xi,∇Xi

∂

∂r
> since grad r =

∂

∂r
.
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Here and later all terms are summed from i = 1 to i = n, unless
stated otherwise. Note that we may extend Xi to be a vector field in
a neighborhood of x so that [Xi,

∂
∂r ] = 0. Therefore, the fundamental

theorem of Riemann geometry tells us

∆r =< Xi,∇ ∂
∂r
Xi >=< Xi,∇c′(a)Xi >

=

∫ d(x,p)

0

d

ds
< Xi,∇c′(s)Xi > ds

=

∫ d(x,p)

0

[

< ∇c′(s)Xi,∇c′(s)Xi > + < Xi,∇c′(s)∇c′(s)Xi >
]

ds

Recall that Xn = c′(s) and hence ∇c′(s)Xn = 0 since c is a geodesic.
Hence

∆r = Σn−1
i=1

∫ d(x,p)

0

[

< ∇c′(s)Xi,∇c′(s)Xi > + < Xi,∇c′(s)∇c′(s)Xi >
]

ds.

Since Xi, i = 1, . . . , n− 1 are Jacobi fields, we have, by definition,

∇c′(s)∇c′(s)Xi +R(Xi, c
′(s))c′(s) = 0.

The proof of the first identity (3.4.9) is done by combining the last two
equalities.

Next we prove the second identity. Write the n by n matrix

(g(Xi,Xj)) ≡ B.

We compute

∂s
√
detB =

1

2
(detB)−1/2∂sdetB

=
1

2
(detB)1/2 tr(B′B−1).

Here B′ = (∂sg(Xi,Xj)). When s = a, the matrix B is the identity
matrix by construction. Therefore

∂s|s=a
√
detB =

1

2
trB′ = Σn

i=1g(X
′
i(a),Xi(a)).

Note Xn = c′(s) and hence g(X ′
n(a),Xn(a)) = 0. For i = 1, . . . , n − 1,

Xi are Jacobi fields. So g(X ′
i(a),Xi(a)) = I(Xi(a),Xi(a)) (see (3.4.5)).

Now the first formula (3.4.9) tells us

∆r(x) = ∂s|s=a
√
detB.
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This is the second identity on ∆r.
Finally, we prove the last equality involving ∆r. Let Zi = Zi(s),

i = 1, ..n−1 be Jacobi fields along the same curve c such that Zi(0) = 0
and Z ′

i(0) = ei. We claim that there exist a constant matrix (bij) such
that Xi(s) = bijZj(s). The reason is that the Jacobi equation which
both Xi and Zi satisfy is second order and linear. If we find (bij) such
that X ′

i(0) = bijZ
′
j(0), then the two Jacobi fields Xi(s) and bijZj(s)

will have the same initial value 0 and the same initial derivative. Hence
they must be the same throughout. Denote by A = A(s) the n by n
matrix: (g(Zi(s), Zj(s))) where Zi, i = 1, . . . , n−1 are the above Jacobi
fields and Zn(s) = c′(s). Then there exists a constant matrix P such
that

B(s) = (g(Xi,Xj)) = PA(s).

Observe that

∂sdetB = detB tr(B′B−1) = detB tr(PA′A−1P−1)

= detB tr(A′A−1).

When s = a, we have detB = 1. Therefore

∂sdetB =
detA tr(A′A−1)

detA
=
∂sdetA

detA
.

Hence

∂s
√
detB =

∂s
√
detA√
detA

.

By Proposition 3.4.5, for i = 1, . . . , n − 1, Zi(s) = s ∂
∂xi and also

Zn(s) = c′(s). Here { ∂
∂x1 , . . . .,

∂
∂xn−1 , c

′(s)} is a canonical basis for
Tc(s)M under the exponential coordinates. Consequently

√
detA = sn−1

√

detge.

This shows, for r = a,

∆r(x) = ∂s|s=a
√
detB =

∂s
√
detA√
detA

=
n− 1

r
+ ∂s|s=a ln

√

detge.

This proves (3.4.11). �

Remark 3.4.5 The Jacobi field Xi exists and is explicitly given by
Xi(s) = ∂β

∂t (s, t)|t=0 where β(s, t) = expp(sc
′(0) + stvi) and vi ∈ TpM
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satisfies Dexpp|ac′(0)(avi) = ei(a). Here is why. In the proof of Propo-

sition 3.4.3, it was shown that ∂β
∂t (s, 0) is a Jacobi field along the curve

c. Also Xi(0) = 0 and Xi(a) = Dexpp|ac′(0)(avi) = ei(a).

The following theorem states that the index form reaches minimal
value on a Jacobi field along a distance minimizing geodesic.

Theorem 3.4.2 Let c : [0, a] → M be a distance minimizing geodesic,
i.e. c does not intersect with the cut-locus of c(0). If Y is a Jacobi field
and X a vector field along c with the same values as Y at the ends of
c, then I(X,X) ≥ I(Y, Y ).

Proof. Note that X − Y vanishes at the ends of c, which is distance
minimizing. By the second variation formula of distance (Proposition
3.4.2),

I(X − Y,X − Y ) ≥ 0.

Using integration parts as in the proof of (3.4.4), it is easy to check that
I(Y, Y ) = g(Y ′, Y )|a0 and I(X,Y ) = g(Y ′,X)|a0 = I(Y,X). Therefore
I(X,Y ) = I(Y, Y ) and

I(X,X) − I(Y, Y ) = I(X − Y,X − Y ) ≥ 0.

�

The next result, often called the basic index theorem, says that a
geodesic with no conjugate points also satisfies the conclusion of the
previous theorem. Unlike the previous theorem, it is not assumed that
the geodesic is distance minimizing. An immediate consequence of the
theorem is that a geodesic with no conjugate points is length minimiz-
ing among curves in a sufficiently small neighborhood of itself.

Theorem 3.4.3 (Basic index theorem) Let c : [0, a] → M be a
geodesic, connecting points p and q. Suppose the curve c does not con-
tain any conjugate point of p. If Y is a Jacobi field and X a vec-
tor field along c such that Y (0) = X(0) = 0 and Y (a) = X(a),
then I(X,X) ≥ I(Y, Y ). Furthermore, the equality holds if and only
if X = Y .

Proof. Pick a basis {v1, . . . , vn} for TqM. By the remark before the
previous theorem, there exist Jacobi fields Yi along c, i = 1, . . . , n such
that Yi(0) = 0 and Yi(a) = vi. By the assumption that there exists no
conjugate points along c, we know that Yi is unique. Here we are using
the fact that the Jacobi equation is linear. If there are two Jacobi fields
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with the same end points then their difference is a nontrivial Jacobi
field vanishing at the ends. Thus the ends are conjugate with each
other. Expanding Yi along a parallel orthonormal frame along c, and
consider the differential equation satisfied by the coefficient matrix, it
is easy to see that {Y1(s), . . . , Yn(s)} is a basis for Tc(s)M when s 6= 0.

Now we pick a Jacobi field Y and a vector field X along c such
that Y (0) = X(0) = 0 and Y (a) = X(a). There exist constants bi and
functions fi such that

Y (s) = Σn
i=1biYi(s), X(s) = Σn

i=1fi(s)Yi(s), fi(a) = bi.

Since Yi is Jacobi, formula (3.4.5) shows

I(Y, Y ) = Σn
i,j=1bibjg(Y

′
i (a), Yj(a)).

Next we compute

I(X,X) =

∫ a

0
[g(X ′,X ′) +R(X, c′,X, c′)]ds

=

∫ a

0
Σn
i,j=1fifjg(Y

′
i (s), Y

′
j (s))ds+

∫ a

0
Σn
i,j=1f

′
if

′
jg(Yi(s), Yj(s))ds

+ 2

∫ a

0
Σn
i,j=1f

′
ifjg(Y

′
i (s), Yj(s))ds

+

∫ a

0
Σn
i,j=1fifjR(Yi(s), c

′(s), Yj(s), c
′(s))ds.

(3.4.12)
Here we have used the equality g(Y ′

i (s), Yj(s)) = g(Yi(s), Y
′
j (s)), which

is easily verified by differentiation. The first integral on the second line
of the computation satisfies

∫ a

0
Σn
i,j=1fifjg(Y

′
i (s), Y

′
j (s))ds

=

∫ a

0
Σn
i,j=1fifj[∂sg(Y

′
i (s), Yj(s)) − g(Y ′′

i (s), Yj(s))]ds

= Σn
i,j=1fi(a)fj(a)g(Y

′
i (a), Yj(a)) − 2

∫ a

0
Σn
i,j=1f

′
ifjg(Y

′
i (s), Yj(s))ds

+

∫ a

0
Σn
i,j=1fifjR(Yi(s), c

′(s), c′(s), Yj(s))ds

where we have used the Jacobi equation and g(Y ′
i (s), Yj(s)) =

g(Yi(s), Y
′
j (s)) again. Plugging this to (3.4.12), we see that all but two
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terms cancel to give

I(X,X) = Σn
i,j=1fi(a)fj(a)g(Y

′
i (a), Yj(a))

+

∫ a

0
Σn
i,j=1f

′
if

′
jg(Yi(s), Yj(s))ds ≥ I(Y, Y ).

The equality holds if and only if Σn
i=1f

′
i(s)Yi(s) ≡ 0, i.e. fi(s) =

fi(a) = bi, or X = Y . �

3.5 Integration and volume comparison

In the following, we define the canonical measure on a Riemann mani-
fold. This is amount to choosing the canonical volume form or a suitable
weight for integration.

Definition 3.5.1 (canonical volume form and Riemann integral) Let
M be an orientable Riemann manifold equipped with the Riemann met-
ric g. Let (U, φ), with φ = (x1, . . . , xn) be a local chart. Then the canon-
ical volume form on U is

dµ =
√

det(gij)dx
1 ∧ . . . ∧ dxn

Let h be a smooth function on M. Then the Riemann integral of h
on U is

∫

U
hdµ ≡

∫

U
h
√

det(gij)dx
1 ∧ . . . ∧ dxn.

The Riemann integral on the whole manifold is defined via partition
of unity and the localized definition for Riemann integrals.

Remark 3.5.1 (1) The second integral in the above definition is the
integral of the form h

√

det(gij)dx
1 ∧ . . . ∧ dxn as defined in Definition

3.1.12, which says

∫

U
h
√

det(gij)dx
1 ∧ . . . ∧ dxn =

∫

φ(U)

[

h
√

det(gij)

]

◦ φ−1dx1 . . . dxn.

(2) The appearance of the function
√

det(gij) in the definition of
canonical volume form makes such integral formulas as Green’s formula
valid. Indeed, let u, v be two smooth functions on a compact Riemann
manifold M, then

∫

M

v∆u dµ = −
∫

M

∇v∇u dµ, ∇v∇u ≡ g(∇v,∇u).
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A way to understand the formula is to look at local formulas for ∆
and dµ. Let (U, φ) be the local chart in the above definition. Recall from
(3.3.5) that, for

√
g ≡

√

det(gij),

∆u =
1√
g

∂

∂xi

(√
g gij

∂u

∂xj

)

.

Hence
∫

U
v∆u dµ =

∫

φ(U)
v ◦ φ−1 1√

g

∂

∂xi

(√
g gij

∂(u ◦ φ−1)

∂xj

)

×
√

det(gij)dx
1 . . . dxn.

Here we have used the convention (cf Definition 3.1.4) that ∂u
∂xj =

∂u◦φ−1

∂xj . Also the functions
√
g and gij on the right-hand side are re-

garded
√
g ◦φ−1 and gij ◦φ−1 respectively. Hence they are functions on

the Euclidean domain φ(U).
Observe that the factor 1√

g coming out of ∆u cancels with the factor
√

det(gij) which comes out of dµ. Therefore

∫

U
v∆u dµ =

∫

φ(U)
v ◦ φ−1 ∂

∂xi

(√
g gij

∂(u ◦ φ−1)

∂xj

)

dx1 . . . dxn.

If v vanishes on the boundary of U , then using integration by parts
in Euclidean space, we see that

∫

U
v∆u dµ = −

∫

φ(U)

∂

∂xi
(v ◦ φ−1)

(√
g gij

∂(u ◦ φ−1)

∂xj

)

dx1 . . . dxn.

By the local formula for ∇u in (3.3.2), we deduce

∫

U
v∆u dµ = −

∫

U
∇v∇u dµ.

In general the function v may not vanish on the boundary ∂U . But
this does not make the proof too much longer. Let {(Ui, φi)} be a family
of local charts such that {(Ui, hi)} is a partition of unity for M. Since
M is compact, this is a finite family. Therefore

∫

M

v∆udµ = Σi

∫

Ui

hiv∆udµ.
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The function hiv is zero on ∂Ui since hi is the partition function. Hence

∫

M

v∆udµ = −Σi

∫

Ui

∇(hiv)∇udµ

= −Σi

∫

Ui

hi∇v∇udµ− Σi

∫

Ui

v∇hi∇udµ.

Since Σihi = 1, this shows

∫

M

v∆u dµ = −
∫

M

∇v∇u dµ.

It is important to possess an efficient formula for computing volume
of a manifold. When a geodesic ball does not intersect the cut-locus of
its center, we can use the exponential map and associated Jacobi fields
to construct such a formula. The formula below seems to make the
matter worse by getting Jacobi fields involved. However the differential
equations satisfied by Jacobi fields make the formula useful.

Proposition 3.5.1 Let M be a complete Riemann manifold. Suppose
the ball B(p, r) does not intersect the cut-locus of p. For each unit vector
v ∈ TpM, let {e1, . . . , en−1, v} be an orthonormal basis for TpM. Then

|B(p, r)| =

∫

Sn−1

∫ r

0

√

det(g(Yi(s), Yj(s))dsdv.

Here Yi is the Jacobi field along c = c(t) = expp(tv) such that Yi(0) = 0
and Y ′

i (0) = ei, i = 1, . . . , (n − 1), and dv is the canonical volume
element of Sn−1, regarded as the unit sphere of TpM.

Proof. Since the ball B(p, r) does not intersect the cut-locus, we will
use the inverse exponential map exp−1

p as the local chart φ in the def-
inition of the volume form. Let {e1, . . . , en−1, v} be an orthonormal
basis of TpM. Every point m in B(p, r) is represented in this chart by
the coordinates {x1, . . . , xn}, i.e. m = expp(x

1e1 + · · · xn−1en−1 +xnv).
For any fixed s ∈ [0, r], let q = expp(sv). Then, by Proposition 3.6.2
part (3), the point q is not a conjugate point of p. Hence Dexpp|sv is
nonsingular and

{Dexpp|sve1, . . . ,Dexpp|sven−1,Dexpp|svv}

is a basis of TqM. In fact it is nothing but the local basis { ∂
∂x1 , . . . ,

∂
∂xn }.

One just needs to verify that, for any smooth function f on B(p, r), by
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definition

∂f

∂xi
|q =

[

d

dl
|l=0expp(sv + lei)

]

f = [Dexpp|svei] f.

Let c = c(s) be the geodesic expp(sv). According to Proposition
3.4.3,

Dexpp
∣

∣

sv
(sei) = Yi(s)

where Yi is the Jacobi field along c = c(t) such that Yi(0) = 0 and
Y ′
i (0) = ei, i = 1, . . . , (n − 1). Also, by the chain rule, it is clear that
Dexpp|svv = c′(s). Hence

{ ∂

∂x1
|q, . . . ,

∂

∂xn
|q} = {1

s
Y1(s), . . . ,

1

s
Yn−1(s), c

′(s)}

is the canonical basis of TqM. In the local chart generated by exp−1
p ,

the coordinates of q in the spherical system is (v, s) where v is regarded
an element in Sn−1. Therefore the volume element at q, under this local
chart is

dµ =

√

det(g(
∂

∂xi
,
∂

∂xj
))dx1 . . . dxn =

√

det(g(Yi(s), Yj(s))dsdv

where dv is the canonical volume element of Sn−1, regarded as the unit
sphere of TpM. After integration, we obtain

|B(p, r)| =

∫

Sn−1

∫ r

0

√

det(g(Yi(s), Yj(s))dsdv. �

Remark 3.5.2 The function J(v, s) ≡
√

det(g(Yi(s), Yj(s)) is often
called the volume element in the geodesic spherical coordinates.

Exercise 3.5.1 Let M be a complete Riemann manifold and p ∈ M.
Prove that the cut-locus Cp has zero measure and M−Cp is star shaped.

Examples. In Rn with standard flat metric, J(v, s) = sn−1. In Sn

with the standard metric J(v, s) = (sins)n−1 and in Hn, the hyperbolic
space with sectional curvature −1, J(v, s) = (sinhs)n−1.

When dealing with a complicated manifold, it may be impossible
to compute geometric quantities such as the volume explicitly. There-
fore one would like to compare these quantities with those on canonical
manifolds. The three basic canonical manifolds are the Euclidean space
Rn, the n dimensional sphere Sn and the hyperbolic space Hn. These
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are manifolds with constant zero, positive and negative sectional cur-
vatures respectively. Volume comparison theorems allow us to bound
the volume of the geodesic balls of a manifold by those on the canon-
ical manifolds if the curvatures are bounded suitably. Case (i) of the
following theorem with some restriction is due to Bishop originally and
to Gromov in its current form. Case (ii) is due to Gunther.

Theorem 3.5.1 (Classical volume comparison theorem) Let M be a
complete Riemann manifold and B(p, r) be the ball of radius r and
centered at p. Let V k(r) denote the volume of a ball of radius r in the
space form M0,k with constant sectional curvature k.

(i)(Bishop and Gromov) If Ric ≥ (n− 1)kg in B(p, r), then

|B(p, r)| ≤ V k(r).

Furthermore, let J(v, s) and Jk(s) be the volume elements of M

and M0,k in the geodesic spherical coordinates. Then the ratio J(v,s)
Jk(s) is

a nonincreasing function of s.
In addition, the ratio |B(p,r)|

V k(r)
is a nonincreasing function of r.

(ii) (Gunther) If the sectional curvature is less than or equal to k
in B(p, r), which does not intersect with the cut-locus of p, then

|B(p, r)| ≥ V k(r).

Proof. We will use the inverse of the exponential map expp as the
local chart in Definition 3.5.1 for the volume. This requires us to com-
pute the pull back of the volume form on M to the tangent space. The
tool to do the computation is the Jacobi field. For any x ∈ B(p, r), let
v be a unit tangent vector in TpM such that x = expp(av) where
a = d(p, x). Let {e1, . . . , en−1, v} be an orthonormal basis of TpM
and {e1(s), . . . , en−1(s), c

′(s)} be an orthonormal basis of Tc(s)M where
ei(s) is the parallel transport of ei along c = expp(sv), s ∈ [0, a]. For
i = 1, , , , n−1, denote by Yi the Jacobi field along c such that Yi(0) = 0
and Y ′

i (0) = ei. By Proposition 3.5.1

|B(p, r)| =

∫

Sn−1

∫ r

0

√

det(g(Yi(s), Yj(s))dsdv.

So we need to compute the function

J(v, s) =
√

det(g(Yi(s), Yj(s)).
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Since Yi is a Jacobi field,

d2

ds2
g(c′(s), Yi(s)) = g(c′(s), Y ′′

i (s)) = −g(c′(s), R(Yi(s), c
′(s))c′(s)) = 0.

Also g(c′(0), Yi(0)) = 0 and d
dsg(c

′(s), Yi(s))|s=0 = g(c′(0), Y ′
i (0)) =

g(c′(0), ei) = 0. Hence Yi(s) is always orthogonal to c′(s) and conse-
quently

Yi(s) = Σn−1
j=1aji(s)ej(s)

for some scalar functions aij . This shows g(Yi(s), Yj(s)) = Σn−1
k=1aki(s)akj(s).

Therefore
J(v, s) = detA(s)

where
A(s) ≡ (aij(s)).

Using the fact that Yi is a Jacobi field again,

Σn−1
j=1a

′′
ji(s)ej(s) = Y ′′

i (s) = −R(Yi(s), c
′(s))c′(s)

= −Σn−1
k=1aki(s)R(ek(s), c

′(s))c′(s).

It follows that
a′′ji(s) = −Σn−1

k=1ρkj aki(s) (3.5.1)

where
ρkj ≡< R(ek(s), c

′(s))c′(s), ej(s) > .

By linear algebra, it is easy to check that

∂sJ(v, s) = ∂sdetA = detA tr(A′A−1) = J(v, s) tr(A′ A−1)

where A′ ≡ ∂sA. To facilitate computation, we use the notation

B = A′A−1.

Then ∂sJ(v, s) = J(v, s) trB. Differentiating this with respect to s
again, we have

∂2
sJ(v, s) = ∂sJ(v, s) trB+J(v, s) ∂strB = J(v, s) (trB)2+J(v, s) ∂strB.

(3.5.2)
Let us compute ∂strB. Write A = (aij) and A−1 = (nij). Then, denot-
ing ∂s by ′ and suppressing obvious summation signs, we compute

∂strB = [nika
′
ki]

′ = n′ika
′
ki + nika

′′
ki.
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By (3.5.1), this becomes

∂strB = [nika
′
ki]

′ = n′ika
′
ki − nikρlkali = n′ika

′
ki − ρkk

= n′ika
′
ki −Ric(c′(s), c′(s)).

Here we have used the definition of ρlk just after (3.5.1). Differentiating
the identity nilalk = δik, it is easy to see that

n′ika
′
ki = −nila′lmnmka′ki = −trB2.

Hence
∂strB = −trB2 −Ric(c′(s), c′(s)).

Substituting this to (3.5.2), we obtain

∂2
sJ(v, s) = J(v, s) (trB)2 − J(v, s) [trB2 +Ric(c′(s), c′(s))].

Writing Φ = J1/(n−1)(v, s), then we arrive at the formula

∂2
sΦ =

1

n− 1
[

1

n− 1
(trB)2 − trB2]Φ − 1

n− 1
ΦRic(c′(s), c′(s)).

Since B is a n−1 by n−1 matrix, it holds 1
n−1(trB)2− trB2 ≤ 0. This

inequality can easily be verified by triangularization. Therefore

∂2
sΦ ≤ − 1

n− 1
ΦRic(c′(s), c′(s)).

By the assumption Ric ≥ (n− 1)kg, we reach the inequality

∂2
sΦ ≤ −kΦ. (3.5.3)

Define a positive function Φ0 : R → R as follows.

Φ0(s) =











sinh(
√
−ks), k < 0;

s, k = 0;

sin(
√
ks), k > 0.

(3.5.4)

Then the Sturm-Liouville theorem for ordinary differential equations
imply that

Φ(s)

Φ0(s)

is a nonincreasing function of s. Actually one can verify the monotonic-
ity directly. Note that Φ0 satisfies the equality Φ′′

0(s)+kΦ0(s) = 0. Both
Φ and Φ0 are positive except at s = 0. By (3.5.3),

(Φ′Φ0 − ΦΦ′
0)

′ = Φ′′Φ0 − ΦΦ′′
0 ≤ 0.
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Also (Φ′Φ0 − ΦΦ′
0)(0) = 0. Hence, for s ≥ 0, it holds

(Φ′Φ0 − ΦΦ′
0)(s) ≤ 0. (3.5.5)

Therefore, for s > 0,

(

Φ

Φ0

)′
=

Φ′Φ0 − ΦΦ′
0

Φ2
0

≤ 0.

Recall that J(v, s) = Φn−1 is the volume element in the geodesic
spherical coordinates for M and Jk(s) ≡ Φn−1

0 (s) is that for the space

form with sectional curvature k. So we have proven that J(v,s)
Jk(s) is a

nonincreasing function of s.
It is easy to see that

lim
s→0

J(v, s)/Jk(s) = 1.

This and the fact that J(v, s)/Jk(s) is a nonincreasing function imme-
diately imply the volume comparison statement in (i), by Proposition
3.5.1.

One can prove the last statement in (i), i.e. the nonincreasing prop-
erty of

|B(p, r)|/V k(r),

by writing
|B(p, r)|
V k(r)

=

∫ r
0

∫

Sn−1 J(v, s)dvds
∫ r
0

∫

Sn−1 Jk(s)dvds
.

Then one differentiates this ratio with respect to r and using the prop-
erty

J ′(v, s)J0(s) − J(v, s)J ′
0(s) ≤ 0

which follows from (3.5.5).

Proof of (ii). Let x ∈ B(p, r) be as in part (i). Clearly we just
need to prove |B(p, r)| ≥ V k(r) assuming r is less than the diameter
of the space form M0,k. Otherwise, if r is larger, then V k(r) becomes
a constant: the volume of M0,k, and |B(p, r)| is not smaller.

By Proposition 3.4.6, for i = 1, , , , n − 1, let Xi be the Jacobi field
along c such that Xi(0) = 0 and Xi(a) = ei(a), then the following
identities hold.

∂s|s=a ln(sn−1
√

detge) = ∆r(x)

= Σn−1
i=1

∫ d(x,p)

0
(|X ′

i|2 +R(X,Xi,X,Xi)ds
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whereX ′
i(s) = ∇c′(s)Xi(s) and X = c′(s). Also detge is the determinant

of the matrix g( ∂
∂xi ,

∂
∂xj ) under a canonical basis in the exponential

coordinates and a = d(x, p). Using the sectional curvature upper bound,

∂s|s=a ln(sn−1
√

detge) ≥ Σn−1
i=1

∫ d(x,p)

0
(|X ′

i|2 − k|Xi|2)ds

Let
Xi(s) = Σn−1

j=1 ξij(s)ej(s).

Then, since ej(s) are orthonormal, parallel vector fields, this becomes

∂s|s=a ln(sn−1
√

detge) ≥ Σn−1
i=1

∫ d(x,p)

0
Σn−1
j=1 (|ξ′ij(s)|2 − k|ξij(s)|2)ds

(3.5.6)
Now fix a point m0 in the space form M0,k equipped with metric

g0 and distance d0. Pick a point m ∈ M0,k such that d0(m0,m) = a.
Let c0 = c0(s) be a minimal geodesic connecting m0 and m. Mirroring
ei(s), we define E0,i(s), i = 1, . . . , n − 1 as parallel fields along c0
such that {E0,1(s), . . . , E0,n−1(s), c

′
0(s)} form an orthonormal basis for

Tc0(s)M0,k. Now we define the vector field along c0 = c0(s)

X0,i(s) = Σn−1
j=1 ξij(s)E0,j(s).

which can be regarded as the mirror image of Xi(s) on the space form.
Then, (3.5.6) becomes

∂s|s=a ln(sn−1
√

detge) ≥ Σn−1
i=1

∫ d(x,p)

0
(|X ′

0,i(s)|2 − k|X0,i(s)|2)ds

where the norm is with respect to the metric g0 on M0,k now.
Recall from the construction of Xi that Xi(0) = 0 and Xi(a) =

ei(a). Therefore ξij(0) = 0 and ξij(a) = δij . Hence X0,i(0) = 0 and
X0,i(a) = E0,i(a). Let J0,i be the Jacobi field along c0 = c0(s) such
that J0,i(0) = 0 and J0,i(a) = E0,i(a). Then, clearly

J0,i(s) =
Φ0(s)

Φ0(a)
E0,i(s)

where Φ0 is defined in (3.5.4). Let us note that the curve c0 = c0(s)
from m0 to m is a minimal geodesic since a ≤ r, which is less than the
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diameter of M0,k. Applying the index Theorem 3.4.2, we deduce

∂s|s=a ln(sn−1
√

detge) ≥ Σn−1
i=1

∫ d(x,p)

0
(|J ′

0,i(s)|2 − k|J0,i(s)|2)ds

= Σn−1
i=1

∫ d(x,p)

0
[(Φ′

0(s)/Φ0(a))
2 − k(Φ0(s)/Φ0(a))

2]ds

= ∂s|s=a ln Φn−1
0 . (computation from (3.5.4))

This shows, after remembering x = c(a),

an−1
√

detge|x ≥ Φn−1
0 (a).

Therefore
∫ r

0

∫

Sn−1

an−1
√

detge(v, a)dvda ≥
∫ r

0

∫

Sn−1

Φn−1
0 (a)dvda

where dv is again the volume element on Sn−1. Hence |B(x, r)| ≥ V k
r .
�

We finish this section by discussing the Rauch comparison theorem
for Jacobi fields. As usual, for a Jacobi field J(t) along a geodesic, we
use the notations

‖J(t)‖ ≡
√

gc(t)(J(t), J(t)), J ′(t) = ∇c′(t)J(t).

Theorem 3.5.2 (Rauch) Let M be a complete manifold and c :
[0,∞) → M a geodesic. Suppose J = J(t) be a Jacobi field along
c satisfying the initial conditions J(0) = 0, g(J ′(0), c′(0)) = 0 and
‖J ′(0)‖ = 1 = ‖c′(0)‖. Let sec be the sectional curvature of M and K
a positive constant. Then the following conclusions are true.

(i) If sec ≤ 0, then ‖J(t)‖ ≥ t.

(ii) If sec ≤ −K, then ‖J(t)‖ ≥ e
√

Kt−e−
√

Kt

2
√
K

.

(iii) If sec ≤ K, then ‖J(t)‖ ≥ sin(
√
Kt)√
K

.

Proof. We just give a proof of (i), since the proof of (ii) and (iii)
are similar. Write f(t) = ‖J(t)‖. Direct computation using the Jacobi
equation shows

f ′′(t) =

(

g(J, J ′)
‖J‖

)′
=

(g(J, J ′))′‖J‖ − g(J, J ′)‖J‖′
‖J‖2

= −g(R(J, c′)c′, J)

‖J‖2
f(t) +

1

‖J‖3
(‖J‖2‖J ′‖2 − g(J, J ′)2)

≥ −g(R(J, c′)c′, J)

‖J‖2
f(t).
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By the assumption on the initial value of J and the Jacobi equation,

it is easy to see that J(t) is orthogonal to c′(t). Hence g(R(J,c′)c′,J)
‖J‖2 is

the sectional curvature of the tangent plane spanned by c′ and J . By
the assumption that sec ≤ 0, we obtain

f ′′(t) ≥ 0.

Note that f(0) =
√

g(J(0), J(0)) = 0. Also

f ′(0) = lim
t→0+

f(t)

t
= lim

t→0+

√

g(
J(t)

t
,
J(t)

t
) = ‖J ′(0)‖ = 1.

Hence f(t) ≥ t. �

Exercise 3.5.2 Prove (ii) and (iii) of the theorem.
Various generalization and refinement of the Rauch comparison the-

orem exist. They play important roles in Riemann geometry.

3.6 More on conjugate points, cut-locus

and injectivity radius

In this section we present a number of useful results on conjugate
points, cut-locus and lower bounds of injectivity radius. They are not
only useful for differential geometry at large but fundamental for the
study of Ricci flow in later chapters of the book.

Proposition 3.6.1 Let M be a complete Riemann manifold, c(s) =
expp(sv), s > 0, be a unit speed geodesic, i.e. gp(v, v) = 1.

(1) Suppose q = expp(s0v) is a conjugate point of p. Then, for any
ǫ > 0, the curve c = c(s), s ∈ [0, s0 + ǫ] is not distance minimizing.

(2) Suppose there is no conjugate point along c = c(s), s ∈ [0, s0].
Then for any piecewise smooth curve σ such that σ(0) = p and σ(s0) =
q, which is sufficiently close to c = c(s) in C0 topology, there holds

L(σ) ≥ L(c).

The equality holds only when σ and c are the same curve.

Proof of (1). Denote s0 + ǫ by s1. We will construct a curve joining p
and c(s1), whose length is shorter than s1.

Since q = c(s0) is conjugate to p, by Proposition 3.4.4 there exists a
nontrivial Jacobi field Y = Y (s), s ∈ [0, s0] along c such that Y (0) = 0
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and Y (s0) = 0. Since the component of Y (s) that is normal to c′(s)
is also a Jacobi field, we can just choose Y (s) to be normal to the
geodesic.

Take a parallel vector field P = P (s) along c such that P (s0) =
−Y ′(s0) which is not zero since Y is nontrivial. Let θ : [0, s1] → [0, 1]
be a smooth function such that θ(0) = θ(s1) = 0 and θ(s0) = 1. Define,
for λ > 0, a piecewise smooth vector field along c,

Z = Z(s) =

{

Y (s) + λθ(s)P (s), s ∈ [0, s0];

λθ(s)P (s), s ∈ [s0, s1].

Finally define a variation of c = c(s),

B(s, t) = expc(s)(tZ(s)).

Then B(s, 0) = c(s), B(0, t) = p and B(s1, t) = c(s1). Also

∂t|t=0B(s, t) = Dexpc(s)|0Z(s) = Z(s).

Denote by L(t) the length of the curve B(s, t), s ∈ [0, s1]. It is easy
to check that g(P (s), c′(s)) = 0 and consequently g(Z(s), c′(s)) = 0.
Differentiating with respect to s, we know that g(Z ′(s), c′(s)) = 0. Here
Z ′(s) means ∇c′(s)Z(s). According to the second variation formula in
Proposition 3.4.2,

d2L(t)

dt2
|t=0 = I(Z,Z) =

∫ s0

0
[|Y ′|2 +R(Y, c′, Y, c′)]ds

+ 2λ

∫ s1

0
[g(Y ′, (θP )′) +R(Y, c′, θP, c′)]ds + λ2I(θP, θP )

≡ T1 + T2 + T3.

Here Y (s) is regarded as zero when s ≥ s0. Since Y is a Jacobi field
vanishing at the end points, we know that T1 = 0.

Note that

∂sg(Y
′, θP ) = g(Y ′′, θP ) + g(Y ′, (θP )′),

g(Y ′′, θP ) +R(Y, c′, c′, θP ) = 0.

Using these two identities and integration by parts, we see that

T2 = 2λg(Y ′(s), θP (s))|s00 = −2λ|Y ′(s0)|2.
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Therefore

d2L(t)

dt2
|t=0 = −2λ|Y ′(s0)|2 + λ2I(θP, θP ) < 0

when λ is close to 0. This shows that the geodesic c = c(s), s ∈ [0, s1] =
[0, s0 + ǫ] is not distance minimizing.

Proof of (2). This is an immediate consequence of Theorem 3.4.3, the
basic index theorem. Indeed, we take Y ≡ 0 as the Jacobi field in that
theorem. Then for any nontrivial vector field X along c vanishing at
the ends, we can use Proposition 3.4.2 to deduce

d2

dt2
L(ct)|t=0 = I(X1,X1) > 0.

Here ct = c(s, t) = expc(s)(tX(s)) is the variation generated by X, and
X1(s) is the component of X(s), which is orthogonal to c′(s). Since X
is arbitrary, any small variation of the geodesic c = c(s) can not be
distance minimizing �

Proposition 3.6.2 Let M be a complete Riemann manifold, c(s) =
expp(sv), s > 0, be a unit speed geodesic. Suppose q = c(s0) is a point
in the cut-locus of p ∈ M. Then

(1) Either q is a conjugate point of p, or
(2) There exists another geodesic σ joining p and q such that

L(σ) = L(c|[0,s0]) = d(p, q).

(3) Conversely, if either the statement in (1) or (2) holds, then q
is in the cut-locus of p.

(4) The injectivity radius at p equals the distance between p and its
cut-locus.

Proof. We pick a sequence of positive numbers ǫi → 0 when i → ∞.
Let σi = σi(s), s ∈ [0, s0 + ǫi] be a minimum geodesic connecting p and
c(s0 + ǫi), which is parameterized by arclength. Since q is in the cut-
locus, by definition, the curve c = c(s), s ∈ [0, s0 + ǫi] is not distance
minimizing. Hence

d(p, c(s0 + ǫi)) = L(σi) < s0 + ǫi.

By the triangle inequality, we also have

s0 − ǫi ≤ L(σi).
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Since σi is a geodesic, there exists a unit vector ui ∈ TpM such that
σi(s) = expp(sui). The sequence {ui} is a subset of Sn−1 in TpM.
Hence there exists a subsequence, still called {ui} that converges to a
unit vector u ∈ TpM. Consequently σi converge in C0 topology to the
geodesic σ = expp(su) connecting p and q.

If u 6= v, then σ and c are two different geodesics connecting p and
q. Also L(σi) → s0 since ǫi → 0, by the last paragraph. So we are in
case (2).

If u = v, then σ and c are the same curve. Therefore, for large i, σi
is sufficiently close, in C0 topology, to the curve c = c(s), s ∈ [0, s0+ǫi].
If q = c(s0) is not a conjugate point of p, then by continuity, for large i,
the points c(s), s ∈ [s0, s0 + ǫi], are not conjugate points of p too. Then
by item (1) of Proposition 3.6.1, it is not hard to see that the whole
curve c|[0,s0+ǫi] does not contain any conjugate point of p. By item (2)
of Proposition 3.6.1, we know

L(σi|[0,s0+ǫi]) ≥ L(c|[0,s0+ǫi]).

Since c|[0,s0+ǫi] is not distance minimizing by assumption, we know that
σi can not be a minimal geodesic connecting p and c(s0 + ǫi). This is a
contradiction with the definition of σi. Hence q is a conjugate point of
p, i.e. (1) holds.

Next we prove (3). Suppose q is a conjugate point of p along a
geodesic. Then item (1) of Proposition 3.6.1 shows that q is a cut point.

Now suppose there exists another geodesic σ joining p and q such
that

L(σ) = L(c|[0,s0]) = d(p, q).

Let c = expp(sv) for some unit vector v ∈ TpM. For a small a >
0, denote the point exp((s0 + a)v) by q1. Suppose q1 ∈ σ. As the
points q and q1 are very close, they can be joined by only one minimal
geodesic. Thus the extended curve c|[0,s0+a] must overlap σ. Hence c∪σ
is a closed geodesic. So the curve c : [0, s0 + a] → M is not distance
minimizing. The reason is that one can reach q1 through σ which is
shorter than s0 + a. On the other hand, if q1 is not a point on σ, then
the curve σ∪c|[s0,s0+a] is a nonsmooth curve connecting p and q1, whose
length is s0 + a. Since this curve is nonsmooth, it can not be distance
minimizing. Therefore d(p, q1) < s0 +a = L(c|[0,s0+a]). This shows that
c : [0, s0 + a] → M is still not distance minimizing. Hence q is a cut
point, proving (3).

Finally we prove (4). Denote the cut-locus of p by Cutp. If Cutp is
compact, pick q ∈ Cutp such that d(p, q) is the distance between p and
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Cutp. By (3) of the proposition, for any point q1 which is closer to p than
q, there exists a unique minimal geodesic connecting p and q1. Hence
expp is an imbedding on the ball {v ∈ TpM | ‖v‖ < d(p, q)}. Therefore
the injectivity radius at p equals d(p, q). If Cutp is noncompact, one
can choose a point q1 outside of the cut-locus such that d(p, q1) is
arbitrarily close to d(p,Cutp). The conclusion follows in the same way
as the compact case. �

Case (1) and (2) in the proposition may not be mutually exclusive.
The two geodesics in part (2) of the proposition may not form a smooth,
closed geodesic in general. However, in the special case that q is a point
in the cut-locus of p, which is closest to p, we can form a smooth, closed
geodesic connecting p and q if they are not conjugate points with each
other.

Proposition 3.6.3 (injectivity radius and closed geodesic) Let M be
a complete Riemann manifold. For p ∈ M, suppose q is a point in the
cut-locus of p, which is closest to p. Then

(1) Either q is a conjugate point of p along a minimal geodesic
connecting p and q, or

(2) there exists a closed geodesic connecting p and q whose length
is twice of d(p, q).

Proof. Suppose (1) does not hold, i.e. q is not a conjugate point of
p along any minimal geodesic. By the previous proposition, as q is in
the cut-locus of p, there exist two geodesics c and σ joining p and q
such that L(σ) = L(c) = d(p, q). We need to show that c ∪ σ form a
closed geodesic. By scaling the metric we can assume that d(p, q) = 1.
We parameterize both c and σ arclength so that they are functions
from [0, 1] to M. c(0) = σ(0) = p and c(1) = σ(1) = q. To prove the
smoothness of c ∪ σ at q, we only need to show that c′(1) = −σ′(1).

We assume that c′(1) 6= −σ′(1), then there exists a vector w ∈ TqM
such that g(w, c′(1)) < 0 and g(w, σ′(1)) < 0. For a small t > 0, denote
q(t) = expq(tw). We claim that there exist two geodesics ct : [0, 1] → M
and σt : [0, 1] → M, connecting p and q(t). This claim is the result of
inverse function theorem. Indeed, since q is not a conjugate point of p
and exppc

′(0) = q, Dexpp|c′(0) is nonsingular. By the inverse function
theorem, there exist v1 = v1(t) ∈ TpM, in a small neighborhood of c′(0),
such that expp(v1) = q(t). Therefore we can regard expp(sv1), s ∈ [0, 1]
as the geodesic ct = ct(s). The other geodesic σt is found similarly by
replacing c′(0) with σ′(0) in the above argument.
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Thus the function c = c(s, t) ≡ ct(s), s ∈ [0, 1], is a smooth variation
of the geodesic c = c(s) such that c(s, 0) = c(s). We compute, in the
usual way as in the first variation formula for geodesics

d

dt
L(c(·, t)) =

1

2

∫ 1

0

∂tg(∂sc(s, t), ∂sc(s, t))

‖∂sc(s, t)‖
ds

=

∫ 1

0

g(∇t∇sc(s, t), ∂sc(s, t))

‖∂sc(s, t)‖
ds

=

∫ 1

0

g(∇s∇tc(s, t), ∂sc(s, t))

‖∂sc(s, t)‖
ds

=

∫ 1

0

∂sg(∂tc(s, t), ∂sc(s, t))

‖∂sc(s, t)‖
ds.

Here ∇s = ∇∂sc(s,t) and ∇t = ∇∂tc(s,t) with ∂sc(s, t) and ∂tc(s, t) be-
ing recognized as tangent vectors of c(·, t) and c(s, ·) respectively. Also
∇sc(s, t) = ∂sc(s, t).

When t = 0, we have ‖∂sc(s, t)‖ = 1 since c = c(s) = c(s, 0)
is parameterized by arclength. Notice also ∂tc(s, t)|s=0,t=0 = 0 since
c(0, t) is a fixed point. Consequently

d

dt
L(c(·, t))|t=0 = g(∂tc(s, t), ∂sc(s, t))|s=1,t=0.

Noting that c(1, t) = q(t) = expq(tw), we arrive at

d

dt
L(c(·, t))|t=0 = g(w, c′(1)) < 0.

In the same manner

d

dt
L(σ(·, t))|t=0 = g(w, σ′(1)) < 0.

Hence for sufficiently small t > 0, the lengths of ct and σt are strictly
less than 1. Recall that ct(1) = σt(1) = q(t). Since d(p,Cutp) = 1 by
assumption, we know that q(t) is not a cut point of p.

If L(ct) = L(σt) = d(p, q(t)), by Proposition 3.6.2 (3), q(t) must be
a cut point. This is a contradiction. If either L(ct) or L(σt) is strictly
greater than d(p, q(t)), then the longer geodesic is no longer distance
minimizing. But its length is less than 1, contradicting with the fact
that d(p,Cutp) = d(p, q) = 1. This contradiction proves that c ∪ σ is a
smooth, closed geodesic. �
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The following theorem, due to Klingenberg, provides a lower bound
for the injectitivity radius of a manifold with sectional curvature
bounded from above.

Let M be a Riemann manifold with metric g, we introduce the
notation

l(M, g) = inf{L(σ) |σ : S1 → M, σ is a geodesic, σ′(0) 6= 0}
which is nothing but the lower bound of the lengths of closed geodesics
on M.

Theorem 3.6.1 (Klingenberg) Suppose M is a compact Riemann
manifold whose sectional curvature is bounded from above by a posi-
tive constant K0. Then the injectivity radius has the lower bound

Inj(M, g) ≥ min{ π√
K0

,
1

2
l(M, g)}.

Proof. Since M is compact, we can find a point p ∈ M such that
the injectivity radius at p equals the injectivity radius of the whole
manifold. Let q be a point in the cut-locus of p, which is closest to p.
According to Proposition 3.6.2, injp, the injectivity radius at p equals
d(p, q).

According to Proposition 3.6.3, there are two possibilities. One is
that p and q are joined by a closed geodesic whose length is twice of
d(p, q). Whence injp ≥ 1

2 l(M, g). Two is that p and q are conjugate
points along a minimal geodesic σ. Let σ = σ(t) be parameterized by
arclength. By Rauch comparison theorem (Theorem 3.5.2), the sec-
tional upper bound and Proposition 3.4.4, a conjugate point of p can
not occur for t ∈ [0, π√

K0
). Hence injp = d(p, q) ≥ π√

K0
. �

Based on this theorem, one can prove the following local lower
bound for the injectivity radius which is utilized very often in the study
of Ricci flow.

Theorem 3.6.2 (Cheeger-Gromov-Taylor [CGT] and Cheng-Li-Yau
[CLY])

Let B(x0, 4r0), r0 ∈ (0,∞), be a geodesic ball in a n dimen-
sional complete manifold (M, g). Suppose the sectional curvature sec
in B(x0, 4r0) satisfies

λ ≤ sec ≤ Λ

for two constants λ and Λ. Then for any positive constant r satisfying

r ≤ min(r0,
π

4
√

max(Λ, 0)
),
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there holds

inj(M, x0) ≥ r
|B(x0, r)|

|B(x0, r)| + V n
λ (2r)

where V n
λ (2r) is the volume of a geodesic ball of radius 2r in the n

dimensional simply connected space form with constant sectional cur-
vature λ.

Proof. (sketch) The proof goes as the one for Theorem 4.2.2 in [CZ].
By the above Klingenberg’s theorem, it suffices to prove

l ≡ lM (x0) ≥ 2r
|B(x0, r)|

|B(x0, r)| + V n
λ (2r)

.

Here lM (x0) is the length of the shortest geodesic loop passing x0. Pick
a number r as in the statement of the theorem such that r ≥ l. Consider
the ball B(x0, 4r) and the exponential map:

expx0 : B̃(0, 4r)(⊂ Tx0M) → B(x0, 4r).

By equipping B̃(0, 4r) with the pull back metric g̃ = exp∗x0
g, we

know that expx0 is a local isometry from B̃(0, 4r) to B(x0, 4r). Let
p1 = 0, p2, . . . , pk be the pre-images of x0 in B̃(0, r). Using the White-
head lemma below, we know that k − 1 ≥ 2[r/l] and that the intersec-
tions of the balls B̃(pi, r) have zero measure. By the classical volume
comparison theorem, we have

k|B(x0, r)| ≤ | ∪ki=1 B̃(pi, r)| ≤ |B̃(0, 2r)| ≤ V n
λ (2r).

Hence

l ≥ 2r/(k + 1) ≥ 2r
|B(x0, r)|

|B(x0, r)| + V n
λ (2r)

.

�

Exercise 3.6.1 Fill in the details of the proof of the theorem.
Here we present Whitehead’s lemma which was used in the proof

of the above theorem.

Lemma 3.6.1 (Whitehead) Let (M, g) be a complete Riemann mani-
fold with sectional curvature bounded from above by 1. Suppose x ∈M
and 0 < r < 1

2min{π, inj(M)}. Then
(a). the ball B(x, r) is geodesic convex, i.e. for any y, z ∈ B(x, r)

there exists a unique minimum geodesic connecting z and y, which lies
in B(x, r).
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(b). for any {x1, . . . , xk} ⊂ B(x, r), there exists a unique center of
mass y ∈ B(x, r), i.e.

Σk
i=1exp

−1
y xi = 0.

For a proof of the lemma, see p103 [CE] e.g.

3.7 Bochner-Weitzenbock type formulas

Bochner-Weitzenbock type formulas are extensions of the Ricci iden-
tity in Proposition 3.2.1. They provide a link between various kinds
of differential operators on manifolds. In this section we discuss a few
samples.

Proposition 3.7.1 Bochner’s formula.
Let u be a smooth function on a manifold (M, g), then

1

2
∆|∇u|2 = |∇∇u|2+ < ∇∆u,∇u > +Ric(∇u,∇u).

Proof. It is convenient to do it in local orthonormal system. We use
ui, uij , uijk etc. to denote first, second and third covariant derivatives
of u. Recall du = uidx

i with ui = ∂u
∂xi and ∇u = gij ∂u

∂xj
∂
∂xi = ui ∂

∂xi

where ui = gijuj. Hence

|∇u|2 = giju
iuj = gijuiuj = u2

i .

Now we compute

1

2
∆|∇u|2 =

1

2
(u2
i )jj

= (uiuij)j = (uiuji)j = uijuij + uiujij (since uij = uji)

= uijuij + ui(ujji −Rsjijus)

= uijuij + uiujji −Rsjijuius

= uijuij + uiujji −Rsjijgilu
lgsku

k

= uijuij + uiujji −Rjijkgilu
luk

= uijuij + uiujji +Rljjku
luk

= |∇∇u|2+ < ∇∆u,∇u > +Ric(∇u,∇u).
Here, when going from the second to the third line, we have used the
Ricci identity in Proposition 3.2.1, applied to the (1, 0) tensor uj . �

The Laplace-Beltrami operator on scalar functions can be general-
ized to act on tensor. However there are at least two ways to do the
generalization, resulting in different Laplacians.
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Definition 3.7.1 (Laplace operators acting on tensors)
(i) Rough Laplacian on tensors. Let T be a smooth (p, q) tensor field

on M, then the (rough) Laplacian is the second order operator defined
by

∆T = div∇T = traceg∇2T = Σn
i=1∇2

ei,ei
T

where {e1, . . . , en} is a orthonormal frame.
(ii) Hodge Laplacian on forms. Let T be a smooth p form, i.e. an

antisymmetric (p, 0) tensor field on M, then the Hodge Laplacian is the
second order operator defined by

∆dT = −(dδ + δd)T

where δ is the adjoint of the exterior derivative defined in the definition
below.

Remark 3.7.1 Some explanation is needed on the equality

traceg∇2T = Σn
i=1∇2

ei,ei
T

in the above definition. From Definition 3.2.1, we know that ∇2T
is a (p + 2, q) tensor. In a local orthonormal system we can write
∇2T (X1, . . . ,Xp, η1, . . . , ηq) = Tijdx

i ⊗ dxj . Here Xl, ηm are vector
fields and 1 forms respectively. Therefore, since ei is the dual of dxi,
we have

traceg∇2T = gijTij = Σn
i=1Tii = Σn

i=1∇2T (ei, ei) = Σn
i=1∇2

ei,ei
T.

Definition 3.7.2 For two p forms α = αi1...ipdx
i1 ∧ . . . ∧ dxxp and

β = βj1...jpdx
j1 ∧ . . . ∧ dxjp , the inner product is the scalar

< α, β >= p!gi1j1 . . . gipjpαi1...ipβj1...jp .

The L2 inner product is defined by

< α, β >L2= p!

∫

M

gi1j1 . . . gipjpαi1...ipβj1...jpdµ =

∫

M

< α, β > dµ.

The operator δ is the adjoint of the exterior derivative under the L2

inner product, i.e.

< dη, α >L2=< η, δα >L2

for any p form α and p− 1 form η.
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Remark 3.7.2 It is easy to check that the δ operator has two equiva-
lent forms.

1. δα = −p div α, i.e.

(δα)i1...ip−1 = −pgjk∇jαki1...ip−1 ;

2. δα = (−1)np+n+1 ⋆ d ⋆ α. Here ⋆ is the Hodge star operator
mapping ΛpT ∗(M) to Λn−pT ∗(M) defined by

α ∧ ⋆η =< α, η > dµ.

The rough Laplacian and the Hodge Laplacian on scalar functions are
the same as the Laplace Beltrami operator.

The relation between the rough Laplacian and the Hodge Laplacian
on one forms is given by

Proposition 3.7.2 Let α be a smooth one form on M and Ric(α) be
the smooth one form defined by Ric(α)(X) = Ric(α∗,X) for all smooth
vector fields X. Here α∗ is the vector field defined by g(α∗,X) = α(X)
for all smooth vector fields X. Then

∆dα = ∆α−Ric(α).

Proof. We will give a proof from scratch, using computations in a
local orthonormal system {x1, . . . , xn} centered at a point p.

Let α = aidx
i be a one form in a neighborhood of p. Then by

Proposition 3.1.1
∇α = ai,kdx

k ⊗ dxi (3.7.1)

where ai,k = ∂ai

∂xk − Γlikal. According to the previous remark

dδα = −d trace∇α = −d(gikai,k) = −∂g
ik

∂xl
ai,kdx

l − gik
∂ai,k
∂xl

dxl.

Since ∂gik

∂xl = 0 at the center p, we have, at p,

dδα = −gik ∂ai,k
∂xl

dxl. (3.7.2)

We need to find a relation between this and the second covariant deriva-
tive of α.

By Definition 3.2.1, for any smooth vector fields X and Y ,

∇2
X,Y α = ∇X(∇Y α) −∇∇XY α.
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We take X = ∂
∂xk and Y = ∂

∂xl . Since ∇XY = 0 at p, we have

∇2
X,Y α = ∇X(∇Y α).

By (3.7.1),

∇Y α =

(

∂ai
∂xl

− Γmil am

)

dxi.

Applying (3.7.1) again on the last identity, we obtain, at p,

∇X(∇Y α) =
∂

∂xk

(

∂ai
∂xl

− Γmil am

)

dxi =
∂ai,l
∂xk

dxi

This means, at p

∇2α =
∂ai,l
∂xk

dxk ⊗ dxl ⊗ dxi.

Since ∇2α = ai,lkdx
k ⊗ dxl ⊗ dxi by definition, we deduce

∂ai,l
∂xk

= ai,lk. (3.7.3)

Substituting this identity to (3.7.2), we reach the formula

dδα = −gikai,kldxl. (3.7.4)

Next we compute δdα. Note that

dα =
∂ai
∂xl

dxl ∧ dxi =
∂ai
∂xl

(dxl ⊗ dxi − dxi ⊗ dxl)

=

[

∂ai
∂xl

− Γmil am

]

(dxl ⊗ dxi − dxi ⊗ dxl).

Here, in reaching the last identity, we have used the symmetry Γmij =
Γmji . Hence

dα = ai,l(dx
l ⊗ dxi − dxi ⊗ dxl).

Applying the local derivative formula (3.1.4) to the (2, 0) tensor dα,
we see that, at p,

∇dα =
∂ai,l
∂xk

dxk ⊗ dxl ⊗ dxi − ∂ai,l
∂xk

dxk ⊗ dxi ⊗ dxl.

Here we have used the fact that all terms involving the Christoffel
symbols are zero at p. Therefore

δdα = −trace ∇dα = −gkl ∂ai,l
∂xk

dxi + gki
∂ai,l
∂xk

dxl.
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Switching the indices i and l in the second last term, and using (3.7.3),
we deduce

δdα = −gki∂al,i
∂xk

dxl + gki
∂ai,l
∂xk

dxl

= −gkial,ikdxl + gkiai,lkdx
l.

(3.7.5)

Adding this to (3.7.4), we obtain

dδα + δdα = −gikai,kldxl − gkial,ikdx
l + gkiai,lkdx

l

= −gik(ai,kl − ai,lk)dx
l − gkial,ikdx

l.

By the Ricci identity Proposition 3.2.1

∆dα = gik(ai,kl − ai,lk)dx
l + gkial,ikdx

l = −gikRmlkiamdxl + ∆α

= −gikRmlkigrmardxl + ∆α (where ar = grmam)

= −gikRlkirardxl + ∆α

= ∆α−Rlra
rdxl = ∆α−Ric(α).

�



Chapter 4

Sobolev inequalities on

manifolds and some

consequences

In this chapter, we present Sobolev, log Sobolev, parabolic Harnack
and some related inequalities on a Riemann manifold. Here are some
notations to be used in this chapter. We use M or M to denote a
compact Riemann manifold with a metric g, unless stated otherwise;
d(x, y), dµ will denote the distance and volume element respectively;
B(x, r), |B(x, r)| mean the geodesic ball centered at x with radius r
and its volume respectively; ∇ stands for the gradient of a function,
relative to the metric g.

4.1 A basic Sobolev inequality

Let us start with the following basic Sobolev inequality on compact
manifolds as stated in [Heb2].

Theorem 4.1.1 Let (M,g) be a smooth, compact Riemann n-
manifold. For any p ∈ [1, n), W 1,p(M) ⊂ Lnp/(n−p)(M), i.e. there exists
A = A(M) > 0, such that

(
∫

M
unp/(n−p)dµ

)(n−p)/np
≤ A

(
∫

M
|∇u|pdµ

)1/p

+A

(
∫

M
|u|pdµ

)1/p

for all u ∈W 1,p(M).

103
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Proof. By standard approximation, we just need to prove the theorem
for smooth functions. First we prove the theorem for p = 1 case.

Since M is compact, it can be covered by a finite number of charts
(Ωm, φm), m = 1, . . . ,N such that for any m the local form of metric

(g
(m)
ij ) in (Ωm, φm) satisfies

1

2
(δij) ≤ (g

(m)
ij ) ≤ 2(δij).

Let {ηm} be a smooth partition of unity to the local charts above,
i.e. ηm ∈ C∞

0 (Ωm) and ΣN
m=1ηm = 1. In each of the local chart Ωm, the

volume element dµ can be written as dµ =
√

det(g
(m)
ij ) dx where dx is

the volume element in Rn.
For any u ∈ C∞(M) and m = 1, 2, . . . ,N ,

(∫

|ηmu|n/(n−1)dµ

)(n−1)/n

≤
(

2n/2
∫

Rn

|(ηmu) ◦ φ−1
m (x)|n/(n−1)dx

)(n−1)/n

.

By the Sobolev inequality in the Euclidean case (Theorem 2.2.1), we
have

(∫

|ηmu|n/(n−1)dµ

)(n−1)/n

≤ cn

∫

Rn

|∇e((ηmu) ◦ φ−1
m (x))|dx. (4.1.1)

Here ∇e stands for the Euclidean gradient.
In local coordinates,

|∇(ηmu)|2 = gijg
ik∂k(ηmu ◦ φ−1

m )gjl∂l(ηmu ◦ φ−1
m )

= gkl∂k(ηmu ◦ φ−1
m )∂l(ηmu ◦ φ−1

m )

≥ 1

2
|∇e(ηmu ◦ φ−1

m )|2.

The last step is by the assumption on the size of gij in each coordinate
chart. Substituting the above to the right-hand side of (4.1.1) we deduce

(
∫

|ηmu|n/(n−1)dµ

)(n−1)/n

≤ ccn

∫

|∇(ηmu)|dµ. (4.1.2)
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Summing up (4.1.2) for allm and using Minkowski inequality, we obtain

(
∫

|u|n/(n−1)dµ

)(n−1)/n

≤ ΣN
m=1

(
∫

|ηmu|n/(n−1)dµ

)(n−1)/n

≤ ccnΣ
N
m=1

∫

|∇(ηmu)|dµ

= ccn

∫

|∇u|dµ+ ccn max ΣN
m=1|∇ηm|

∫

|u|dµ.

This proves the theorem when p = 1.
For p ∈ (1, n), we just apply the p = 1 case on the function

|u|p(n−1)/n. �

The following theorem says that the Sobolev imbedding implies the
noncollapsing property. It is due Akutagawa [Ak] and Carron [Ca] (see
Lemma 2.2 in [Heb2]).

Theorem 4.1.2 Let (M,g) be a smooth, complete Riemann n-
manifold. Suppose that W 1,p(M) →֒ Lq(M), p ∈ [1, n), q = np

n−p , i.e.

there exists some constant A such that for any u ∈W 1,p(M),

‖u‖q ≤ A(‖∇u‖p + ‖u‖p).

Then,

|B(x, r)| ≥ min{ 1

2A
,

r

2
n+2p

p A
}n.

Proof. Pick u ∈W 1,p(M) such that u = 0 in M −B(x, r). By Hölder
inequality,

‖u‖p ≤ |B(x, r)| 1
n ‖u‖q ≤ |B(x, r)| 1

nA(‖∇u‖p + ‖u‖p)
⇒ ‖u‖p − |B(x, r)| 1

n A ‖u‖p ≤ |B(x, r)| 1
n A ‖∇u‖p

⇒ 1 − |B(x, r)| 1
n A ≤ |B(x, r)| 1

n A
‖∇u‖p
‖u‖p

⇒ 1

|B(x, r)| 1
n

−A ≤ A
‖∇u‖p
‖u‖p

.

Case (i), if |B(x, r)| 1
n ≥ 1

2A , then we are done.

Case (ii), if |B(x, r)| 1
n ≤ 1

2A , then we have A ≤ 1

2|B(x,r)| 1n
. Plugging

into the above inequality, we deduce

1

2|B(x, r)| 1
n

≤ A
‖∇u‖p
‖u‖p (4.1.3)
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For any fixed point x ∈ M such that d(y) = d(y, x) is differentiable at
y, take

u(y) =

{

r − d(y, x), if d(x, y) ≤ r;

0, otherwise.

Since u is Lipschitz and |∇u| = |∇d| = 1, a.e., the following inequality
holds:

‖∇u‖p ≤
(

∫

B(x,r)
1 dµ

) 1
p

= |B(x, r)|
1
p

‖u‖p =

(

∫

B(x,r)
|u|p dµ

) 1
p

≥
(

∫

B(x,r/2)
|u|p dµ

) 1
p

Notice for ∀y ∈ B(x, r/2), d(x, y) ≤ r
2 , u(y) = r − d(x, y) ≥ r

2 , then,

‖u‖p ≥
(

∫

B(x,r/2)
(
r

2
)p dµ

)
1
p

=
r

2
· |B(x,

r

2
)|

1
p .

Inserting the above two estimates into (4.1.3), for ∀r > 0 such that
B(x, r) ⊆M , B(x, r) 6= M ,

1

2|B(x, r)| 1
n

≤ A
|B(x, r)|

1
p

r
2 · |B(x, r/2)|

1
p

⇒ |B(x, r)| ≥ (
r

4A
)

np
n+p · |B(x, r/2)|

n
n+p .

Now we use induction. For a fixed R > 0 such that B(x,R) ⊆ M ,
B(x,R) 6= M ,

|B(x,R)| ≥ (
R

4A
)

np
n+p · |B(x,R/2)|

n
n+p ,

|B(x,R/2)| ≥ (
R/2

4A
)

np
n+p · |B(x,R/22)|

n
n+p ,

. . . . . .

⇒ |B(x,R)| ≥ (
R

2A
)pα(m) · (1

2
)pβ(m) · |B(x,

R

2m
)|γ(m), where

(4.1.4)























α(m) =
∑m

i=1

(

n
n+p

)i
→

n
n+p

1− n
n+p

= n
p

β(m) =
∑m

i=1 i ·
(

n
n+p

)i
→

n
n+p

(1− n
n+p

)2 = n(n+p)
p2

γ(m) =
(

n
n+p

)m
.
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When m is sufficiently large, |B(x, R2m )| is comparable to the Euclidean
case. In fact (see, [GHL] e.g.), let Rg be the scalar curvature, then

|B(x, r)|g = ωnr
n

(

1 − Rg(x)

6(n+ 2)
r + o(r2)

)

≥ ωn r
n

2
.

⇒ |B(x,
R

2m
)| ≥ ωn

2
(
R

2m
)n

⇒ |B(x,
R

2m
)|γ(m) ≥

(ωn
2

· 2−mn · Rn
)( n

n+p
)m

⇒ = (
ωn
2

)
( n

n+p
)m · 2−mn·(

n
n+p

)m · Rn·(
n

n+p
)m → 1 as m→ ∞.

Also notice pα(m) → n and p β(m) → n2+np
p as m→ ∞. Plugging into

(4.1.4), we obtain

|B(x,R)| ≥ (
R

2A
)n · (1

2
)

n2+np
p · 1 =

(

R

2
n+2p

p A

)n

Thus we complete the proof. �

In many situations, it is necessary to find the best constant in the
Sobolev inequalities. One example is the Yamabe problem of prescrib-
ing constant scalar curvature on a compact manifold. It was studied
by Yamabe [Ya], Trudinger [Tr2] and eventually solved by Aubin [Au2]
and Schoen [Sc]. The next theorem is due to T. Aubin [Au].

Theorem 4.1.3 Let (M,g) be a smooth, compact Riemann manifold
of dimension n. For any ǫ > 0 and any p ∈ [1, n), there exists a constant
B such that for any u ∈W 1,p(M),

(∫

M
unp/(n−p)dµ

)(n−p)/n
≤ (K(n, p)p + ǫ)

∫

M
|∇u|pdµ+B

∫

M
|u|pdµ.

Here K(n, p) is the best constant in the Sobolev inequality in Rn.

Remark 4.1.1 Aubin proved that B depends on ǫ, bounds on the injec-
tivity radius, sectional curvatures. Hebey [Heb1] showed that B can be
chosen to depend only on ǫ, the injectivity radius and the lower bound of
the Ricci curvature. In the case p = 2, the above theorem was improved
by Hebey and Vaugon [HV] in the form of the next theorem. However
the constant B will also depend on the derivatives of the curvature ten-
sor.
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Proof of Theorem 4.1.3 The proof is almost the same as that of Theorem
4.1.1. The only change is to select local charts (Ωm, φm), m = 1, . . . ,N

such that for any m the local form of metric (g
(m)
ij ) in (Ωm, φm) satisfies

(1 − λǫ)(δij) ≤ (g
(m)
ij ) ≤ (1 + ληǫ)(δij).

Here λ > 0 is sufficiently small. �

Theorem 4.1.4 Let (M,g) be a smooth, compact Riemann manifold of
dimension n. There exists a constant B such that for any u ∈W 1,2(M),

(
∫

M
u2n/(n−2)dµ

)(n−2)/n

≤ K(n, 2)2
∫

M
|∇u|2dµ+B

∫

M
|u|2dµ.

Here K(n, 2) is the best constant in the Sobolev inequality in Rn.

We just give a sketch of the proof. The technical details are pre-
sented in [Heb2] Chapter 7.

It suffices to prove that there exists a sufficiently large α > 0 such
that

Iα(u) ≡
∫

M |∇u|2dµ+ α
∫

M u2dµ
(∫

M |u|2n/(n−2)dµ
)(n−2)/n

≥ 1

K(n, 2)2

for all u ∈ W 1,2(M), u 6= 0. One uses the method of contradiction.
Suppose the conclusion were false, then for any α > 0,

inf
06=u∈W 1,2(M)

Iα(u) <
1

K(n, 2)2
.

A minimizer of this functional then satisfies the Euler-Lagrange equa-
tion

∆uα − αuα + λαu
(n+2)/(n−2)
α = 0.

Here λα ∈ (0,K(n, 2)−2) and
∫

M u
2n/(n−2)
α dµ = 1. Now ones uses a

blow-up argument to prove that for sufficiently large α, the above equa-
tion does not have a solution. This leads to a contradiction. �

4.2 Sobolev inequalities, log Sobolev

inequalities, heat kernel upper

bound and Nash inequality

We begin the section with the concept of heat kernels.
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The heat kernel is a fundamental solution to the heat equation

∆u− ∂tu = 0 (4.2.1)

defined on M × (0,∞). Here ∆ is the Laplace Beltrami operator acting
on a scalar function u = u(x, t). One way to define G is to require, for
any fixed y ∈M ,







∆G(x, t; y) − ∂tG(x, t; y) = 0, x ∈M, t > 0

G(x, 0; y) = δ(x, y).
(4.2.2)

Here ∆ acts on the x variable and δ = δ(x, y) is the Dirac delta function
concentrated at y. When M is a compact Riemann manifold or certain
noncompact ones, it is known that G is smooth when t > 0. For this
and some other basic properties of the heat kernel, see [Da] e.g.

Similarly one can define the heat kernel on a domain D ⊂ M sat-
isfying certain boundary conditions. For example the Dirichlet heat
kernel on D is the one satisfying:















∆yG(y, t, z) − ∂tG(y, t, z) = 0, y, z ∈ D, t > 0

G(y, t, z) = 0, y ∈ ∂D, z ∈ D, t > 0,

G(y, 0, z) = δ(y, z).

(4.2.3)

If ∂D is sufficiently smooth, say C1, one can also define the Neu-
mann heat kernel as a function G satisfying



















∆yG(y, t, z) − ∂tG(y, t, z) = 0, y, z ∈ D, t > 0

∂G(y,t,z)
∂ny

= 0, y ∈ ∂D, z ∈ D, t > 0,

G(y, 0, z) = δ(y, z)

(4.2.4)

where ny is the exterior normal of ∂D at y.
The first theorem of this section establishes the equivalence of a

Sobolev inequality with a number of other inequalities. It is the synopsis
of the work of several authors: E. B. Davies, L. Gross and J. Nash.

Theorem 4.2.1 Let M be a n dimensional compact Riemann manifold
without boundary. Suppose n ≥ 3. Then the following inequalities are
equivalent up to constants.
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(I) Sobolev inequality: there exist positive constants A and B such
that, for all v ∈W 1,2(M),

(∫

M
v2n/(n−2)dµ

)(n−2)/n

≤ A

∫

M
|∇v|2dµ+B

∫

M
v2dµ;

(II) Log-Sobolev inequality: for all v ∈W 1,2(M) such that ‖v‖2 = 1
and all ǫ > 0,

∫

M
v2 ln v2 dµ ≤ ǫ2

∫

M
|∇v|2dµ− n

2
ln ǫ2 +BA−1ǫ2 +

n

2
ln
nA

2e
.

(III) Heat kernel upper bound: for all t > 0,

G(x, t; y) ≤ (nA)
n
2

tn/2
eA

−1B t;

(IV) Nash inequality: for all v ∈W 1,2(M),

‖v‖2+ 4
n

2 ≤
(

A‖∇v‖2
2 +B‖v‖2

2

)

‖v‖
4
n
1 ;

More specifically, the following relations hold:
(I) Sobolev inequality ⇒ (II) Log-Sobolev inequality ⇒ (III) Heat

kernel upper bound ⇒ (I) Sobolev inequality with A and B replaced by
const.A and const.B respectively;

(I) Sobolev inequality ⇒ (IV) Nash inequality ⇒ (III) Heat kernel
upper bound.

Finally, the conclusion still holds for v ∈ W 1,2
0 (D) where D is a

Lipschitz domain in M .

Proof. (for (I) ⇒ (II): Sobolev inequality ⇒ Log-Sobolev in-
equality)

The proof is a quick application of the Jensen’s inequality. The
assumed Sobolev inequality is: for all v ∈W 1,2(M),

(∫

M
v2n/(n−2)dµ

)(n−2)/n

≤ A

∫

M
|∇v|2dµ+B

∫

M
v2dµ.

Given v ∈W 1,2(M) such that ‖v‖2 = 1, we introduce the measure

dw(x) = v2(x) dµ(x).

Then
∫

M
v2 dµ = 1 ⇒

∫

M
dw = 1.
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Note lnφ is a concave function of φ. Hence we can take φ = vq−2,
with q = 2n

n−2 , and apply Jensen’s inequality,
∫

lnφdw ≤ ln
∫

φdw, to
deduce

⇒
∫

(ln vq−2)v2 dµ ≤ ln

∫

vq−2v2 dµ = ln ‖v‖qq

⇒
∫

v2 ln v dµ ≤ q

q − 2
ln ‖v‖q

(

q

q − 2
=
n

2

)

⇒
∫

v2 ln v2 dµ ≤ n

2
ln ‖v‖2

q

≤ n

2
ln
(

A ‖∇v‖2
2 +B ‖v‖2

2

)

≤ n

2
ln
(

A ‖∇v‖2
2 +B

)

. (‖v‖2 = 1)

We estimate the last quantity by the elementary inequality,

lnx ≤ σx− 1 − lnσ

for all σ > 0. This holds since for f(x) ≡ σx − lnx − 1 − lnσ, we
have f(1/σ) = f ′(1/σ) = 0; further f ′′(x) > 0 and f(0+) = +∞,
f(+∞) = +∞. Therefore,

∫

v2 ln v2 dµ ≤ n

2
ln
(

A ‖∇v‖2
2 +B

)

≤ nσ

2
(A ‖∇v‖2

2 +B) − n

2
(1 + lnσ)

that is,

∫

v2 ln v2 dµ ≤ nσA

2

∫

|∇v|2dµ+
nσ B

2
− n

2
(1 + lnσ).

Taking ǫ2 = nσA/2, we can convert the above inequality to

∫

v2 ln v2 dµ ≤ ǫ2
∫

|∇v|2dµ− n

2
ln ǫ2 +BA−1ǫ2 +

n

2
ln
nA

2e
. (4.2.5)

�

Proof. (for (II) ⇒ (III): Log-Sobolev inequality ⇒ Heat ker-
nel upper bound due to Davies [Da])

Let u be a smooth solution to the heat equation, then

u(x, t) =

∫

G(x, t; y)u(y, 0) dµ(y)
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where G is the heat kernel. Notice

sup
u 6=0

‖u(·, t)‖∞
‖u(·, 0)‖1

= sup
x,y

G(x, t; y).

For any fixed T , t ∈ [0, T ], consider the norm ‖u(·, t)‖p(t), where
we want p(t) to be nondecreasing in t, and p(0) = 1, p(T ) = ∞. For
instance we can take

p(t) =
T

T − t
, ⇒ p(0) = 1, p(T ) = ∞.

Let u = u(x, t) be a positive solution to the heat equation, we estimate
the time derivative for the quantity

ln ‖u‖p(t) = ln(

∫

|u|p(t)dµ)1/p(t).

The motivation is
∫ T

0

∂

∂t
ln ‖u‖p(t) dt = ln

‖u(·, T )‖∞
‖u(·, 0)‖1

By direct calculation,

∂t ‖u‖p(t) = ∂t

(
∫

|u|p(t)dµ
) 1

p(t)

= −‖u‖p(t) ·
p′(t)
p2(t)

· ln ‖u‖p(t)
p(t)

+
‖u‖1−p(t)

p(t)

p(t)

(

p′(t)
∫

up(t) lnu dµ+ p(t)

∫

up(t)−1(△u) dµ
)

.

Multiplying by p2(t)‖u‖p(t)p(t) on both sides, and applying integration by
part on the △u term, we deduce

p2(t)‖u‖p(t)p(t) ∂t ‖u‖p(t) = −p′(t)‖u‖1+p(t)
p(t) ln ‖u‖p(t)p(t)

+ p(t) p′(t)‖u‖p(t)
∫

up(t) lnu dµ

− p2(t)(p(t) − 1)‖u‖p(t)
∫

up(t)−2|∇u|2 dµ.

Further, we divide both sides by ‖u‖p(t) to reach,

p2(t)‖u‖p(t)p(t) ∂t (ln ‖u‖p(t)) = −p′(t)‖u‖p(t)p(t) ln ‖u‖p(t)p(t)

+ p(t) p′(t)
∫

up(t) lnu dµ

− 4(p(t) − 1)

∫

|∇(up(t)/2)|2 dµ.

(4.2.6)
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Write,

v =
up(t)/2(x, t)

‖up(t)/2‖2
.

Then,

v2 =
up(t)

‖u‖p(t)p(t)

, ‖v‖2 = 1, ln v2 = lnup(t) − ln ‖u‖p(t)p(t),

⇒ p′(t)
∫

v2 ln v2dµ = p′(t)
∫

up(t)

‖u‖p(t)p(t)

(

lnup(t) − ln ‖u‖p(t)p(t)

)

dµ

=
p(t)p′(t)

‖u‖p(t)p(t)

∫

up(t) lnu dµ− p′(t) ln ‖u‖p(t)p(t).

We plug in v on the right-hand side of the above equality (4.2.6). Then

p2(t) ∂t (ln ‖u‖p(t)) = p′(t)

[
∫

v2 ln v2dµ− 4(p(t) − 1)

p′(t)

∫

|∇v|2 dµ
]

.

In comparison with the Log-Sobolev inequality (4.2.5), we choose

ε2 =
4(p(t) − 1)

p′(t)
=

4t(T − t)

T
≤ T.

Thus we can apply (4.2.5) to get,

p2(t) ∂t (ln ‖u‖p(t)) ≤ p′(t)

(

− n

2
ln

4t(T − t)

T
+BA−1 4t(T − t)

T
+
n

2
ln
nA

2e

)

.

Note that p′(t)
p2(t)

= 1
T . Substituting this into the above, we arrive at

∂t ln ‖u‖p(t) ≤
1

T

(

−n
2

ln
t(T − t)

T
+
B

A
T +

n

2
ln
nA

8e

)

.

Integrating with respect to t from 0 to T ,

ln
‖u(x, T )‖p(T )

‖u(x, 0)‖p(0)
≤ − 1

T

∫ T

0

n

2
ln
t(T − t)

T
dt+

B

A
T +

n

2
ln
nA

8e

= −n
2

lnT + n+
B

A
T +

n

2
ln
nA

8e
.

Since p(T ) = ∞, p(0) = 1,

‖u(x, T )‖∞ ≤ ‖u(x, 0)‖1
exp

(

B
AT + n+ n

2 ln nA
8e

)

T n/2
.
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Because

u(x, T ) =

∫

G(x, T, y)u(y, 0)dy,

we deduce

G(x, T, y) ≤ (
nAe

8
)n/2

exp
(

A−1B T
)

T n/2
.

This implies the heat kernel bound since e/8 ≤ 1. �

Proof. (for (I) ⇒ (IV): Sobolev inequality ⇒ Nash inequality)
The Nash inequality is just an interpolation between the Hölder

inequality and Sobolev inequality. However it gives the quickest access
to heat kernel upper bound. There is also an issue about the best
constant. See Carlen and Loss [CaLo].

We assume

‖v‖2
2n/(n−2) ≤ A‖∇v‖2

2 +B‖v‖2
2.

Using Hölder inequality, by direct calculation,

∫

v2 dµ =

∫

v2− 4
n+2 v

4
n+2 dµ =

∫

v
2n

n+2 v
4

n+2 dµ

≤
(∫

v
2n

n+2
p′ dµ

)
1
p′
(∫

v
4p

n+2 dµ

)
1
p

.

Choose p = n+2
4 , p′ = n+2

n−2 . Then,

∫

v2 dx ≤
(∫

v
2n

n−2 dµ

)
n−2
n+2

(∫

|v| dµ
)

4
n+2

⇒ ‖v‖2+ 4
n

2 ≤
(
∫

v
2n

n−2 dµ

)
n−2

n
(
∫

|v| dµ
) 4

n

.

Hence

‖v‖2+ 4
n

2 ≤
(

A‖∇v‖2
2 +B‖v‖2

2

)

‖v‖
4
n
1 ∀ v ∈W 1,2(M). (4.2.7)

This is the desired Nash inequality. �

Proof. (for (IV) ⇒ (III): Nash inequality ⇒ Heat kernel up-
per bound)

Suppose (4.2.7) holds.
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Let G = G(x, t; y) be the heat kernel; for any fixed y ∈M , define

v = v(x, t) = G(x, t; y),

We have
∫

v(x, t) dµ = 1, i.e. ‖v‖1 = 1. By direct calculation,

∂

∂t

(
∫

v2(x, t) dµ

)

=

∫

2v vt dµ =

∫

2v△v dµ = −2

∫

|∇v|2 dµ

Also from Nash inequality (4.2.7) with ‖v‖1 = 1,

‖v‖2+ 4
n

2 ≤
(

A‖∇v‖2
2 +B ‖v‖2

2

)

⇒ −‖∇v‖2
2 ≤ − 1

A
‖v‖2+ 4

n
2 +

B

A
‖v‖2

2

Combining the above two estimates, we arrive at

∂

∂t

(
∫

v2(x, t) dµ

)

≤ −α‖v‖2+ 4
n

2 + β ‖v‖2
2

where α = 2
A , β = 2B

A . Denote

f(t) =

∫

v2(x, t) dµ, g(t) = e−βt f(t).

Then

∂

∂t
f(t) ≤ −α[ f(t) ]1+

2
n + β f(t)

⇒ ∂

∂t
g(t) = −βe−βtf(t) + e−βtf ′(t)

≤ −βe−βt f(t) + e−βt β f(t) − αe−βt[ f(t) ]1+
2
n

⇒ ∂

∂s
g(s) ≤ −αe 2βs

n [ g(s) ]1+
2
n , s ∈ (0, t].

Integrating from t
2 to t,

⇒ −n
2

(

[ g(s) ]−
2
n

)s=t

s= t
2

≤ −nα
2β

[ e
2βt
n − e

βt
n ]

⇒ n

2
e

2βt
n [ f(t) ]−

2
n ≥ nα

2β

(

e
2βt
n − e

βt
n

)

⇒ e
βt
n [ f(t) ]−

2
n ≥ α

β

(

e
βt
n − 1

)

≥ α

β
· β t
n

=
tα

n

⇒ f(t) ≤ (n/α)
n
2

tn/2
e(β t)/2

i.e.

∫

G(x, t; y)G(x, t; y) dµ(y) ≤ (n/α)
n
2

tn/2
e(β t)/2.

(4.2.8)
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Notice G(x, t; y) is symmetric with respect to x and y. Thus

∫

G(x, t; y)G(y, t;x) dµ(y) ≤ (n/α)
n
2

tn/2
e(β t)/2.

By the reproducing property, for any fixed x ∈M ,

G(x, 2t;x) =

∫

G(x, t; y)G(y, t;x) dµ(y) ≤ (n/α)
n
2

tn/2
e(β t)/2.

Further,

G(x, t; y) =

∫

G(x, t/2; z)G(z, t/2; y) dµ(z)

≤
(
∫

G2(x, t/2; z) dµ(z)

)1/2

·
(
∫

G2(z, t/2; y) dµ(z)

)1/2

= [G(x, t;x)]1/2 · [G(y, t; y)]1/2

≤ (2n/α)
n
2

tn/2
e(β t)/2,

that is, we have the heat kernel upper bound,

G(x, t; y) ≤ (2n/α)
n
2

tn/2
e(β t)/2

Recall α = 2/A and β = 2B/A. We deduce

G(x, t; y) ≤ (nA)
n
2

tn/2
eA

−1B t.

When t is large the above bound can be improved. Indeed, from the
inequality just before (4.2.8), we have, for t ≥ 1,

f(t) = G(x, 2t;x) ≤ e(β t)/2

(eβt/n − 1)n/2
(β/α)n/2 ≤ eB/A

(e2B/(nA) − 1)n/2
Bn/2.

Following the above argument, we obtain, for some positive constant
C = C(A,B).

G(x, t; y) ≤ min

(

(nA)
n
2

tn/2
eA

−1B t, C(A,B)

)

. (4.2.9)

�
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Proof. for (III) ⇒ (I): heat kernel upper bound implying
Sobolev inequality.

The assumption in this part is: for some c1, c2 > 0,

G(x, t; y) ≤ c1

tn/2
ec2t

for all x, y ∈M and t > 0. For example, we can take c1 = (nA)n/2 and
c2 = A−1B as in (III).

We follow the presentation in [Da].
Let H = H(x, t, y) be the heat kernel of the equation

∆u− c2u− ∂tu = 0

Since G(x, t, y) ≤ c1e
c2t/tn/2, we know that

H(x, t, y) = e−c2tG(x, t, y) ≤ c1

tn/2
.

Moreover
∫

M
H(x, t, y)dµ(y) ≤

∫

M
G(x, t, y)dµ(y) = 1.

So, for all f ∈ L2(M),

‖H ∗ f‖∞ = sup
x∈M

|
∫

H(x, t, y)f(y)dµ(y)|

≤ sup
x

(∫

M
H2(x, t, y)dµ(y)

)1/2

‖f‖2

≤
√
c1

tn/4

∫

H(x, t, y)dµ(y) ‖f‖2

≤
√
c1

tn/4
‖f‖2.

Similarly, by Hölder inequality, for all q ∈ [1, n) and q′ = q/(q − 1), it
holds

‖H ∗ f‖∞ ≤ sup
x

(
∫

M
Hq′(x, t, y)dµ(y)

)1/q′

‖f‖q ≤
c
1/q
1

tn/(2q)
‖f‖q.
(4.2.10)

We consider the integral operator

L ≡ (
√

−∆ + c2)
−1. (4.2.11)
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Since ∆ is a self-adjoint operator, by eigenfunction expansion (Laplace
transform), we have this important relation: for f ∈ C∞

0 (M),

(Lf)(x) = Γ(1/2)−1

∫ ∞

0
t−1/2[e(∆−c2)tf ](x, t)dt

= Γ(1/2)−1

∫ ∞

0
t−1/2(H ∗ f)(x, t)dt.

Here e(∆−c2)tf is the semigroup notation for H ∗ f .
For a fixed T > 0 we write

Lf ≡ L1f + L2f

where

L1f(x) = Γ(1/2)−1

∫ T

0
t−1/2[H ∗ f ](x, t)dt,

L2f(x) = Γ(1/2)−1

∫ ∞

T
t−1/2[H ∗ f ](x, t)dt.

For any λ > 0, observe that

|{x ||Lf(x)| ≥ λ}| ≤ |{x | |L1f(x)| ≥ λ/2}| + |{x | |L2f(x)| > λ/2}|.
(4.2.12)

By (4.2.10) and the definition of L2f ,

‖L2f‖∞ ≤ c
1/q
1

∫ ∞

T
t−1/2−n/(2q)‖f‖qdt = cc

1/q
1 T 1/2−n/(2q)‖f‖q.

Now we choose T so that

λ

2
= cc

1/q
1 T 1/2−n/(2q)‖f‖q. (4.2.13)

Then (4.2.12) becomes

|{x ||Lf(x)| ≥ λ}| ≤ |{x | |L1f(x)| ≥ λ/2}|

since the set
{x | |L2f(x)| > λ/2}

is empty. Hence

|{x ||Lf(x)| ≥ λ}| ≤ |{x | |L1f(x)| ≥ λ/2}|

≤ (λ/2)−q
∫

M
|L1f(x)|qdµ(x).
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By Minkowski inequality and Young’s inequality

‖L1f‖q ≤ Γ(1/2)−1

∫ T

0
t−1/2‖H ∗ f(·, t)‖qdt

≤ Γ(1/2)−1

∫ T

0
t−1/2 sup

x
‖H(x, t, ·)‖1 ‖f‖qdt

≤ cT 1/2‖f‖q.

This shows

|{x ||Lf(x)| ≥ λ}| ≤ c(λ/2)−qT q/2‖f‖qq.

By our choice of T (4.2.13), this is equivalent to

|{x ||Lf(x)| ≥ λ}| ≤ c(c1)
q/(n−q)λ−r‖f‖rq

where r = qn/(n − q). Hence L is a linear operator that sends Lq

space into weak Lr space, for all q ∈ [1, n). By the Marcinkiewicz
interpolation lemma, we know that L is a bounded operator from L2

to Lp with p = 2n/(n − 2) (taking q = 2). i.e

‖Lu‖p ≤ c(c1)
1/n‖u‖2 (4.2.14)

for all u ∈ C∞
0 (M). Define

v = Lu.

Then u = L−1v and

‖u‖2
2 =< L−1v, L−1v >=< L−2v, v >=< −∆v + c2v, v >

=

∫

M
(|∇v|2 + c2v

2)dµ.

Substituting this to (4.2.14), we arrive at the Sobolev inequality

‖v‖2
p ≤ const.(c1)

2/n(‖∇v‖2
2 + c2‖v‖2

2).

If we take c1 = (nA)n/2 and c2 = A−1B as in (III), then we have a
Sobolev inequality with the claimed constants:

‖v‖2
p ≤ const.A‖∇v‖2

2 + const.B‖v‖2
2.

This proves the theorem when M is a compact manifold without
boundary. The proof of the last statement of the theorem (the result
for the Dirichlet case) follows verbatim. �
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Next we explain a result of A. Grigor’yan [Gr2] and L. Saloff-
Coste [Sal2], proven independently in the 1990s. It claims that certain
Sobolev inequality is equivalent to a Poincaré inequality and the vol-
ume doubling condition; and it is also equivalent to a parabolic Harnack
inequality for positive solutions of the heat equation. These results can
also be regarded as local version of the previous theorem.

Given M , a connected complete noncompact Riemann manifold,
denote B(x, r) the geodesic ball of center x ∈ M and radius r > 0,
denote vol(B(x, r)) by |B(x, r)|. We have the following definitions:

Definition 4.2.1 We say M satisfies the volume doubling property, if
there exists a constant d0 > 0 such that

|B(x, 2r)| ≤ d0 |B(x, r)|, ∀x ∈M, r > 0 (4.2.15)

Definition 4.2.2 We call the weak p-Poincaré inequalities hold on M
if there exists a constant cp > 0 such that ∀ f ∈ C∞(M), x ∈M, r > 0,

∫

B(x,r)
|f(y) − fr(x)|p dµ(y) ≤ cp r

p

∫

B(x,2r)
|∇f(y)|p dµ(y), where

fr(x) =

∫

B(x,r) f(y) dµ(y)

|B(x, r)| ;

(4.2.16)
in particular, for p = 2, the above inequality is called the weak L2

Poincaré inequality, i.e. for some constant P2 > 0 and ∀ f ∈ C∞(M),

∫

B(x,r)
|f(y) − fr(x)|2 dµ(y) ≤ P2 r

2

∫

B(x,2r)
|∇f(y)|2 dµ(y).

(4.2.17)

Remark 4.2.1 The word “weak” in front of the Poincaré inequality
reflects the fact that the ball on the right-hand side has twice the radius
of the ball on the left-hand side. In the Euclidean case a stronger form
of the Poincaré inequality holds, i.e. the radius of the balls on either
side is the same.

The volume doubling property actually has several interesting im-
plications which we summarize below.

Remark 4.2.2 On any complete metric space with doubling property
(4.2.15), the following inequalities are true.
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(a). If y ∈ B(x, r), then

0 <
1

d0
≤ |B(y, r)|

|B(x, r)| ≤ d0. (4.2.18)

The reason is
B(y, r) ⊆ B(x, 2r) ⇒ |B(y, r)| ≤ |B(x, 2r)| ≤ d0 |B(x, r)|.
(b). For any r > s > 0,

|B(x, r)| ≤ d0 (
r

s
)log2 d0 |B(x, s)|.

Indeed, there exists some i ∈ Z
+ such that r ∈ [ 2i−1s, 2is ]. Hence

|B(x, r)| ≤ |B(x, 2is)| ≤ di0|B(x, s)|.

Now r
s ≥ 2i−1 ⇒ i ≤ 1 + log2

r
s ⇒

|B(x, r)| ≤ d0 · d
log2

r
s

0 |B(x, s)| = d0 · 2(log2 d0) log2
r
s |B(x, s)|

⇒ |B(x, r)| ≤ d0 · (
r

s
)log2 d0 |B(x, s)|.

(c). For any r > s > 0, if x ∈ B(y, r), then

|B(y, r)|
|B(x, s)| =

|B(y, r)|
|B(x, r)| ·

|B(x, r)|
|B(x, s)| ≤ d2

0 · (
r

s
)log2 d0 . (4.2.19)

Further, if B(y, r) ∩B(x, s) 6= ∅, then x ∈ B(y, r + 2s). Therefore

|B(y, r)|
|B(x, s)| ≤

|B(y, r + 2s)|
|B(x, s)| ≤ d2

0 ·
(

r + 2s

s

)log2 d0

. (4.2.20)

The doubling property (4.2.15) and weak Poincaré inequality
(4.2.17) imply a family of Sobolev inequalities on balls. This is illus-
trated by the following theorem.

Theorem 4.2.2 Let M be a connected complete noncompact Riemann
n-manifold. Suppose there hold on M the doubling property (4.2.15)
and weak L2 Poincaré inequality (4.2.17). Then the following Nash
inequality is true:

Let ν = log2 d0, where d0 is the constant in (4.2.15). Then ∀f ∈
C∞

0 (B(x, r))

‖f‖2+ 4
ν

2 ≤ C0 r
2

|B(x, r)| 2ν
(

‖∇f‖2
2 + r−2‖f‖2

2

)

‖f‖
4
ν
1 .
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Here C0 > 0 depends only on d0, P2, the constants in the doubling
property and weak Poincaré inequality respectively.

Moreover, if ν > 2, the following Sobolev inequality is true: ∀f ∈
C∞

0 (B(x, r)),

(∫

M
|f |2ν/(ν−2)dµ

)(ν−2)/ν

≤ CS |B(x, r)|−2/νr2
∫

M
(|∇f |2 + r−2f2)dµ.

Here the constant CS depends only on d0, P2.
If ν ≤ 2, then the following Sobolev inequality is true: given any

p > 2, there exists C = C(p, d0, P2) such that, ∀f ∈ C∞
0 (B(x, r)),

(∫

M
|f |2p/(p−2)dµ

)(p−2)/p

≤ C(p, d0, P2)|B(x, r)|−2/νr2

×
∫

M
(|∇f |2 + r−2f2)dµ.

The proof of above theorem requires the following two lemmas.

Lemma 4.2.1 For ∀f ∈ C∞
0 (B(y, r)), and any 0 < s ≤ r < ∞, there

exists a positive constant c3 depending only on the doubling constant d0

such that,

‖fs‖2 ≤ c3
√

|B(y, r)|
(
r

s
)

1
2

log2 d0 ‖f‖1,

where

fs(x) ≡
1

|B(x, s)|

∫

B(x,s)
f(z)dµ(z)

is the average of f in the ball B(x, s).

Proof. First we note that if B(x, s) ∩ B(y, r) = ∅, then because f ∈
C∞

0 (B(y, r)), we have fs(x) = 1
|B(x,s)|

∫

B(x,s) f(z) dµ(z) = 0. Therefore

we can assume B(x, s) ∩B(y, r) 6= ∅.
Using (4.2.18), we deduce

‖fs‖1 =

∫

M
|fs(x)| dµ(x) ≤

∫

M

∫

B(x,s) |f(z)| dµ(z)

|B(x, s)| dµ(x)

=

∫

M

(

∫

B(z,s)

1

|B(x, s)| dµ(x)

)

|f(z)| dµ(z)

≤
∫

M

(

∫

B(z,s)

d0

|B(z, s)| dx
)

|f(z)| dµ(z)

= d0 ‖f‖1
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that is,
‖fs‖1 ≤ d0 ‖f‖1.

Applying (4.2.20), we have

|fs(x)| ≤
1

|B(x, s)|

∫

B(x,s)
|f(z)| dµ(z)

≤ 1

|B(y, r)| ·
|B(y, r)|
|B(x, s)|

∫

B(y,r)
|f(z)| dµ(z)

≤ d2
0 · ( r+2s

s )log2 d0

|B(y, r)|

∫

B(y,r)
|f(z)| dµ(z)

≤ d2
0 · 3log2 d0 · ( rs)log2 d0

|B(y, r)|

∫

B(y,r)
|f(z)| dµ(z)

where we have used f ∈ C∞
0 (B(y, r)); therefore,

‖fs‖∞ ≤ c3 · ( rs )log2 d0

|B(y, r)| ‖f‖1.

Hence

‖fs‖2 ≤ ‖fs‖1/2
∞ · ‖fs‖1/2

1 ≤ c3
√

|B(y, r)|
(
r

s
)

1
2

log2 d0 ‖f‖1

�

Remark 4.2.3 In Euclidean space Rn, the doubling constant d0 = 2n.
Then for ∀f ∈ C∞

0 (B(y, r)),

‖fs‖2 ≤ c3
√

|B(y, r)|
(
r

s
)

n
2 ‖f‖1 = (

c3

sn/2
) ‖f‖1.

�

Lemma 4.2.2 Assume the doubling property (4.2.15) and weak L2

Poincaré inequality (4.2.17) on M . Then there exists a constant δ > 0
depending only on the doubling constant d0 and weak Poincaré constant
P2 such that for ∀f ∈ C∞

0 (M) and s > 0,

‖f − fs‖2 ≤ δ s ‖∇f‖2.
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Proof. First we notice there exists a collection of balls {B(xj , s/2), j ∈
J} such that

B(xi, s/2) ∩B(xj, s/2) = ∅, if i 6= j,

M =
⋃

j∈J
2Bj , where 2Bj = B(xj, s).

We will also use kBj to denote the ball B(xj, ks/2) for other k > 0.
The doubling property implies the overlapping number

Np ≡ #{j ∈ J | p ∈ 8Bj = B(xj, 4s)} (4.2.21)

for any p ∈M is uniformly bounded from above by a constant depend-
ing only on the doubling constant d0. In fact, for all the balls B(xj, 4s)
in the collection, which contains p, it holds B(xj, s/2) ⊂ B(p, 4.5s).
Since the balls B(xj, s/2) do not overlap, we have

|B(p, 8s)| ≥
∑

{j: p∈B(xj ,4s)}
|B(xj ,

s

2
)|

≥
∑

{j: p∈B(xj ,4s)}
c4 |B(p, 8s)| = c4 |B(p, 8s)|Np.

Here c4 is a power of d0. Thus Np is uniformly bounded from above.
We compute

‖f − fs‖2
2 ≤

∑

j∈J

∫

2Bj

|f(x) − fs(x)|2 dµ(x)

=
∑

j∈J

∫

2Bj

|f(x) − f4Bj + f4Bj − fs(x)|2 dµ(x)

≤ 2
∑

j∈J

∫

2Bj

|f(x) − f4Bj |2 dµ(x)

+ 2
∑

j∈J

∫

2Bj

|f4Bj − fs(x)|2 dµ(x)

≡ (a) + (b)

where f4Bj is the average of f in the ball 4Bj = B(xj, 2s).
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We estimate

(a) = 2
∑

j∈J

∫

2Bj

|f(x) − f4Bj |2 dµ(x)

≤ 2
∑

j∈J

∫

4Bj

|f(x) − f4Bj |2 dµ(x)

≤ 8P2 s
2
∑

j∈J

∫

8Bj

|∇f(x)|2 dµ(x)

by the weak Poincaré inequality (4.2.17).

Also

(b) = 2
∑

j∈J

∫

2Bj

|f4Bj − fs(x)|2 dµ(x)

= 2
∑

j∈J

∫

2Bj

(

f4Bj −
1

|B(x, s)|

∫

B(x,s)
f(z) dµ(z)

)2

dµ(x)

= 2
∑

j∈J

∫

2Bj

1

|B(x, s)|2

(

∫

B(x,s)
[f4Bj − f(z)] dµ(z)

)2

dµ(x).

Applying Hölder inequality to the integral inside, we deduce

(b) ≤ 2
∑

j∈J

∫

2Bj

1

|B(x, s)|2

(

∫

B(x,s)
12 dµ(z)

)

×
(

∫

B(x,s)
[f4Bj − f(z)]2 dµ(z)

)

dµ(x)

≤ 2
∑

j∈J

∫

4Bj

1

|B(x, s)|

(

∫

4Bj

[f(z) − f4Bj ]
2 dµ(z)

)

dµ(x)

≤ 2
∑

j∈J

∫

4Bj

P2 (2s)2

|B(x, s)|

(

∫

8Bj

|∇f(z)|2 dµ(z)

)

dµ(x)

where we have used (4.2.17) again. Further, since x ∈ B(xj , 2s), we can
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use inequality (4.2.19) to show,

(b) ≤ 8P2 s
2
∑

j∈J

(

∫

8Bj

|∇f(z)|2 dµ(z)

)

∫

B(xj ,2s)

1

|B(x, s)| dµ(x)

≤ 8P2 s
2
∑

j∈J

(

∫

8Bj

|∇f(z)|2 dµ(z)

)

∫

B(xj ,2s)

d2
0 (2s

s )log2 d0

|B(xj , 2s)|
dµ(x)

≤ 8 d3
0 P2 s

2
∑

j∈J

∫

8Bj

|∇f(z)|2 dµ(z).

Combining parts (a)–(b) together, we have

‖f − fs‖2
2 ≤ 8(1 + d3

0)P2 s
2
∑

j∈J

∫

8Bj

|∇f(z)|2 dµ(z)

≤ 8(1 + d3
0)P2 s

2Np

∫

M
|∇f(z)|2 dµ(z).

Here Np is the overlapping number in (4.2.21), which has been shown
to depend only on the doubling number d0.

Denote δ = [8(1 + d3
0)P2Np]

1/2, then

‖f − fs‖2 ≤ δ s ‖∇f‖2.

�

Now we are ready to give a proof of the theorem.

Proof. (of the Nash inequality)
From the previous two lemmas,

‖f‖2 ≤ ‖f − fs‖2 + ‖fs‖2

≤ δ s ‖∇f‖2 +
c3

√

|B(x, r)|
(
r

s
)

1
2

log2 d0 ‖f‖1

when 0 < s ≤ r. Therefore for all s > 0, we have

‖f‖2 ≤ δ s (‖∇f‖2 + r−1‖f‖2) +
c3

√

|B(x, r)|
(
r

s
)

1
2

log2 d0 ‖f‖1.

Notice the left side ‖f‖2 is independent of s, we minimize the right side
over s > 0, to deduce:

‖f‖2+(4/ν)
2 ≤ C(d0, P2)|B(x, r)|−2/νr2(‖∇f‖2

2 + r−2‖f‖2
2) ‖f‖4/ν

1 .

Here ν = log2 d0. This is the desired Nash inequality.
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Proof. (of the Sobolev inequality.) Consider G = G(y, t, z), the
Dirichlet heat kernel in B(x, r), which is defined in (4.2.3).

Following the proof on the full space case verbatim (Theorem 4.2.1),
we know that the above Nash inequality induces an upper bound for G.
The only difference is to replace the dimension n there by the constant
ν in the Nash inequality.

G(x, t; y) ≤ C
Aν/2

tν/2
eA

−1Bt

where

A = C(d0, P2)|B(x, r)|−2/νr2, B = C(d0, P2)|B(x, r)|−2/ν .

If ν > 2, then, Davies’ argument in the same theorem ((III) to (I))
again shows the Sobolev inequality: for all v ∈ C1(M),

(∫

M
|v|2ν/(ν−2)dµ

)(ν−2)/ν

≤ S(d0, P2)|B(x, r)|−2/νr2

×
∫

M
(|∇v|2 + r−2v2)dµ

where S(d0, P2) is a positive constant depending only on d0 and P2.
If ν ≤ 2, then for any p > 2, we can enlarge d0 so that ln d0 = p.

Hence there is a1 depending on p and P2 such that

G(x, t; y) ≤ a1
Ap/2

tp/2
eA

−1Bt.

By the same argument as above, we have

(∫

M
|v|2p/(p−2)dµ

)(p−2)/p

≤ C(p, d0, P2)|B(x, r)|−2/νr2

×
∫

M
(|∇v|2 + r−2v2)dµ.

This finishes the proof of Theorem 4.2.2. �

4.3 Sobolev inequalities and isoperimetric

inequalities

Of all bounded smooth domains in the plane R2 with fixed area say π,
the unit disk has the least perimeter, which is 2π. This fact has been
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known since ancient times. Another way of stating this fact is: for all
bounded smooth domains Ω ⊂ R2,

|∂Ω|
|Ω|1/2 ≥ 2

√
π.

The equality holds if and only if Ω is a disk. This inequality is called the
isoperimetric inequality in R2. The study of isoperimetric inequalities
in various settings has been an active subject of research. We refer the
interested reader to [Cha] for a nice treatment of this subject.

In this section, we prove one basic theorem which claims that an
isoperimetric inequality is equivalent to a L1 Sobolev inequality on a
Riemann manifold.

Given a Riemann manifold M , we first define its isoperimetric con-
stant and L1 Sobolev constant.

Definition 4.3.1 The isoperimetric constant of M is

I ≡ inf
Ω

|∂Ω|
|Ω|(n−1)/n

,

where Ω varies over bounded, proper domains in M with C1 boundary.
The L1 Sobolev constant of M is

S ≡ inf
u 6=0

‖∇u‖1

‖u‖n/(n−1)

where u varies over C∞
c (M), the class of smooth functions with compact

support.

The following theorem was proven by Federer-Fleming and Maźya
independently.

Theorem 4.3.1 The isoperimetric constant and L1 Sobolev constant
are equal, i.e. I = S.

Proof. Let Ω be a bounded, proper C1 domain in M . For sufficiently
small ǫ we introduce the function

uǫ(x) =











1, x ∈ Ω,

1 − ǫ−1d(x, ∂Ω), x ∈ Ωc, d(x, ∂Ω) < ǫ,

0, x ∈ Ωc, d(x, ∂Ω) ≥ ǫ.
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It is clear that uǫ is a Lipschitz function and that

lim
ǫ→0

‖∇uǫ‖1 = |∂Ω|,

lim
ǫ→0

‖uǫ‖n/(n−1) = |Ω|(n−1)/n.

Hence

I = infΩ
|∂Ω|

|Ω|(n−1)/n
= infΩ lim

ǫ→0

‖∇uǫ‖1

‖uǫ‖n/(n−1)
≥ S.

Note uǫ may not be an eligible function in the definition of L1 Sobolev
constant since it is not C∞ in general. However one can approximate
uǫ by a sequence of smooth functions to make the argument rigorous.

Next we need to prove I ≤ S, i.e.

I ‖u‖n/(n−1) ≤ ‖∇u‖1 (4.3.1)

for any u ∈ C∞
c (M). For a given u ∈ C∞

c (M) and t ≥ 0 we consider
the sets

Ω(t) = {x | |u(x)| > t}, L(t) = ∂Ω(t).

By the coarea formula (cf. Theorem 2.7.1 [Zi] e.g.),

∫

M
|∇u|dµ =

∫ ∞

0
|L(t)|dt ≥ I

∫ ∞
|Ω(t)|(n−1)/ndt.

Also
∫

M
|u|n/(n−1)dµ =

n

n− 1

∫ ∞

0
t1/(n−1)|Ω(t)|dt.

So the proof of (4.3.1) is reduced to proving

(

n

n− 1

∫ ∞

0
t1/(n−1)|Ω(t)|dt

)(n−1)/n

≤
∫ ∞

0
|Ω(t)|(n−1)/ndt. (4.3.2)

To prove this inequality we consider the functions

F (s) ≡
(

n

n− 1

∫ s

0
t1/(n−1)|Ω(t)|dt

)(n−1)/n

,

G(s) ≡
∫ s

0
|Ω(t)|(n−1)/ndt.

By direct calculation and the fact that |Ω(t)| is a nonincreasing function
of t, we have

F ′(s) ≤ G′(s), s ≥ 0.
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This and F (0) = G(0) = 0 show that F (∞) ≤ G(∞). Hence we have
proven (4.3.2) and consequently I ≤ S. �

Note that the L1 Sobolev inequality

‖u‖n/(n−1) ≤ c1‖∇u‖1

easily implies the L2 Sobolev inequality

‖u‖2n/(n−2) ≤ c2‖∇u‖2

for all u ∈ C∞
c . Therefore, if the isoperimetric constant of M is positive,

then the above L2 Sobolev inequality holds on M . But in general the
isoperimetric constant can be 0.

Exercise 4.3.1 Prove that the L1 Sobolev inequality implies the L2

Sobolev inequality.

Next we discuss the relation between a Sobolev inequality and the
Faber-Krahn inequality. The later can also be regarded as a type of
isoperimetric inequality. This time the quantities involved are the vol-
ume and the principal eigenvalues of a domain.

Let Ω ⊂ M be a precompact domain with smooth boundary. The
principal eigenvalue is

λ(Ω) = inf
06=u∈C∞

0 (Ω)

∫

Ω |∇u|2dµ
∫

Ω u
2dµ

. (4.3.3)

Theorem 4.3.2 Let M be a Riemann manifold of dimension n ≥ 3.
The L2 Sobolev inequality: for all u ∈ C∞

c (M)

‖u‖2n/(n−2) ≤ s2‖∇u‖2

is equivalent to the Faber-Krahn inequality:

λ(Ω) ≥ k|Ω|−2/n

for all precompact domain Ω with smooth boundary. Here s2 and k are
positive constants.

Proof. One direction of proof is very simple. Suppose the L2 Sobolev
inequality holds. Let u be a normalized eigenfunction of λ(Ω). Then

∆u+ λ(Ω)u = 0, ‖u‖L2(Ω) = 1.



4.3. Sobolev inequalities and isoperimetric inequalities 131

By assigning 0 value outside of Ω, we can regard u as a weakly differen-
tiable function with compact support in M . Applying the L2 Sobolev
inequality and using integration by parts, we have

‖u‖2
2n/(n−2) ≤ s22‖∇u‖2

2 = s22‖u∆u‖1 = s22λ(Ω)‖u‖2
2 = s22λ(Ω).

The Hölder inequality implies

1 = ‖u‖2
2 ≤ ‖u‖2

2n/(n−2)|Ω|2/n.

Combining the last two inequalities, we deduce

λ(Ω) ≥ s−2
2 |Ω|−2/n

which is the Faber-Krahn inequality with k = s−2
2 .

Next we prove that the Faber-Krahn inequality implies the L2

Sobolev inequality. Actually we will first prove an upper bound for the
heat kernel G = G(x, t, y) on the whole manifold M . The L2 Sobolev
inequality then follows as a result of Theorem 4.2.1.

Fixing y, let u = u(x, t) = G(x, t, y). Consider the integral

I(t) ≡
∫

M
u2(x, t)dµ.

Using integration by parts, we have

I ′(t) = 2

∫

M
uutdµ = −2

∫

M
|∇u|2(x, t)dµ. (4.3.4)

For any positive constant s, we know that

u2 ≤ (u− s)2+ + 2su.

Therefore

I(t) ≤
∫

M
(u− s)2+dµ+

∫

M
2sudµ.

For fixed s, t > 0, consider the domains

D(s, t) ≡ {x |x ∈M,u(x, t) > s}

and its principal eigenvalue

λ(D(s, t)) = inf
06=v∈C∞

0 (D(s,t))

‖∇v‖2
2

‖v‖2
2

.
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By taking v = (u− s)+, we deduce

I(t) ≤
∫

M
|∇(u− s)+|2dµ λ(D(s, t))−1 + 2s

which implies

I(t) ≤
∫

M
|∇u|2dµ λ(D(s, t))−1 + 2s. (4.3.5)

Here we have used the property that
∫

M udµ = 1 which also shows

|D(s, t)| ≤ s−1.

The Faber-Krahn inequality then tells us

λ(D(s, t)) ≥ k|D(s, t)|−2/n ≥ ks2/n.

If D(s, t) is not precompact, we can use a sequence of precompact
domains to approximate it. This and (4.3.5) imply that

I(t) ≤
∫

M
|∇u|2dµ k−1s−2/n + 2s.

Minimizing the right-hand side, we deduce

I(t) ≤ c(n)k−n/(n+2)

(
∫

M
|∇u|2dµ

)n/(n+2)

.

Using this and (4.3.4) we arrive at the inequality

I ′(t) ≤ −c(n)k I(t)(n+2)/n.

Integrating from t/2 to t, we know that

I(t) ≤ c(n, k)

tn/2
, t > 0.

The reproducing property of the heat kernel then shows, as in the proof
of the Nash inequality in Theorem 4.2.1, that

G(x, t, y) ≤ c(n, k)

tn/2
, t > 0.

Here the value of c(n, k) may have changed. As mentioned earlier the
L2 Sobolev inequality now follows as a result of Theorem 4.2.1. �
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4.4 Parabolic Harnack inequality

We will prove the following Harnack inequality for solutions of the heat
equation on certain manifolds satisfying volume doubling property and
weak Poincaré inequality. Our presentation is modeled on that in [Sal].
The result is a generalization of Moser’s [Mo1] Harnack inequality for
second order parabolic equations of divergence form and with bounded
coefficients in Rn. For simplicity we will just consider the heat equation.

Theorem 4.4.1 (Harnack inequality) Let M be a connected complete
noncompact Riemann n-manifold. Then the doubling property (4.2.15)
and weak L2 Poincaré inequality (4.2.17) together is equivalent to the
following Harnack inequality:

Let u be a positive solution the heat equation in Q = B(x0, r)× [t0−
r2, t0], then u satisfies

sup
Q−

u ≤ CH inf
Q+

u.

Here Q− = B(x, δr)× [t0 −ηr2, t0 −ρr2], Q+ = B(x, δr)× [t0 − ǫr2, t0],
0 < ǫ < ρ < η < 1, 0 < δ < 1, and CH is a positive constant depending
only on ǫ, η, δ, ρ, and on the controlling constants d0 and P2 in the
doubling and the weak L2 Poincaré inequality.

Remark 4.4.1 The gap in time direction between Q− and Q+ is nec-
essary. The constant CH can become infinity when ρ approaches ǫ.

Proof of the theorem, (D) + (WP ) implies Harnack inequality.
Here (D) stands for the doubling property and (WP ) stands for

weak L2 Poincaré inequality.
The proof takes several steps.
Step 1. We show that (D) and (WP) imply a mean value inequality

for solutions of the heat equation.
From last section, we know that (D) and (WP) yield a Sobolev

inequality. From here the Moser’s iteration gives us a L2 mean value
inequality. The details are given in the next paragraph.

Let u be a positive solution to the heat equation ∆u − ∂tu = 0 in
the region

Qσr(x, t) ≡ {(y, s) | y ∈M, t− (σr)2 ≤ s ≤ t, d(y, x) ≤ σr}.

Here r > 0, 2 ≥ σ ≥ 1. Given any p ≥ 1, it is clear that

∆up − ∂tu
p ≥ 0. (4.4.1)
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Let φ : [0,∞) → [0, 1] be a smooth function such that |φ′| ≤ 2/((σ−
1)r), φ′ ≤ 0, φ(l) = 1 when 0 ≤ l ≤ r, φ(l) = 0 when l ≥ σr. Let
η : [0,∞) → [0, 1] be a smooth function such that |η′| ≤ 2/((σ − 1)r)2,
η′ ≥ 0, η ≥ 0, η(s) = 1 when t−r2 ≤ s ≤ t, η(s) = 0 when s ≤ t−(σr)2.

Define ψ = ψ(y, s) = φ(d(x, y))η(s). Writing w = up and using wψ2

as a test function on (4.4.1), we deduce

∫

∇(wψ2)∇wdµ(y)ds ≤ −
∫

(∂sw)wψ2dµ(y)ds. (4.4.2)

By direct calculation

∫

∇(wψ2)∇wdµ(y)ds =

∫

|∇(wψ)|2dµ(y)ds −
∫

|∇ψ|2w2dµ(y)ds.

(4.4.3)
Next we estimate the right-hand side of (4.4.2).

−
∫

(∂sw)wψ2dµ(y)ds =

∫

w2ψ∂sψdµ(y)ds − 1

2

∫

(wψ)2|s=tdµ(y).

Combing the last three inequalities, we obtain,

∫

|∇(wψ)|2dµ(y)ds +
1

2

∫

(wψ)2|s=tdµ(y)

≤ c

(σ − 1)2r2

∫

Qσr(x,t)

w2dµ(y)ds. (4.4.4)

By Hölder’s inequality, for any fixed ν > 2,

∫

(ψw)2(1+(2/ν)dµ(y) ≤
(∫

(ψw)2ν/(ν−2)dµ(y)

)(ν−2)/ν

×
(∫

(ψw)2dµ(y)

)2/ν

. (4.4.5)

From Theorem 4.2.2, the following Sobolev imbedding holds: for a
constant S = S(d0, P2) and ν > 2,

(
∫

(ψw)2ν/(ν−2)dµ(y)

)(ν−2)/ν

≤ Sσ2r2

|B(x, σr)|2/ν
∫

[|∇(ψw)|2

+ r−2(ψw)2]dµ(y).
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Therefore we have

(∫

(ψw)2ν/(ν−2)dµ(y)

)(ν−2)/ν

≤ Sσ2r2

|B(x, σr)|2/ν
∫

[|∇(ψw)|2

+ r−2(ψw)2]dµ(y). (4.4.6)

for s ∈ [t−(σr)2, t] and ψw = ψw(y, s). Substituting (4.4.5) and (4.4.6)
to (4.4.4), we arrive at the estimate

∫

Qr(x,t)
w2θdµ(y)ds ≤ Sr2

|B(x, σr)|2/ν
(

1

(σ − 1)2r2

∫

Qσr(x,t)
w2dµ(y)ds

)θ

,

(4.4.7)
with θ = 1 + (2/ν). This inequality is often referred to as the reverse
Hölder inequality.

Now we apply (4.4.7) with the parameters σ0 = 2, σi = 2−Σi
j=12

−j

and pi = θi. Carrying out Moser’s iteration and using the volume dou-
bling property, we derive a L2 mean value inequality: for some constant
C = C(S, d0),

sup
Qr/2(x,t)

u2 ≤ C(S, d0)

r2|B(x, r)|

∫

Qr(x,t)
u2dµ(y)ds.

From a generic trick in [LS] e.g., the L2 mean value inequality im-
plies Lp mean value inequality for any p > 0, i.e. for some constant
C = C(S, d0, p)

sup
Qr/2(x,t)

up ≤ C(S, d0, p)

r2|B(x, r)|

∫

Qr(x,t)
updµ(y)ds. (4.4.8)

Step 2. upper bound for weak L1 norms of lnu−1 and lnu.

Let u be a positive super-solution to the heat equation in the domain
B(x0, r) × [t − r2, t], i.e. ∆u − ∂tu ≤ 0. For two numbers δ, ρ ∈ (0, 1),
we write

R+ = B(x0, δr)× [t0 − ρr2, t0], R− = B(x0, δr)× [t0 − r2, t0 − ρr2].

We will show the following:
There exists a positive constant c0 = c0(δ, ρ, d0, P2) and a constant

a, depending on u and given in (4.4.14) below, such that, for all λ > 0,
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|{(x, t) ∈ R+ | lnu−1 > λ+ a}| ≤ c0λ
−1|B(x0, r)|r2,

|{(x, t) ∈ R− | lnu > λ− a}| ≤ c0λ
−1|B(x0, r)|r2.

(4.4.9)

We will just give a detailed proof of the first inequality since the
second one is similar. Write w = − lnu. Since u is a super-solution,
direct calculation shows

∆w − ∂tw − |∇w|2 ≥ 0. (4.4.10)

Consider the function λ : [0, 1] → [0, 1] defined by

λ = 1 on [0, δ], λ(s) =
1 − s

1 − δ
, s ∈ [δ, 1].

Take φ = φ(x) = λ(d(x0, x)/r) and use φ2 as a test function in (4.4.10),
we have

d

dt

∫

wφ2dµ(x)

≤
∫

(∆w)φ2dµ(x) −
∫

|∇w|2φ2dµ(x)

= −2

∫

φ∇w∇φdµ(x) −
∫

|∇w|2φ2dµ(x)

≤ −1

2

∫

|∇w|2φ2dµ(x) + 2

∫

|∇φ|2dµ(x)

Hence

d

dt

∫

wφ2dµ(x) +
1

2

∫

|∇w|2φ2dµ(x) ≤ 2

[(1 − δ)r]2
|B(x0, r)|.

Now we apply, on the above inequality, the following weighted
Poincaré inequality

∫

|w − w̄φ|2φ2dµ(x) ≤ Cδ(d0, P2)r
2

∫

|∇w|2φ2dµ(x), (4.4.11)

where

w̄φ =

∫

wφ2dµ(x)/

∫

φ2dµ(x).

The proof of (4.4.11) will be explained as part of Proposition 4.4.1 at
the end of this section. We obtain

d

dt

∫

wφ2dµ(x)+(Cδr
2)−1

∫

|w−w̄φ|2φ2dµ(x) ≤ 2

[(1 − δ)r]2
|B(x0, r)|.
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Since
∫

φ2dµ(x) and |B(x0, r)| are comparable for a fixed δ ∈ (0, 1),
the above implies

d

dt
w̄φ + (Cδr

2|B(x0, r)|)−1

∫

|w − w̄φ|2φ2dµ(x) ≤ C

[(1 − δ)r]2
.

For simplicity we write

V1 = Cδr
2|B(x0, r)|, V2 =

C

[(1 − δ)r]2
,

so the above inequality becomes

d

dt
w̄φ + V −1

1

∫

|w − w̄φ|2φ2dµ(x) ≤ V2. (4.4.12)

Fixing t1 = t0 − ρr2, define

w1(x, t) = w(x, t) − V2(t− t1)

w̄φ,1 = w̄φ − V2(t− t1).

Then they satisfy, via (4.4.12), the inequality

d

dt
w̄φ,1 + V −1

1

∫

|w1 − w̄φ,1|2φ2dµ(x) ≤ 0. (4.4.13)

Here

w̄φ,1 =

∫

w1φ
2dµ(x)/

∫

φ2dµ(x)

is the φ2- weighted average of w1(·, t).
Set

a = w̄φ,1(t1) (4.4.14)

For a given λ > 0 and t ∈ [t0 − r2, t0], we identify the regions,

D+
t (λ) = {x ∈ B(x0, δr) | w1(x, t) > a+ λ},

D−
t (λ) = {x ∈ B(x0, δr) | w1(x, t) < a− λ}.

We consider two cases. For the first bound in (4.4.9), consider:
Case 1. t > t1 = t0 − ρr2 and x ∈ D+

t (λ).
Then

w1(x, t) − w̄φ,1(t) ≥ a+ λ− w̄φ,1(t) ≥ λ. (4.4.15)
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Here we just used the definition a = w̄φ,1(t1) and the fact that w̄φ,1(t)
is a decreasing function of t, by virtue of (4.4.13). Next we reduce the
integral in (4.4.13) by integrating only on D+

t (λ). This gives

d

dt
w̄φ,1(t) + V −1

1 |λ+ a− w̄φ,1(t)|2 |D+
t (λ)| ≤ 0.

Writing
f(t) = w̄φ,1(t) − (λ+ a),

we then turn the above inequality into

f ′(t) + V −1
1 |D+

t (λ)|f2 ≤ 0.

As we have seen earlier in applying the Nash inequality, this kind
of ordinary differential inequality with a square nonlinearity usually
produces useful information. Indeed, solving from t1 to t0, we arrive at

V1(
1

f(t0)
− 1

f(t1)
) ≥

∫ t0

t1

|D+
t (λ)|dt.

Let us recall that

f(t1) = w̄φ,1(t1) − (λ+ a) = −λ,

and that f(t) ≤ 0 when t ≥ t1. Therefore the above implies

|{(x, t) ∈ R+ |w1(x, t) > λ+ a}| ≤ V1λ
−1.

Recalling that

w1 = w − V2(t− t1) = − lnu− V2(t− t1),

we now deduce, the first bound in (4.4.9)

|{(x, t) ∈ R+ | lnu−1 > λ+ a}| ≤ c0λ
−1|B(x0, r)|r2.

Here we just used the fact that V2(t − t1) ≤ Cρ/(1 − δ)2 which is a
constant by definition. For the second bound in (4.4.9), consider:

Case 2. t ≤ t1 = t0 − ρr2 and x ∈ D−
t (λ).

In this case, we have, just like Case 1,

w1(x, t) − w̄φ,1(t) ≤ a− λ− w̄φ,1(t) ≤ −λ. (4.4.16)

The second inequality in (4.4.9) follows in the same manner. This
completes Step 2.

Step 3. In this step, we prove the following interpolation result
concerning Lp norms of a function.
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Lemma 4.4.1 Let Rσ, σ ∈ (0, 1] be measurable subset of M ×R such
that Rσ′ ⊂ Rσ if σ′ ≤ σ. Let m,k, and δ ∈ [12 , 1], p1 < p0 ≤ ∞ be
positive constants.

Suppose f is a positive measurable function satisfying the two as-
sumptions.

1. Reverse Hölder inequality.

‖f‖p0,Rσ′ ≤ K
[

(σ − σ′)−m|R1|−1
](1/p)−(1/p0) ‖f‖p,Rσ

for all σ, σ′, p such that 1
2 ≤ δ ≤ σ′ ≤ σ ≤ 1, 0 < p ≤ p1 < p0;

2. Upper bound for weak L1 norm.

|{(x, t) ∈ R1 | ln f > λ}| ≤ K|R1|λ−1,

for all λ > 0.
Then there exists a positive constant ξ depending only on m, δ and

the lower bound of (1/p1) − (1/p0) such that

‖f‖p0,Rδ
≤ |R1|1/p0eξ(1+K

3).

Proof. Without loss of generality we take |R1| = 1. Set, for σ ∈ [δ, 1],

ψ = ψ(σ) = ln(‖f‖p0,Rσ). (4.4.17)

Fixing σ, we split Rσ into the sets where ln f > ψ(σ)/2 or else. By
Hölder’s inequality, we have

‖f‖p,Rσ ≤ ‖f‖p0,Rσ |{(x, t) ∈ Rσ | ln f > ψ(σ)/2}|(1/p)−(1/p0) + eψ(σ)/2.

By Assumption 2, this shows

‖f‖p,Rσ ≤ eψ(σ)

(

2K

ψ(σ)

)(1/p)−(1/p0)

+ eψ(σ)/2. (4.4.18)

If ‖f‖p0,Rσ ≤ e2K , then there is nothing to prove. So we assume

‖f‖p0,Rσ > e2K , i.e. ψ(σ) > 2K.

In this case, we can choose p (less than p0) such that

eψ(σ)

(

2K

ψ(σ)

)(1/p)−(1/p0)

= eψ(σ)/2. (4.4.19)

Therefore (4.4.18) becomes

‖f‖p,Rσ ≤ 2eψ(σ)/2 . (4.4.20)
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Now, from this and Assumption 1, the reverse Hölder inequality, we
have

ψ(σ′) = ln ‖f‖p0,Rσ′

≤ ln
(

[K(σ − σ′)−m](1/p)−(1/p0) ‖f‖p,Rσ

)

≤ ln
(

2[K(σ − σ′)−m](1/p)−(1/p0) eψ(σ)/2
)

.

That is

ψ(σ′) ≤ 1

2
ψ(σ) +

(

1

p
− 1

p0

)

ln[K(σ − σ′)−m] + ln 2

for all δ ≤ σ′ < σ ≤ 1. Solving (4.4.19), we know that

1

p
− 1

p0
=

ψ(σ)

2 ln(ψ(σ)/(2K)))
.

Hence

ψ(σ′) ≤ 1

2
ψ(σ) +

ψ(σ)

2 ln(ψ(σ)/(2K)))
ln[K(σ − σ′)−m] + ln 2

for all δ ≤ σ′ < σ ≤ 1.
Now, if

ψ(σ) ≥ 2K3(σ − σ′)−2m,

then the above shows

ψ(σ′) ≤ 3

4
ψ(σ) + 2.

Therefore, we always have, since σ − σ′ < 1,

ψ(σ′) ≤ 3

4
ψ(σ) + 2(K3 + 1)(σ − σ′)−2m. (4.4.21)

By easy iteration, there exists c > 0 such that

ln ‖f‖p0,Rδ
≡ ψ(δ) ≤ c(1 − δ)−2m(1 +K3).

This ends the proof of the lemma. �

Step 4. We prove the Harnack inequality in this step.
Recall that u is a positive solution in Q = B(x0, r)× [t0−r2, t0]. We

want to bound the maximum of u in Q− = B(x0, δr)×[t0−ηr2, t0−ρr2]
by its infimum in Q+ = B(x0, δr) × [t0 − ǫr2, t0]. To this end, let us
construct two families of parabolic cubes contained in Q such that one
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family is an expansion of Q+ while the other is an expansion of Q−.
More precisely, we let, for σ ∈ [δ, 1],

Q+,σ = B(x0, σr) × [t0 − l1(σ)ǫr2, t0],

Q−,σ = B(x0, σr) × [t0 − l2(σ)ηr2, t0 − ρr2].

Here l1 is a linear function such that l1(δ) = 1 and l1(1)ǫ = ρ; and l2
is a linear function such that l2(δ) = 1 and l2(1)η = 1.

Let a be the constant in (4.4.9) in Step 2. Then from (4.4.9), we
know that the function f = eau satisfies the weak L1 bound in Q−,σ. It
also satisfies the reverse Hölder inequality (4.4.7). Therefore, Lemma
4.4.1 shows that, for some p0 > 0,

ea‖u‖p0,Q−,(1+δ)/2
≤ [r2|B(x0, r)|]1/p0eξ(1+K

3).

Similarly, one can apply Lemma 4.4.1 for the function e−au−1 in
Q+,σ, with p0 chosen as infinity. One concludes

e−a sup
Q+

u−1 ≤ eξ(1+K
3).

Next, combining these two inequalities with the mean value inequality
in Step 1 (applied on the cube Q−,(1+δ)/2), we deduce

sup
Q−

u ≤ Ce2ξ(1+K
3) inf
Q+

u.

So we have proven the Harnack inequality except for the weighted
Poincaré inequality (4.4.11) which will be done in Proposition 4.4.1
after the proof of the theorem.

Proof of the theorem, Harnack inequality implies (D)+(WP ), i.e. dou-
bling condition and weak L2 Poincaré inequality.

First we show that the Harnack inequality implies the doubling
condition of geodesic balls. Fixing x ∈ M , let G = G(x, t, y) be the
heat kernel, i.e. the fundamental solution of the heat equation on M .
Picking r > 0 and y ∈ B(x, r), the Harnack inequality applied on cubes
of size r shows

G(x, r2, x) ≤ CG(x, 2r2, y).

Integrating this over B(x, r) with respect to y, we obtain

|B(x, r)|G(x, r2, x) ≤ C

∫

G(x, 2r2, y)dµ(y) = C.
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i.e.

G(x, r2, x) ≤ C

|B(x, r)| . (4.4.22)

Actually, a parallel lower bound for G also holds. Here is a proof.
Consider the function

u = u(z, s) =

∫

B(x,r)
G(z, s, y)dµ(y).

This is a solution to the heat equation and u(z, 0) = 1 for all z ∈
B(x, r). So we can extend u even when s < 0 by setting u(z, s) = 1, z ∈
B(x, r), s < 0. Now this extended function u is a positive solution to the
heat equation in B(x, r)× (−∞,∞). Applying the Harnack inequality
twice on cubes of size comparable to r and suitable vertex, we find

1 = u(x,−r2/4) ≤ Cu(x, r2/2) = C

∫

B(x,r)
G(x, r2/2, y)dµ(y)

≤ C2

∫

B(x,r)
G(x, r2, x)dµ(y) = C2|B(x, r)| G(x, r2, x).

This shows, together with (4.4.22), the so-called on-diagonal lower and
upper bound for the heat kernel:

1

C2|B(x, r)| ≤ G(x, r2, x) ≤ C

|B(x, r)| . (4.4.23)

Here C is the constant in the Harnack inequality. By this and the
Harnack inequality again

1

C2|B(x, r)| ≤ G(x, r2, x) ≤ CG(x, 4r2, x) ≤ C2

|B(x, 2r)| .

Hence
|B(x, 2r)| ≤ C4|B(x, r)|.

This is the doubling condition.
Finally we will prove the weak Poincaré inequality by the Harnack

inequality. We will use the method in [KS] as presented in [Sal2].
Pick a geodesic ball B(x, r). Let P = P (y, t, z) be the heat kernel

with Neumann boundary condition on B(x, r). By Harnack inequality,
as in the proof of (4.4.23), we know that

P (y, r2, z) ≥ C

|B(x, r)|
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for all y, z in the ball of half the size: B(x, r/2). Now we pick a smooth
function f in B(x, r). Define

u(y, t) = (P ∗ f)(y, t) =

∫

B(x,r)
P (y, t, z)f(z)dµ(z),

which is a solution to the heat equation in B(x, r) with Neumann
boundary condition. By the lower bound for P , we have

[P ∗ (f − u(y, r2))2](y, r2) ≥ C

|B(x, r)|

∫

B(x,r/2)
|f(z) − u(y, r2)|2dµ(z)

Let fB(x,r/2) be the average of f in B(x, r/2), then it immediately
implies

[P ∗ (f − u(y, r2))2](y, r2) ≥ C

|B(x, r)|

∫

B(x,r/2)
|f(z) − fB(x,r/2)|2dµ(z).

Integrating over B(x, r/2) and using the doubling property of geodesic
balls just proven, we deduce

∫

B(x,r/2)
[P ∗ (f − u(y, r2))2](y, r2)dµ(y)

≥ C

∫

B(x,r/2)
|f(z) − fB(x,r/2)|2dµ(z). (4.4.24)

Next we bound the left-hand side of the above inequality.

∫

B(x,r/2)
[P ∗ (f − u(y, r2))2](y, r2)dµ(y)

=

∫

B(x,r/2)

∫

B(x,r)
P (y, r2, z)(f(z) − u(y, r2))2dµ(z)dµ(y)

≤
∫

B(x,r)

∫

B(x,r)
P (y, r2, z)(f2(z) − 2f(z)u(y, r2)

+ u2(y, r2))dµ(z)dµ(y).

Using the fact that
∫

B(x,r) P (y, r2, z)dµ(z) = 1 and
∫

B(x,r) P (y, r2, z)f(z)dµ(z) = u(y, r2), we can convert the above in-
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equality into
∫

B(x,r/2)
[P ∗ (f − u(y, r2))2](y, r2)dµ(y)

≤
∫

B(x,r)
f2(z)dµ(z) −

∫

B(x,r)
u2(z, r2)dµ(z)

= −
∫ r2

0
∂s

∫

B(x,r)
u2(z, s)dµ(z)ds

= 2

∫ r2

0

∫

B(x,r)
|∇u(z, s)|2dµ(z)ds via integration by parts.

Note that

∂s

∫

B(x,r)
|∇u(z, s)|2dµ(z)

= 2

∫

B(x,r)
∇u(z, s)∇∆u(z, s)dµ(z) = −2

∫

B(x,r)
|∆u(z, s)|2dµ(z) ≤ 0.

Therefore
∫

B(x,r/2)
[P ∗ (f − u(y, r2))2](y, r2)dµ(y) ≤ 2r2

∫

B(x,r)
|∇f(z)|2dµ(z).

Substituting this to (4.4.24), we arrive at
∫

B(x,r/2)
|f(z) − fB(x,r/2)|2dµ(z) ≤ Cr2

∫

B(x,r)
|∇f(z)|2dµ(z),

which is the desired weak Poincaré inequality. �

The next proposition shows that doubling condition and weak L2

Poincaré inequality imply certain weighted L2 Poincaré inequality,
which is crucial to the proof of the parabolic Harnack inequality in
the last theorem.

For simplicity, we choose a weight function which is radial relative
to a fixed point. For more general weights see Theorem 5.3.4 in [Sal].

Proposition 4.4.1 Let λ : [0, 1] → [0, 1] be defined by

λ = 1 on [0, δ], λ(s) =

(

1 − s

1 − δ

)m

, s ∈ [δ, 1].

Here m > 0 is a constant. For x0, x ∈ M and r > 0, define φ =
φ(x) = λ(d(x0, x)/r). Suppose the doubling condition (4.2.15) and the
following weak L2 Poincaré inequality with parameter κ hold in M :
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there exist constants κ > 1 and Pκ > 0 such that for any f ∈
C∞(B(x, kr)),

∫

B(x,r)
|f(y) − fB(x,r)|2 dµ(y) ≤ Pκ r

2

∫

B(x,κr)
|∇f(y)|2 dµ(y),

x ∈M, r > 0. (4.4.25)

Here

fB(x,r) = |B(x, r)|−1

∫

B(x,r)
f(y)dµ(y).

Then for any f ∈ C∞(B(x0, r)), there exists C = C(δ,m, d0, Pκ)
such that

∫

|f − f̄φ|2φdµ ≤ Cr2
∫

|∇f |2φdµ,

where

f̄φ =

∫

fφdµ/

∫

φdµ.

Proof. The idea of the proof, according to D. Jerison [Je], is to use
a Whitney type covering and to decompose the integrals into the sum
of integrals over the balls in the covering. We will just present the key
part and leave many details as exercises. A complete proof can be found
in Section 5.3 of [Sal]. We divide the proof into several steps.

Step 1. In this step, we show that if the weak L2 Poincaré inequal-
ity (4.4.25) with parameter κ holds then it actually holds when κ is
replaced by any constant τ > 1. Consequently we will always take
κ = 2 in (4.4.25) for the rest of the proof, i.e. we will always assume
(4.2.17) holds.

The statement when τ ≥ κ is trivially true. The case when τ ∈ (1, κ)
is left as an exercise.

Exercise 4.4.1 Prove the following result:
Suppose the doubling condition (4.2.15) and weak L2 Poincaré in-

equality (4.4.25) with parameter κ hold in M . Then for any τ ∈ (1, κ],
there exist positive constant c = c(τ, d0, Pκ) such that

∫

B(x,r)
|f(y) − fB(x,r)(x)|2 dµ(y) ≤ c r2

∫

B(x,τr)
|∇f(y)|2 dµ(y)

for all f ∈ C∞(B(x, τr)), r > 0.
The idea of the proof is to use Vitali type covering. See Lemma

5.3.1 in [Sal].
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Step 2. Whitney type covering.
Fixing the ball E ≡ B(x0, r), one can show that there exists a

collection F of balls B with the following properties:
(1) The balls in F are disjoint.
(2) E ⊂ ∪B∈F2B. Here and later, for a positive number λ, the

notation λB stands for the ball at the same center as B but with λ
times the radius of B.

(3) For any ball B ∈ F, the radius of B, called r(B), satisfies

r(B) = 10−3d(B, ∂E), 103B ⊂ E.

(4) There exists a positive constant K depending only on d0 such
that

sup
x∈E

Cardinal{B ∈ F |x ∈ 100B} ≤ K.

Exercise 4.4.2 Prove that the above Whitney type covering exists.

Step 3. The concepts of central balls and subcollection F (B).

Let F be a covering of E, which satisfies properties (1)–(4) in Step
2. Then there exists a ball B0 ∈ F such that 2B0 contains the point
x0, the center of E. We call such a ball B0 a central ball of F and use
xB to denote the center of B0.

Given B ∈ F with center xB, let γB be a minimum geodesic con-
necting x0 and xB . Then we can find a finite subcollection of F:

F (B) = {B0, . . . , Bl(B)}

such that Bl(B) = B and

2B̄i ∩ 2B̄i+1 6= empty, 2Bi ∩ γB 6= empty, i = 0, . . . , l(B).

Exercise 4.4.3 Prove that the following properties hold:
(i) For any B ∈ F,

d(γB , ∂E) ≥ 1

2
d(B, ∂E) = 500r(B).

(ii) For any B ∈ F and any two consecutive balls Bi, Bi+1 in F (B),

1.01−1r(Bi) ≤ r(Bi+1) ≤ 1.01r(Bi),

Bi+1 ⊂ 4Bi,

|4Bi ∩ 4Bi+1| ≥ cmax{|Bi|, |Bi+1|}.
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(iii) For any B ∈ F and ball A ∈ F (B), B ⊂ 104A.

All these properties are obviously true in Rn. The point is that
they hold in the general setting of metric spaces where only the volume
doubling condition is assumed. Detailed proofs can be found in Lemmas
5.3.6, 5.3.7 and 5.3.8 of [Sal].

Using this exercise we can prove the following claim which controls
the difference of the average of f over consecutive balls in F (B). Here
we use the notation fB to denote the average of f in the ball B.

Claim: Under the assumptions of the proposition, there exists a pos-
itive constant C such that for any ball B ∈ F and any consecutive balls
Bi, Bi+1 ∈ F (B),

|f4Bi − f4Bi+1 | ≤ C
r(Bi)

|Bi|1/2
(
∫

32Bi

|∇f |2dµ
)1/2

.

The proof goes like this.

|4Bi∩4Bi+1|1/2|f4Bi − f4Bi+1 |

=

(∫

4Bi∩4Bi+1

|f4Bi − f4Bi+1 |2dµ
)1/2

≤
(∫

4Bi∩4Bi+1

|f − f4Bi |2dµ
)1/2

+

(∫

4Bi∩4Bi+1

|f − f4Bi+1 |2dµ
)1/2

≤
(
∫

4Bi

|f − f4Bi |2dµ
)1/2

+

(
∫

4Bi+1

|f − f4Bi+1 |2dµ
)1/2

≤ Cr(Bi)

(
∫

8Bi

|∇f |2dµ
)1/2

+ Cr(Bi+1)

(
∫

8Bi+1

|∇f |2dµ
)1/2

.

Here the last step is due to the weak Poincaré inequality (4.2.17). The
claim follows by (ii) of the previous exercise.

Step 4. Let F be a Whitney type covering for E = B(x0, r), which
was constructed in Step 2. Since E ⊂ ∪B∈F2B and supp φ ⊂ E by
construction, we can use Minkowski inequality to deduce

∫

|f − f4B0 |2φdµ ≤ ΣB∈F

∫

2B
|f − f4B0 |2φdµ

≤ 22ΣB∈F

∫

4B
(|f − f4B |2 + |f4B − f4B0 |2)φdµ.
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Here and later in the proof, B0 stands for a central ball of the covering.
Therefore
∫

|f − f4B0 |2φdµ ≤ 22ΣB∈F

∫

4B
|f

− f4B |2φdµ+ 22ΣB∈F|f4B − f4B0 |2φ(4B)

≡ T1 + T2

(4.4.26)
where and later

φ(S) ≡
∫

S
φdµ, S ⊂M.

We can bound T1 in the following manner. By property (3) in Step
2, the weight φ satisfies

sup
x∈B

φ ≤ C inf
x∈B

φ, B ∈ F.

Hence the weak Poincaré inequality (4.2.17) implies

∫

4B
|f − f4B|2φdµ ≤ CP2r(4B)2

∫

8B
|∇f |2φdµ.

Note, by construction, that 8B ⊂ E and the overlapping number for
{8B | B ∈ F} is bounded. Thus

T1 ≤ CP2ΣB∈Fr(4B)2
∫

8B
|∇f |2φdµ ≤ CP2r

2

∫

E
|∇f |2φdµ. (4.4.27)

It remains to bound T2. By the doubling condition (4.2.15) and the
definition of φ, there exists C1 = C1(φ, d0) such that

T2 = 22ΣB∈F|f4B−f4B0 |2φ(4B) ≤ C1ΣB∈F

∫

|f4B−f4B0 |2φ(B)

|B| χBdµ.
(4.4.28)

Fixing B ∈ F, let F (B) = {B0, . . . , Bl(B)} be the subcollection defined
in the previous step with B0 being a central ball and Bl(B) = B. Then

|f4B − f4B0 |
(

φ(B)

|B|

)1/2

≤ Σ
l(B)−1
i=0 |f4Bi − f4Bi+1 |

(

φ(B)

|B|

)1/2

.

By the claim in the previous step and the easily verified fact that

φ(B)

|B| ≤ C2φ(x), x ∈ 32Bi, i = 0, . . . , l(B),
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we deduce

|f4B − f4B0 |
(

φ(B)

|B|

)1/2

≤ C3Σ
l(B)−1
i=0

r(Bi)

|Bi|1/2
(
∫

32Bi

|∇f |2φdµ
)1/2

.

From property (iii) in Step 3, the ball B is contained in 104Bi for any
Bi ∈ F (B). Therefore

|f4B − f4B0 |
(

φ(B)

|B|

)1/2

χB ≤ C3ΣA∈F

r(A)

|A|1/2
(∫

32A
|∇f |2φdµ

)1/2

× χ104A χB

which implies, since the balls B in F are disjoint,

ΣB∈F|f4B − f4B0 |2φ(B)

|B| χB

≤ C3

[

ΣA∈F

r(A)

|A|1/2
(
∫

32A
|∇f |2φdµ

)1/2

χ104A

]2

.

Plugging this into (4.4.28), we know that

T2 ≤ C1

∫

ΣB∈F|f4B − f4B0 |2φ(B)

|B| χBdµ

≤ C4

∫

[

ΣA∈F

r(A)

|A|1/2
(
∫

32A
|∇f |2φdµ

)1/2

χ104A

]2

dµ

≡ C4

∫

[ΣA∈FJA χ104A]2 dµ

where, for simplicity, we have used the notation

JA ≡ r(A)

|A|1/2
(
∫

32A
|∇f |2φdµ

)1/2

. (4.4.29)

Now we need to remove the factor 104 in χ104A.
Note

T
1/2
2 ≤ C

1/2
4 sup

‖ρ‖2=1

∫

ΣA∈FJA χ104A|ρ|dµ = C
1/2
4 sup

‖ρ‖2=1
ΣA∈FJA

×
∫

104A
|ρ|dµ

= C
1/2
4 sup

‖ρ‖2=1
ΣA∈FJA|104A| 1

|104A|

∫

104A
|ρ|dµ

≤ C5 sup
‖ρ‖2=1

ΣA∈FJA|A|
1

|104A|

∫

104A
|ρ|dµ
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where we just used the doubling condition again. Observe, for each
x ∈ A,

1

|104A|

∫

104A
|ρ|dµ ≤ 1

|104A|

∫

B(x,105r(A))
|ρ|dµ ≤ CMρ(x)

where Mρ is the standard maximal function of ρ, i.e.

Mρ(x) = sup
r>0

1

|B(x, r)|

∫

B(x,r)
|ρ(y)|dµ(y).

Therefore
1

|104A|

∫

104A
|ρ|dµ ≤ C

|A|

∫

A
Mρ(x)dµ,

which shows

T
1/2
2 ≤ CC5 sup

‖ρ‖2=1
ΣA∈FJA

∫

A
Mρ(x)dµ

= CC5 sup
‖ρ‖2=1

∫

ΣA∈FJAχAMρ(x)dµ

≤ CC5 sup
‖ρ‖2=1

‖ΣA∈FJAχA‖2 ‖Mρ‖2.

Hence
T2 ≤ C6 sup

‖ρ‖2=1
ΣA∈F‖JAχA‖2

2 ‖ρ‖2
2

= C6ΣA∈FJ
2
A|A|.

(4.4.30)

Here we have used the fact that A ∈ F are disjoint and the following
well-known property for maximal functions:

Let M be a complete metric space satisfying the volume doubling
condition: |B(x, 2r)| ≤ d0|B(x, r)| for all x ∈ M and r > 0. Then for
all f ∈ C∞

0 (M), there exists a positive constant c = c(d0, p) such that

‖Mf‖p ≤ c‖f‖p, 1 < p ≤ ∞.

Exercise 4.4.4 Prove the above statement.

By (4.4.29) and (4.4.30), we arrive at

T2 ≤ C6r
2ΣA∈F

∫

32A
|∇f |2φdµ ≤ C7r

2

∫

E
|∇f |2φdµ.

Here we have used properties (3) and (4) in Step 2.
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Combining the last inequality with (4.4.27) and (4.4.26), we know
that

∫

|f − f4B0 |2φdµ ≤ C8r
2

∫

E
|∇f |2φdµ.

Finally

∫

|f − f̄φ|2φdµ ≤
∫

|f − f4B0 |2φdµ ≤ C8r
2

∫

|∇f |2φdµ.

which proves the proposition. �

Remark 4.4.2 There is also Lp version of this result. The proof is
identical.

Exercise 4.4.5 State and prove a Lp version of the proposition.

4.5 Maximum principle for parabolic

equations

The maximum principle plays an important role in the study of elliptic
and parabolic equations. Let us first prove a basic maximum principle
for the heat equation on noncompact manifolds. It first appeared in
Karp-Li [KaLi] and Grigor’yan [Gr2].

Theorem 4.5.1 Let u be a smooth subsolution to the heat equation
on M × [0, T ), i.e. ∆u − ∂tu ≥ 0. Here M is a noncompact Riemann
manifold without boundary and T > 0. Suppose

∫ T

0

∫

M

e−αd
2(x,0)u2(x, t)dµ(x)dt <∞

for some α > 0. Here 0 ∈ M and d(x, 0) is the Riemann distance
between x and 0. Then u ≤ 0 on M× [0, T ) provided that u(x, 0) ≤ 0.

Proof. Define

h(x, t) = − d2(x, 0)

4(2τ − t)

for some τ > T . It is easy to check that

|∇h|2 + ∂th = 0, a.e.

Let φs(·) be a cut-off function such that 0 ≤ φs ≤ 1; φs(x) = 1,
x ∈ B(0, s), supp φ ⊂ B(0, s + 1); and |∇φs| ≤ 2.
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Using φ2
se
hu+ as a test function on ∆u− ∂tu ≥ 0, we obtain

∫ T

0

∫

M

eh(φ2
s |∇u+|2 + 2 < ∇φs,∇u+ > (φsu+)

+ (φ2
su+) < ∇h,∇u+ >)dµdt

+
1

2

∫ T

0

∫

M

φ2
se
h∂tu

2
+dµdt ≤ 0.

Using Cauchy-Schwarz inequality on the second and third term of the
above inequality, we deduce

∫ T

0

∫

M

eh(−2|∇φ2
s|u2

+ − 1

2
φ2
su

2
+ |∇h|2)dµdt

− 1

2

∫ T

0

∫

M

φ2
se
h(u2

+)∂thdµdt+
1

2

∫

M

φ2
se
hu2

+|T0 ≤ 0.

This shows

∫

M

φ2
se
hu2

+(x, T )dµ ≤ 4

∫ T

0

∫

M

ehu2
+|∇φs|2dµdt.

If T is sufficiently small we can choose 2τ − T sufficiently small so
that the above integrations are finite. Note that the integral on the
right-hand side takes place on [B(0, s + 1) − B(0, s)] × [0, T ]. Letting
s → ∞, we conclude that u+ = 0. For an arbitrary T we just repeat
the process. �

Remark 4.5.1 The growth condition on solutions is necessary in gen-
eral. A classical counterexample due to Tychonov is the following.

Let

u(x, t) = Σ∞
i=0f

(i)(t)
x2i

(2i)!
,

where x ∈ R, t ≥ 0, and

f(t) =

{

e−t
−2
, t > 0,

0, t = 0.

Then, it is easy to check that u is a nontrivial solution to the heat
equation in R × (0,∞). However u(x, 0) = 0.

Exercise 4.5.1 Verify the above u is a nontrivial solution of the heat
equation.
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The next result is a maximum principle for tensor that is often
referred to as Hamilton’s weak maximum principle. Stronger versions
of this result are also found by Hamilton. Some of these will be discussed
in Section 5.2 below.

Let M be a compact, n dimensional manifold, and g = g(t) be
a family of smooth metrics on M × [0, T ]. Let V be a vector bundle
over M with a time independent metric h = hαβ , and a connection
∇(t) = {Γαiβ} which is compatible with hαβ. This means ∇Xh = 0 for
any tangent vector X on M. Let σ be a C∞ section of V over M. Define
the Laplacian by

∆σ = gij(x, t)∇i∇jσ

where ∇i∇jσ ≡ ∇2
ijσ, the second covariant derivative of σ. This Lapla-

cian can be regarded as a version of the rough Laplacian on (2, 0) ten-
sors associated with g(t) and the connection ∇(t). The connection and
Laplacian can be extended in the usual way to act on any smooth
tensor. We still use the same notation for their extensions.

Theorem 4.5.2 (Hamilton’s weak maximum principle for tensor)
Let Mαβ be a family of smooth, symmetric bilinear forms on V and

Nαβ = Nαβ(J, h)

be a polynomial of J ≡ (Mηξ), formed by contracting elements of J with
the metric h = (hηξ). Here η and ξ inside J, h are dummy indices.

Assume, for any x ∈ M and v ∈ Vx, the fiber of the bundle V at
x, there holds Nαβv

αvβ ≥ 0 whenever Mαβv
α = 0. Here Mαβ is any

smooth bilinear form on V .
Suppose Mαβ evolves by the equation

∂tMαβ = ∆Mαβ + ui∇iMαβ +Nαβ , on M× [0, T ]. (4.5.1)

Here ∆ is the rough Laplacian on tensor associated with g(t) and the
connection ∇(t), and ui is a bounded vector field.

Then (Mαβ) ≥ 0 for all t ∈ (0, T ] if (Mαβ) ≥ 0 at t = 0.

Proof. Let ǫ > 0 and A > 0 be two constants to be chosen later.
Consider the bilinear form:

M̃αβ = Mαβ + ǫetAhαβ.
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Then (M̃αβ) ≥ 0 at t = 0, due to the assumption that (Mαβ) ≥ 0 at
t = 0. We claim that for a fixed large A and all sufficiently small ǫ, it
holds (M̃αβ) > 0 for all t ∈ (0, T ].

Suppose the claim is not true. Then there exists arbitrarily small
ǫ > 0, some point x0 ∈ M and some unit vector v ∈ Vx0 such that

M̃αβ(x0, t0)v
α = 0.

Here unit vector means relative to the metric h. We also chose t0 to be
the first time this can happen. Under the metric g(t0), we use parallel
translation along geodesics emanating from x0 to extend v to a smooth
vector field in a neighborhood of x0. We still denote this vector field
by v. Write

F (x, t) = M̃αβ(x, t)v
αvβ = Mαβv

αvβ+ǫeAthαβv
αvβ = Mαβv

αvβ+ǫeAt.

By our choice, F (x0, t0) = 0 and F (x, t) ≥ 0 when t < t0 and F (x, t0) ≥
0, x ∈M . Hence

∂tF ≤ 0, ∆F ≥ 0, at (x0, t0).

Here ∆ is the Laplace-Beltrami operator on M, relative to the metric
g.

Therefore, at the space time point (x0, t0),

0 ≥ ∂tF = ∂t(Mαβv
αvβ + ǫeAt)

= ∆(M̃αβv
αvβ) + ui∇i(M̃αβv

αvβ) +Nαβ(J, h)v
αvβ + ǫAeAt0

≥ Nαβ(J, h)v
αvβ + ǫAeAt0

(4.5.2)
Here we have used the fact that v is parallel and ∇i(M̃αβv

αvβ) =
∇iF = 0 at (x0, t0).

Notice that, for J̃ ≡ J + ǫeAth = (Mαβ) + ǫeAt(hαβ),

Nαβ(J, h)v
avβ = Nαβ(J̃ − ǫeAth, h)vavβ

≥ Nαβ(J̃ , h)v
avβ − CΣm

k=1ǫ
kekAt,

where m is the highest order of the polynomials in (Nαβ). Since
M̃αβv

α = 0 at (x0, t0), we have, by assumption

Nαβ(J̃ , h)v
avβ ≥ 0,
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which implies, at (x0, t0) again,

Nαβ(J, h)v
avβ ≥ −CΣm

k=1ǫ
kekAt.

Here the constant C depends on the bound of Mαβ. Substituting this
inequality to (4.5.2), we come to the inequality

CΣm
k=1ǫ

kekAt0 ≥ ǫAeAt0 .

But this is impossible for a fixed large A and all sufficiently small ǫ.
Hence we have proven the claim. Letting ǫ → 0, we finish the proof of
the theorem. �

Exercise 4.5.2 State and prove a noncompact version of Theorem
4.5.2.

4.6 Gradient estimates for the heat equation

In this section we present several gradient estimates for the heat equa-
tion ∆u − ∂tu = 0 on manifolds. These are taken from the works of
Li-Yau [LY], R. Hamilton [Ha5] and Souplet-Zhang [SZ]. These gradi-
ent estimates can be regarded as differential versions of the Harnack
inequality. Therefore they are also closely related to Sobolev inequal-
ities. Unlike the Harnack inequality in the previous Section 4.4, these
gradient estimates follow from the maximum principle. The general
idea is to show that certain quantities involving the gradient of a pos-
itive solution to the heat equation satisfy another linear or nonlinear
parabolic equation for which the maximum principle is applicable. This
is the case, for example, if the nonlinear term has the right sign. The
gradient estimate by Li-Yau has been extended by Hamilton to a ma-
trix form and to cover the scalar curvature under Ricci flow. Perelman’s
gradient estimate for the conjugate heat equation [P1] Section 9 is also
similar in spirit.

In 1986 Li and Yau [LY] proved, among other things, the following
famous estimate.

Theorem (Li-Yau [LY]). Let M be a complete manifold with di-
mension n ≥ 2, Ricci(M) ≥ −K, K ≥ 0. Suppose u is any positive
solution to the heat equation

∆u− ∂tu = 0,
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in B(x0, R) × [t0 − T, t0] ⊂ M × [t0 − T, t0]. Then, for any α ∈ (0, 1),
there exists a constant c = c(n, α) such that

α
|∇u|2
u2

− ut
u

≤ c

R2
+
c

T
+ cK,

in B(x0, R/2) × [t0 − T/2, t0].
Moreover, if M has nonnegative Ricci curvature and u is a positive

solution of the heat equation in M× (0, T ], then, at (x, t) ∈ M× (0, T ],

|∇u|2
u2

− ut
u

≤ cn
t
.

We mention that in the paper by Aronson and Bénilan [AB], a
similar estimate for the porous medium equation and the heat equation
in Rn has also appeared.

Let us observe that, even in the case of nonnegative Ricci curva-
ture, the first local estimate does not match the second global estimate
completely, due to the presence of the parameter α < 1. Rather than
presenting the original proof of [LY], we provide a slightly different lo-
cal Li-Yau estimate. Here we show that, modulo a lower order term, α
can be taken as 1 and hence the global and local estimate indeed agree.
The short proof is based on a modification of an idea in [Ha5] and the
cut-off method in [LY].

Theorem 4.6.1 ( [Z1]) Let B(x0, R) be a geodesic ball in a Riemann
manifold M with dimension n ≥ 2 such that Ricci|B(x0,R) ≥ −K,
K ≥ 0. Suppose u is any positive solution to the heat equation in Q ≡
B(x0, R) × [t0 − T, t0]. Then

|∇u|2
u2

− ut
u

≤ cn
R2

+
cn
T

+ cnK + cn
√
K sup

Q

|∇u|
u

,

in B(x0, R/2) × [t0 − T/2, t0]. Here cn depends only on the dimension
n.

Proof. By direct computation (see [Ha5]), we have, in a local coordi-
nate,

(∆ − ∂t)(
|∇u|2
u

) =
2

u

∣

∣

∣

∣

∂i∂ju− ∂iu∂ju

u

∣

∣

∣

∣

2

+ 2Rij
∂iu∂ju

u
.
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In view of the inequality

∣

∣

∣

∣

∂i∂ju− ∂iu∂ju

u

∣

∣

∣

∣

2

≥ 1

n

(

∆u− |∇u|2
u

)2

,

the above implies

(∆ − ∂t)(
|∇u|2
u

) ≥ 2

nu

(

∆u− |∇u|2
u

)2

+ 2Rij
∂iu∂ju

u
.

Since ∆u is also a solution to the heat equation, it follows that

(∆ − ∂t)(−∆u+
|∇u|2
u

) ≥ 2

nu

(

∆u− |∇u|2
u

)2

− 2K
|∇u|2
u

.

Let us write

H = −∆u+
|∇u|2
u

=
|∇u|2
u

− ut.

Then H satisfies

(∆ − ∂t)H ≥ 2

nu
H2 − 2K

|∇u|2
u

. (4.6.1)

Now, define

Y = H/u =
|∇u|2
u2

− ∂tu

u
= −∆ lnu.

From the above inequality for H, we calculate

(∆ − ∂t)Y + 2
∇u
u

∇Y ≥ 2

n
Y 2 − 2K

|∇u|2
u2

. (4.6.2)

Now we can use the Li-Yau idea of cut-off functions to derive the desired
bound. The only place that may cause difficulty is that Y may change
sign. However it turns out that it does not hurt. Here is the detail.
Let ψ = ψ(x, t) be a smooth cut-off function supported in QR,T ≡
B(x0, R) × [t0 − T, t0], satisfying the following properties

(1) ψ = ψ(d(x, x0), t) ≡ ψ(r, t); ψ(x, t) = 1 in QR/2,T/4, 0 ≤ ψ ≤ 1.
(2) ψ is decreasing as a radial function in the spatial variables.

(3) |∂rψ|
ψa ≤ Ca

R , |∂2
rψ|
ψa ≤ Ca

R2 when 0 < a < 1.

(4) |∂tψ|
ψ1/2 ≤ C

T .
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Then, from (4.6.2) and a straightforward calculation, one has

∆(ψY ) − (ψY )t − 2
∇ψ
ψ

· ∇(ψY ) + 2
∇u
u

· ∇(ψY ) − 2∇ψ · ∇u
u
Y

+ 2ψK
|∇u|2
u2

≥ 2

n
ψY 2 + (∆ψ)Y − 2

|∇ψ|2
ψ

Y − ψtY

=
2

n
ψY 2 − 2

|∇ψ|2
ψ

Y + (∂2
rψ + (n− 1)

∂rψ

r
+ ∂rψ∂r log

√
g)Y − ψtY.

(4.6.3)
Suppose that at (y, s), the function ψY reaches a maximum. If the value
is nonpositive, there is nothing to prove. So we assume the maximum
value is positive. Then (4.6.3) shows

2ψK
|∇u|2
u2

+ 2
|∇ψ|2
ψ

Y + 2|∇ψ| |∇u|
u

Y

≥ 2

n
ψY 2 + (∂2

rψ + (n− 1)
∂rψ

r
+ ∂rψ∂r log

√
g)Y − ψtY.

In the above, the only term we need extra care of is

∂rψ∂r log
√
gY.

Note that −C/R ≤ ∂rψ/ψ
a ≤ 0, ∂r log

√
g ≤

√
K and Y (y, s) > 0.

Therefore, at (y, s),

2ψK
|∇u|2
u2

+ 2
|∇ψ|2
ψ

Y + 2|∇ψ| |∇u|
u

Y

≥ 2

n
ψY 2 + (∂2

rψ + (n− 1)
∂rψ

r
)Y − C

√
KψaY/R − ψtY.

In the terms involving the first-order term of Y , we write Y =
√

1/ψ
√
ψY and use Young’s inequality. This shows, at (y, s), that

ψY 2 = ψ

( |∇u|2
u2

− ut
u

)2

≤ (
cn
R4

+
cn
T 2

+ cnK
2) + cnK

|∇u|2
u2

.

Since ψ = 1 on QR/2,T/2, we have, in QR/2,T/2,

|∇u|2
u2

− ut
u

≤ cn
R2

+
cn
T

+ cnK + cn
√
K sup

QR,T

|∇u|
u

.

�
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This kind of parabolic gradient estimate is rooted in an elliptic type
gradient estimate.

Theorem (Cheng-Yau [CY]). Let M be a complete manifold with
dimension n ≥ 2, Ricci(M) ≥ −K, K ≥ 0. Suppose u is any positive
harmonic function in a geodesic ball B(x0, R) ⊂ M. There holds

|∇u|
u

≤ cn
R

+ cn
√
K, (4.6.4)

in B(x0, R/2), where cn depends only on the dimension n.

Clearly the above Li-Yau estimate reduces to the Cheng-Yau esti-
mate when u is independent of time. On the other hand, for a time de-
pendent solution of the heat equation, it is well known that the Cheng-
Yau type elliptic gradient estimate cannot hold in general. This can
be seen from the simple example where u(x, t) = e−|x|2/4t/(4πt)n/2 be-
ing the fundamental solution of the heat equation in Rn. The parabolic
Harnack inequality also exhibits the same phenomenon in that the tem-
perature at a given point in space time is controlled from the above by
the temperature at a later time.

However R. Hamilton proved the following theorem, which is an
elliptic type estimate for bounded solutions.

Theorem (Hamilton [Ha5]) Let M be a compact manifold without
boundary and with Ricci(M) ≥ −k, k ≥ 0 and u be a smooth positive
solution of the heat equation with u ≤ M for all (x, t) ∈ M × (0,∞).
Then

|∇u|2
u2

≤ (
1

t
+ 2k) ln

M

u
. (4.6.5)

For a proof, see Theorem 6.5.1 where a version of this inequality in
the context of Ricci flow is proven.

Just like the Cheng-Yau and Li-Yau estimates, it would be highly
desirable to have a noncompact or localized version of Hamilton’s es-
timate. However, the example in Remark 4.6.1 below shows that the
suspected noncompact version of Hamilton’s estimate is false even for
Rn. This situation contrasts sharply with the Cheng-Yau and Li-Yau
inequality for which the local and noncompact versions are readily avail-
able.

However, in the next theorem, we show, for noncompact manifolds
the elliptic Cheng-Yau estimate actually holds for the heat equation,
after inserting a necessary logarithmic correction term. This correction
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term is slightly bigger than that in Hamilton’s theorem (in the power
of the log term). But the estimate holds for noncompact manifolds and
it also has a localized version as the Cheng-Yau estimate. This result
seems unexpected since it enables the comparison of temperature distri-
bution instantaneously, without any lag in time, even for noncompact
manifolds, regardless of the boundary behavior (see Remark 4.6.1). In
some cases, our estimate (see (4.6.7) below) even holds for any posi-
tive solutions, bounded or not. This result seems new even in Rn or
compact manifolds.

Here is the statement of the theorem.

Theorem 4.6.2 ( [SZ]) Let M be a Riemann manifold of dimension
n ≥ 2 such that

Ricci(M) ≥ −k, k ≥ 0.

Suppose u is any positive solution to the heat equation in QR,T ≡
B(x0, R) × [t0 − T, t0] ⊂ M× (−∞,∞). Suppose also u ≤M in QR,T .
Then there exists a dimensional constant c such that

|∇u(x, t)|
u(x, t)

≤ c(
1

R
+

1

T 1/2
+

√
k)
(

1 + ln
M

u(x, t)

)

(4.6.6)

in QR/2,T/2.
Moreover, if M has nonnegative Ricci curvature and u is any pos-

itive solution of the heat equation on M × (0,∞), then there exist di-
mensional constants c1, c2 such that

|∇u(x, t)|
u(x, t)

≤ c1
1

t1/2

(

c2 + ln
u(x, 2t)

u(x, t)

)

(4.6.7)

for all x ∈ M and t > 0.

An immediate application of the theorem is the following time-
dependent Liouville theorem, generalizing Yau’s celebrated Liouville
theorem for positive harmonic functions, which states that any positive
harmonic function on a noncompact manifold with nonnegative Ricci
curvature is a constant. One tends to expect that Liouville theorem
would still hold for positive ancient solutions to the heat equation.
However the following simple example shows that this expectation is
false. Let u = ex+t for x ∈ R1. Clearly, u is a positive ancient solution
for the heat equation in R1 and it is not a constant. Nevertheless, our
next theorem shows that under certain growth conditions, the Liouville
theorem continues to hold for positive ancient solutions of the heat
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equation. Moreover, our growth condition in the spatial direction is
sharp by the above example.

Theorem 4.6.3 ( [SZ]) Let M be a complete, noncompact manifold
with nonnegative Ricci curvature. Then the following conclusions hold.

(a). Let u be a positive ancient solution to the heat equation, i.e.
the solution is defined in M × (−∞, T ) for some T ≥ 0. Suppose that

u(x, t) = eo(d(x)+
√

|t|) near infinity. Then u is a constant.
(b). Let u be an ancient solution to the heat equation such that

u(x, t) = o
(

[d(x) +
√

|t|]
)

near infinity. Then u is a constant.

Note that the growth condition on the second statement of the
above theorem is also sharp in the spatial direction, due to the example
u = x.

Remark 4.6.1 Here we give an example showing that the above the-
orem is sharp for incomplete or noncompact manifolds. This is sur-
prising since it shows that Hamilton’s estimate for the compact case is
actually false for incomplete or noncompact manifolds in general. Re-
cently in [Ko], Hamilton’s estimate is generalized to bounded solutions
of the heat equation on certain noncompact manifolds.

For a > 0 consider u = eax+a
2t. Clearly u is a positive solu-

tion of the heat equation in Q = [1, 3] × [1, 2] ⊂ R × (−∞,∞).
Also ∇u(2, 2)/u(2, 2) = a and M = supQ u = e3a+2a2 . Hence
log(M/u(2, 2)) = a. Therefore at (x, t) = (2, 2) the left-hand side and
right-hand side of (4.6.6) with R = T = 1 are a and c(1 + a) respec-
tively. Obviously they are equivalent when a is large.

The general idea for proof of Theorem 4.6.2 follows that of the paper
[LY] where the maximum principle and cut-off functions are applied for
an equation satisfied by |∇ log u|2. Here u is a positive solution to the
heat equation. However the quantity we are using differs significantly
from that of [LY]. What we are using is |∇ log(M− log u)|2, where M is
an upper bound for u. This quantity is also quite different from the one
used in [Ha5], i.e. |∇u|2/u. In fact a routine localization of Hamilton’s
method does not work here since, as pointed out earlier, that would
yield a wrong result for the noncompact case.

Proof of Theorem 4.6.2
Suppose u is a solution to the heat equation in the statement of

the theorem in the parabolic cube QR,T = B(x0, R) × [t0 − T, t0]. It is
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clear that the gradient estimate in the theorem is invariant under the
scaling u→ u/M . Therefore, we can and do assume that 0 < u ≤ 1.

Write

f = lnu, w ≡ |∇ ln(1 − f)|2 =
|∇f |2

(1 − f)2
. (4.6.8)

Since u is a solution to the heat equation, simple calculation shows
that

∆f + |∇f |2 − ft = 0. (4.6.9)

We will derive an equation for w. First notice that

wt =
2∇f(∇f)t
(1 − f)2

+
2|∇f |2ft
(1 − f)3

=
2∇f∇(∆f + |∇f |2)

(1 − f)2
+

2|∇f |2(∆f + |∇f |2)
(1 − f)3

In local orthonormal system, this can be written as

wt =
2fjfiij + 4fifjfij

(1 − f)2
+ 2

f2
i fjj + |∇f |4

(1 − f)3
. (4.6.10)

Here and below, we have adopted the convention u2
i = |∇u|2 and uii =

∆u.
Next

∇w =
( f2

i

(1 − f)2
)

j
=

2fifij
(1 − f)2

+ 2
f2
i fj

(1 − f)3
. (4.6.11)

It follows that

∆w =
( f2

i

(1 − f)2
)

jj

=
2f2
ij

(1 − f)2
+

2fifijj
(1 − f)2

+
4fifijfj
(1 − f)3

+
4fifijfj
(1 − f)3

+ 2
f2
i fjj

(1 − f)3
+ 6

f2
i f

2
j

(1 − f)4
.

(4.6.12)
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By (4.6.12) and (4.6.10),

∆w − wt

=
2f2
ij

(1 − f)2
+ 2

fifijj − fjfiij
(1 − f)2

+ 6
|∇f |4

(1 − f)4
+ 8

fifijfj
(1 − f)3

+ 2
f2
i fjj

(1 − f)3

− 4
fifijfj

(1 − f)2
− 2

f2
i fjj

(1 − f)3
− 2

|∇f |4
(1 − f)3

.

The 5th and 7th terms on the right-hand side of this identity cancel
each other. Also, by Bochner’s identity

fifijj − fjfiij = fj(fjii − fiij) = Rijfifj ≥ −k|∇f |2,

where Rij is the Ricci curvature. Therefore

∆w − wt ≥
2f2
ij

(1 − f)2
+ 6

|∇f |4
(1 − f)4

+ 8
fifijfj

(1 − f)3

− 4
fifijfj

(1 − f)2
− 2

|∇f |4
(1 − f)3

− 2k|∇f |2
(1 − f)2

.

(4.6.13)

Notice from (4.6.11) that

∇f∇w =
2fifijfj
(1 − f)2

+ 2
f2
i f

2
j

(1 − f)3
.

Hence

0 = 4
fifijfj

(1 − f)2
− 2∇f∇w + 4

|∇f |4
(1 − f)3

, (4.6.14)

0 = −4
fifijfj

(1 − f)3
+ [2∇f∇w − 4

|∇f |4
(1 − f)3

]
1

1 − f
. (4.6.15)

Adding (4.6.13) with (4.6.14) and (4.6.15), we deduce

∆w − wt

≥
2f2
ij

(1 − f)2
+ 2

|∇f |4
(1 − f)4

+ 4
fifijfj

(1 − f)3

+
2

1 − f
∇f∇w − 2∇f∇w + 2

|∇f |4
(1 − f)3

− 2k|∇f |2
(1 − f)2

.
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Since
2f2
ij

(1 − f)2
+ 2

|∇f |4
(1 − f)4

+ 4
fifijfj

(1 − f)3
≥ 0,

we have

∆w − wt ≥
2f

1 − f
∇f∇w+ 2

|∇f |4
(1 − f)3

− 2k|∇f |2
(1 − f)2

.

Since f ≤ 0, it follows that

∆w − wt ≥
2f

1 − f
∇f∇w+ 2(1 − f)

|∇f |4
(1 − f)4

− 2k|∇f |2
(1 − f)2

,

i.e.

∆w − wt ≥
2f

1 − f
∇f∇w + 2(1 − f)w2 − 2kw. (4.6.16)

From here, we will use the well-known cut-off function by Li-Yau [LY],
to derive the desired bounds. We caution the reader that the calculation
is not the same as in that of [LY] due to the difference of the first-order
term.

Let ψ = ψ(x, t) be a smooth cut-off function supported in QR,T ,
satisfying the following properties

(1). ψ = ψ(d(x, x0), t) ≡ ψ(r, t); ψ(x, t) = 1 in QR/2,T/4, 0 ≤ ψ ≤ 1.
(2). ψ is decreasing as a radial function in the spatial variables.

(3). |∂rψ|
ψa ≤ Ca

R , |∂2
rψ|
ψa ≤ Ca

R2 when 0 < a < 1.

(4). |∂tψ|
ψ1/2 ≤ C

T .

Then, from (4.6.16) and a straightforward calculation, one has

∆(ψw) + b · ∇(ψw) − 2
∇ψ
ψ

· ∇(ψw) − (ψw)t

≥ 2ψ(1 − f)w2 + (b · ∇ψ)w − 2
|∇ψ|2
ψ

w + (∆ψ)w − ψtw − 2kwψ,

(4.6.17)
where we have written

b = − 2f

1 − f
∇f.

Suppose the maximum of ψw is reached at (x1, t1). By [LY], we can
assume, without loss of generality that x1 is not in the cut-locus of x0.
Then at this point, one has, ∆(ψw) ≤ 0, (ψw)t ≥ 0 and ∇(ψw) = 0.
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Therefore

2ψ(1 − f)w2(x1, t1) ≤ −[ (b · ∇ψ)w − 2
|∇ψ|2
ψ

w + (∆ψ)w − ψtw

+ 2kwψ](x1, t1).
(4.6.18)

We need to find an upper bound for each term of the right-hand side
of (4.6.18).

|(b · ∇ψ)w| ≤ 2|f |
1 − f

|∇f |w|∇ψ| ≤ 2w3/2|f | |∇ψ|

= 2[ψ(1 − f)w2]3/4
f |∇ψ|

[ψ(1 − f)]3/4

≤ ψ(1 − f)w2 + c
(f |∇ψ|)4

[ψ(1 − f)]3
.

This implies

|(b · ∇ψ)w| ≤ (1 − f)ψw2 + c
f4

R4(1 − f)3
. (4.6.19)

For the second term on the right-hand side of (4.6.18), we proceed
as follows

|∇ψ|2
ψ

w = ψ1/2w
|∇ψ|2
ψ3/2

≤ 1

8
ψw2 + c

( |∇ψ|2
ψ3/2

)2 ≤ 1

8
ψw2 + c

1

R4
.

(4.6.20)

Furthermore, by the properties of ψ and the assumption of on the
Ricci curvature, one has

−(∆ψ)w = −(∂2
rψ + (n− 1)

∂rψ

r
+ ∂rψ∂r ln

√
g)w

≤ (|∂2
rψ| + 2(n− 1)

|∂rψ|
R

+
√
k|∂rψ|)w

≤ ψ1/2w
|∂2
rψ|
ψ1/2

+ ψ1/2w2(n − 1)
|∂rψ|
Rψ1/2

+ ψ1/2w

√
k|∂rψ|
ψ1/2

≤ 1

8
ψw2 + c

(

[
|∂2
rψ|
ψ1/2

]2 + [
|∂rψ|
Rψ1/2

]2 + [

√
k|∂rψ|
ψ1/2

]2
)

.

Therefore

−(∆ψ)w ≤ 1

8
ψw2 + c

1

R4
+ ck

1

R2
. (4.6.21)
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Now we estimate |ψt| w.

|ψt| w = ψ1/2w
|ψt|
ψ1/2

≤ 1

8

(

ψ1/2w
)2

+ c
( |ψt|
ψ1/2

)2
.

This shows

|ψt|w ≤ 1

8
ψw2 + c

1

T 2
. (4.6.22)

Finally, for the last term, we have

2kwψ ≤ 1

8
ψw2 + ck2. (4.6.23)

Substituting (4.6.19)–(4.6.23) to the right-hand side of (4.6.18), we
deduce,

2(1−f)ψw2 ≤ (1−f)ψw2+c
f4

R4(1 − f)3
+

1

2
ψw2+

c

R4
+

c

T 2
+
ck

R2
+ck2.

Recall that f ≤ 0, therefore the above implies

ψw2(x1, t1) ≤ c
f4

R4(1 − f)4
+

1

2
ψw2(x1, t1) +

c

R4
+

c

T 2
+ ck2.

Since f4

(1−f)4
≤ 1, the above shows, for all (x, t) in QR,T ,

ψ2(x, t)w2(x, t) ≤ ψ2(x1, t1)w
2(x1, t1)

≤ ψ(x1, t1)w
2(x1, t1)

≤ c
c

R4
+

c

T 2
+ ck2.

Notice that ψ(x, t) = 1 in QR/2,T/4 and w = |∇f |2/(1− f)2. We finally
have

|∇f(x, t)|
1 − f(x, t)

≤ c

R
+

c√
T

+ c
√
k.

We have completed the proof of the first statement in the theorem since
f = ln(u/M) with M scaled to 1.

To prove the second statement, we apply the first one on the cube
Q√

t,t/2 = B(x,
√
t)× [t/2, t]. By Li-Yau’s inequality [LY], we know that

M = sup
Q√

t,t/2

u ≤ cu(x, 2t).

Now the second inequality follows from the first. �

The proof of 4.6.3 follows easily from Theorem 4.6.2.

Exercise 4.6.1 Prove Theorem 4.6.3.



Chapter 5

Basics of Ricci flow

5.1 Local existence, uniqueness and basic iden-

tities

In this section we introduce the concept of Hamilton’s Ricci flow to-
gether with a number of important properties. Due to the vastness of
the subject, we can only touch upon the bare essentials without proof.
We refer the interested reader to the original papers of [Ha1] and the
books [CK], [CLN] and [Cetc] for further details.

We begin by introducing the definitions and notations, which will
be used in this and later chapters. M or M denotes a complete com-
pact, or noncompact Riemann manifold, unless stated otherwise; g (or
gij), Rij (or Ric) will be the metric and Ricci curvature respectively;
R is for the scalar curvature; ∇, ∆ are the corresponding gradient and
Laplace-Beltrami operator; c, C with or without index denote generic
positive constant that may change from line to line. If the metric g(t)
evolves with time, then d(x, y, t) or d(x, y, g(t)) will denote the cor-
responding distance function; dg(x, t) or dg(t), or dµ(g(t)) denote the
volume element under g(t). We will use B(x, r, t) or B(x, r, g(t)) to de-
note the geodesic ball centered at x with radius r under the metric g(t);
|B(x, r; t)|s to denote the volume of B(x, r; t) under the metric g(s). We
will still use ∇, ∆ to denote the corresponding gradient and Laplace-
Beltrami operator for g(t), without mentioning the time t, when no
confusion arises. Let p ∈ M and t be a time in the Ricci flow, we use
(M, p) or (M, p, t) to denote the manifold marked by p or (p, t).

Definition 5.1.1 Let M be a Riemann manifold and g(t) = gij(t)
be a family of Riemann metric depending on time t in some interval

167
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[T0, T ) ⊂ R. Let Rij be the corresponding Ricci curvature. If

∂gij
∂t

= −2Rij, (5.1.1)

then one says that (M, gij(t)) is a Ricci flow.

This system of equations, introduced by Richard Hamilton in
1982 [Ha1], is a quasilinear, degenerate second order parabolic system.
Hamilton proved, for a compact 3 dimensional manifold, that the Ricci
flow develops singularity in finite time in a uniform manner if the ini-
tial metric g(0) has positive Ricci curvature. By carefully studying the
formation of singularity, he proved that such a manifold with positive
Ricci curvature is diffeomorphic to the standard 3 sphere S3.

We point out that gij and Rij are regarded as the local expression of
the metric and Ricci curvature under a background local coordinates.
For example, one can choose local coordinates on M which is indepen-
dent of time or the metrics. One can also pick local coordinates which
depend on time and metrics in a way that the equations for curvatures
associated with Ricci flow become simpler. Sometimes we also use the
compressed notation ∂tg = −2Ric for Ricci flow, which just means
(5.1.1).

As a warm up run, we discuss a simple example of Ricci flow on
an Einstein manifold. In general, the Ricci flow is so complicated that
there are only a few explicit examples in the form of Ricci solitons (c.f.
Definition 5.4.2).

Let M be a Riemann manifold equipped with a family of metric
such that

Rij(x, 0) = λgij(x, 0),

gij(x, t) = ρ2(t)gij(x, 0).

Here λ is a constant and ρ > 0 is a function to be determined by the
Ricci flow. Since the Ricci tensor Rij (coefficients relative to the local
basis dxi ⊗ dxj) does not change under scaling, we have

Rij(x, t) = Rij(x, 0) = λgij(x, 0).

Therefore the Ricci flow equation becomes

∂ρ2(t)gij(x, 0)

∂t
= −2λgij(x, 0).

Its solution is
ρ2 = 1 − 2λt.
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So the explicit formula for the evolving metric is

gij(x, t) = (1 − 2λt)gij(x, 0).

If λ > 0, the initial Ricci curvature is positive, the Ricci flow be-
comes singular when t = 1/(2λ). If λ < 0, the Ricci flow exists for all
time.

The Ricci flow is a second order weakly parabolic system for the
metric gij . Initially Hamilton [Ha1] proved local existence and unique-
ness of the Ricci flow on compact manifolds with the help of the Nash-
Moser implicit function theorem. Then DeTurck [DT] gave a much sim-
pler proof by converting the Ricci flow into a strictly parabolic system
via a family of time dependent diffeomorphisms. Then the standard the-
ory for strictly parabolic systems imply the existence and uniqueness
of the converted system and the original Ricci flow. In the noncompact
case, W. X. Shi [Shi] proved local existence of the Ricci flow for mani-
folds with bounded curvature operator. Under the same condition, the
uniqueness is proven by Chen and Zhu [ChZ2]. Independently, Lu and
Tian [LT] proved uniqueness for the standard solution of Ricci flow
which is a noncompact flow on R3 with radially symmetric metrics.
These results are summarized by the three theorems below.

Theorem 5.1.1 (R. Hamilton [Ha1]) Let (M, g0
ij(x)) be a compact

Riemann manifold. There exists a constant T > 0 such that the ini-
tial value problem of the Ricci flow

{

∂tgij(x, t) = −2Rij(x, t),

gij(x, 0) = g0
ij(x)

(5.1.2)

has a unique smooth solution gij(x, t) on M× [0, T ).

Proof. Step 1. Construct a strictly parabolic system of modified Ricci
flow.

Following DeTurck, consider a parabolic system which under,
{x1, . . . , xn}, a time independent local orthonormal coordinates, can
be written as

{

∂tgij(x, t) = −2Ricij(x, t) + [LV (t)g]ij(x, t)

gij(x, 0) = g0
ij(x).

(5.1.3)

Terms in the above system are defined as follows.
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(i) LV (t)g is the Lie derivative of g = g(t) = gij(·, t) with respect to
the vector field

V = V (t) = V k(x, t)∂k, ∂k = ∂/∂xk; V k = gpq(Γkpq − Γkpq(0));
(5.1.4)

(ii) Rij and Γkpq are respectively the Ricci curvature and Christoffel
symbol of g = g(t) in (5.1.3).

(iii) Γkpq(0) is the Christoffel symbol of the initial metric g0.
We now show that (5.1.3) is a strictly parabolic system of the met-

ric.
Using Proposition 3.1.3, we know, for vector fields X and Y , there

hold

∂tg(t)(X,Y ) = −2Ricg(t)(X,Y ) + g(t)(∇XV (t), Y ) + g(t)(X,∇Y V (t)).

Hence in the local system, we have

∂tgij = −2Rij + ∇iVj + ∇jVi. (5.1.5)

Here, ∇iVj means the j-th component of the covariant derivative of
the dual one form of V with respect to g, i.e. the j-th component of
∇∂/∂xiV ∗ where V ∗ = Vidx

i and Vi = gikV
k.

The principal terms on the right-hand side of (5.1.5) are those con-
taining the second order derivatives of the metric g. Let us write these
in the local coordinates. Using the local formula (3.2.16),

Rij = ∂kΓ
k
ij − ∂iΓ

k
kj + ΓkkpΓ

p
ij − ΓkipΓ

p
kj.

From (3.1.3),

Γijk =
1

2
gil(∂jgkl + ∂kglj − ∂lgjk).

Hence

Rij = −1

2
∂i(g

kl∂jgkl) +
1

2
∂k

[

gkl(∂igjl + ∂jgil − ∂lgij)
]

+ lower order terms

= −1

2
gkl (∂i∂jgkl − ∂k∂igjl − ∂k∂jgil + ∂k∂lgij)

+ lower order terms.

(5.1.6)

The lower order terms here and later in the proof are those containing
at most the first derivative terms involving g. Using (5.1.4), we see that

∇jVi = gikg
pq∂jΓ

k
pq + lower order terms.
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Consequently

∇jVi =
1

2
gikg

pq∂j

[

gkl(∂qgpl + ∂pgql − ∂lgpq)
]

+ lower order terms

=
1

2
gpq(∂j∂qgpi + ∂j∂pgqi − ∂j∂igpq) + lower order terms.

Renaming the indices p, q as k, l and switching i and j, we deduce

∇iVj + ∇jVi =
1

2
gkl(∂j∂lgki + ∂j∂kgli − ∂j∂igkl)

+
1

2
gkl(∂i∂lgkj + ∂i∂kglj − ∂i∂jgkl)

+ lower order terms.

Combining this with (5.1.6), we arrive at

−2Rij + ∇iVj + ∇jVi = gkl∂k∂lgij + lower order terms.

Therefore (5.1.5) can be written as

∂tgij = gkl∂k∂lgij + lower order terms = ∆gij + lower order terms.
(5.1.7)

Equation (5.1.7) and hence (5.1.3) is a strictly parabolic, semi-linear
system. The standard parabolic theory shows that (5.1.3) has a smooth
solution at least for a short time.

Step 2. Show that the solutions of the modified system gives rise to
a solution of the original Ricci flow via a family of diffeomorphisms.

Let g = g(t) be a smooth solution of (5.1.3), define a family of
diffeomorphisms φt via the equation

dφt
dt

= V̂ (φt, t) ≡ (φt∗V )(φt, t), φ0 = I (5.1.8)

where V is the vector field defined in (5.1.4). We remark, for a smooth
function f on M and a point p ∈ M,

V̂ (φt(p), t)(f) = (φt∗V )(φt(p), t)(f) = V (p, t)(f ◦ φt).

We show that the metrics

ĝ(t) ≡ (φ∗t )
−1(g(t)) (5.1.9)
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is a solution of the original Ricci flow equation. Since g(t) = φ∗t ĝ(t), we
compute

∂tg(t) = φ∗t ∂tĝ(t) + ∂t[φ
∗
t ĝ(l)]

∣

∣

l=t

= φ∗t ∂tĝ(t) + φ∗t (LV̂ (t)ĝ(t)) (Proposition 3.1.4(ii)),

= φ∗t ∂tĝ(t) + L(φt∗)−1V̂ (t)φ
∗
t (ĝ(t)) (Remark 3.1.8),

= φ∗t ∂tĝ(t) + LV (t)(g(t)).

(5.1.10)

On the other hand, by (5.1.3)

∂tg(t) = −2Ricg(t) + LV (t)g(t) = −2φ∗t (Ricĝ(t)) + LV (t)g(t).

Therefore
∂tĝ(t) = −2Ricĝ(t),

which proves the short time existence of the original Ricci flow (5.1.2).

Step 3. Proof of uniqueness.
First we observe that the above process is reversible. Namely, if

ĝ = ĝ(t) is a solution to (5.1.2), then one can construct a family of
diffeomorphisms φt by (5.1.8) such that g(t) ≡ φ∗t ĝ(t) is a solution to
(5.1.3).

To prove this statement, we just need to show that (5.1.8) under
the metric g(t) has smooth solutions in short time. It is convenient to
work in local system. Let x = {x1, . . . , xn} be the time independent
orthonormal system as in Step 1. We suppose φt, which is unknown so
far, is given by

φt(x) = (y1(x, t), . . . , yn(x, t)).

Let Γ̂kjl be the Christoffel symbol of ĝ(t), which is already given. Then,
by standard calculation, the Christoffel symbol of g(t) = φ∗t ĝ(t), de-
noted by Γkjl is:

Γkjl =
∂yα

∂xj
∂yβ

∂xl
∂xk

∂yγ
Γ̂γαβ +

∂xk

∂yα
∂2yα

∂xj∂xl
,

Substituting this to (5.1.4), we see that

V = V k ∂

∂xk
= gjl

[

∂yα

∂xj
∂yβ

∂xl
∂xk

∂yγ
Γ̂γαβ +

∂xk

∂yα
∂2yα

∂xj∂xl
− Γkjl(0)

]

∂

∂xk
.
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Recall, for any smooth function f , (φt∗V )(f) = V (f ◦ φt). Therefore

(φt∗V )(f) = V k ∂(f ◦ φt)
∂xk

= V k ∂f

∂yη
∂yη

∂xk

= gjl
[

∂yα

∂xj
∂yβ

∂xl
∂xk

∂yγ
Γ̂γαβ +

∂xk

∂yα
∂2yα

∂xj∂xl
− Γkjl(0)

]

∂f

∂yη
∂yη

∂xk

= gjl
[

∂yα

∂xj
∂yβ

∂xl
Γ̂ηαβ +

∂2yη

∂xj∂xl
− Γkjl(0)

∂yη

∂xk

]

∂f

∂yη
.

By this then we can write (5.1.8) as

{

∂ty
η = gjl

(

∂2yη

∂xj∂xl + Γ̂ηγβ
∂yβ

∂xj
∂yγ

∂xl − Γkjl(0)
∂yη

∂xk

)

yη(x, 0) = xη.

Note that gjl = ĝαβ
∂yα

∂xj
∂yβ

∂xl and (gjl) = (gjl)
−1. Hence (5.1.8) is a quasi-

linear and strictly parabolic system which has a unique smooth solu-
tion φt = (y1(x, t), . . . , yn(x, t)) for short time. By reversing (5.1.10),
we know that g(t) = (φt)

∗ĝ(t) is a solution of the modified Ricci flow
(5.1.3).

Suppose ĝ(1)(t) and ĝ(2)(t) are two solutions to the original Ricci

flow (5.1.2). Let φ
(1)
t and φ

(2)
t be the two solutions of (5.1.8) corre-

sponding to ĝ(1)(t) and ĝ(2)(t) respectively. Then the metrics g(1)(t) =

(φ
(1)
t )∗ĝ(1)(t) and g(2)(t) = (φ

(2)
t )∗ĝ(2)(t) are two solutions to the modi-

fied Ricci flow (5.1.3), which share the same initial metric g0. Since the
equation in (5.1.3) is strictly parabolic, it can only have one solution
with the same initial value. Therefore g(1)(t) = g(2)(t) which together
with (5.1.8) imply ĝ(1)(t) = ĝ(2)(t). �

The metric g0
ij in the above theorem is called the initial metric.

Sometimes it is convenient to scale the initial metric to a normalized
one which we now define.

Definition 5.1.2 (normalized metric and normalized manifold) A
metric in Riemann manifold is called a normalized metric if |Rm| ≤ 1
everywhere and the volume of every unit ball is at least half of the vol-
ume of the Euclidean unit ball.

A Riemann manifold equipped with a normalized metric is called a
normalized manifold.

Obviously one can always multiply the metric of a compact mani-
fold by a large number to make the manifold with the scaled metric a
normalized one.
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The next two theorems generalize the above existence and unique-
ness results to Ricci flow on certain noncompact manifolds.

Theorem 5.1.2 (W. X. Shi) [Shi] Let (M, gij(x)) be a complete non-
compact Riemann manifold with bounded curvature tensor. There exists
a constant T > 0 such that the initial value problem of the Ricci flow

{

∂tgij(x, t) = −2Rij(x, t),

gij(x, 0) = gij(x)

has a smooth solution gij(x, t) on M × [0, T ), with uniformly bounded
curvature tensor.

Theorem 5.1.3 (Chen and Zhu) [ChZ1] The solution in Theorem
5.1.2 is unique.

The proofs of these two theorems are quite long due to the technical
issue of controlling behaviors of geometric quantities such as curvatures
and injectivity radius near infinity. The reader is referred the original
papers for the nuts and bolts of the proofs.

In the next proposition we will collect a number of formulas de-
scribing the evolution of geometric quantities along the Ricci flow. All
these are due to R. Hamilton.

Proposition 5.1.1 (evolution of geometric quantities: scalar curva-
ture, volume, arclength, connection, curvature tensor, Ricci curvature,
Laplace operator)

Suppose (M, g(t)) is a Ricci flow. Then the following conclusions
are true.
(1) Let R(x, t) be the scalar curvature with respect to gij(x, t), then

∆R− ∂tR+ 2|Ric|2 = 0. (5.1.11)

(2) Let dµ(x, t) be the volume element with respect to gij(x, t), then

∂tdµ(x, t) = −R(x, t)dµ(x, t). (5.1.12)

(3) Let x0, x1 ∈ M and d(x0, x1, t) be the distance between x0, x1 under
the metric g(t). Suppose d is a smooth function of t, then

d

dt
d(x0, x1, t) = −inf

∫ d(x0,x1,t)

0
Ric(X(s),X(s))ds.
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Here the “inf” is taken over all minimizing geodesic c = c(s) which
connects x0, x1, parameterized by arclength, under the metric g(t). Also
X(s) = c′(s).
(4) Let Γkij be the Christoffel symbol of gij(x, t) under a time indepen-

dent local coordinate {x1, . . . , xn}, then

∂tΓ
k
ij = −gkl(∇iRjl + ∇jRil −∇lRij).

(5) Let Rijkl be the curvature tensor of gij(t) under a time independent
local coordinate {x1, . . . , xn}, then

∂tRijkl = ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

− gpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql).

Here
Bijkl = −gprgqsRpiqjRrksl, (5.1.13)

Rqi is the Ricci curvature and ∆ is the rough Laplacian with respect to
gij(t) (c.f. Definition 3.7.1), i.e.

∆Rijkl = gpq∇p∇qRijkl ≡ gpq∇2
p,qRijkl.

(6) Let Rij be the Ricci curvature of gij(t) under a time independent
local coordinate {x1, . . . , xn}, then

∂tRij = ∆Rij + 2gplgqmRpijqRlm − 2gpqRpiRqj .

(7) For any smooth function u = u(x) on M,

(

∂∆g(t)

∂t

)

u = 2 < Ric,Hess u > .

Proof. All these can be derived from the Ricci flow equations in local
coordinates in a straightforward, but laboring manner.

Proof of (1). See the proof of (6).
Proof of (2). In a time independent local orthonormal system

{x1, . . . , xn},

dµ =
√
gdx1 ∧ . . . ∧ dxn ≡

√

det(gij(t))dx
1 ∧ . . . ∧ dxn.
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Write G = (gij(t)). The formula follows immediately from

d

dt
detG = detG tr(G−1 d

dt
G).

Proof of (3). (Sketch. For details, see [CK] e.g.) Let c = c(s) be a
curve connecting x and x1, parameterized by s ∈ [0, 1]. Differentiate
the length formula L(c) =

∫ 1
0

√

g(c′(s), c′(s))ds. Then minimize among
all such curves.

Proof of (4). For a fixed time t0 and point p ∈ M, let { ∂
∂xi } be a local

orthonormal system (c.f. Definition 3.4.6) under the metric g(·, t0). Us-
ing this system, by the standard formula (3.1.3), we can write Γkij(x, t),
for (x, t) in a small neighborhood of (p, t0), in the form of

Γkij(x, t) =
1

2
gkl(x, t)(∂igjl + ∂jgil − ∂lgij)(x, t).

Note that the operators ∂i = ∂
∂xi etc. are independent of time. Hence

differentiating the above with respect to time gives

∂tΓ
k
ij(x, t) =

1

2
∂tg

kl(x, t)(∂igjl + ∂jgil − ∂lgij)(x, t)

+
1

2
gkl(x, t)(∂i∂tgjl + ∂j∂tgil − ∂l∂tgij)(x, t).

The Ricci flow equations turn this into

∂tΓ
k
ij(x, t) = Rkl(x, t)(∂igjl + ∂jgil − ∂lgij)(x, t) − gkl(x, t)(∂iRjl

+ ∂jRil − ∂lRij)(x, t).

Now we take x = p and t = t0. At p, the center of the local orthonormal
system, the quantities ∂lgij , Γkij are zero (see the remark after Definition
3.4.6). Hence, at (p, t0), by the formula in Definition 3.1.13 v),

∇iRjl = ∂iRjl − ΓkijRkl − ΓkilRjk = ∂iRjl.

Therefore, at (p, t0),

∂tΓ
k
ij = −gkl(∇iRjl + ∇jRil −∇lRij)

as stated in (4).
Proof of (5). Again we assume that the local coordinate is an or-

thonormal one centered at a fixed point, where all computation below
take place. At this point, Γijk = 0, hence the partial derivative ∂i = ∂

∂xi
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is the same as the covariant derivative ∇i for any tensor. See Proposi-
tion 3.1.1.

Recall (see the third remark after Definition 3.2.2)

Rhijk = ∂iΓ
h
jk − ∂jΓ

h
ik + ΓpjkΓ

h
ip − ΓpikΓ

h
jp.

Therefore
∂tR

h
ijk = ∂i∂tΓ

h
jk − ∂j∂tΓ

h
ik,

∂tRijkl = ∂t(ghlR
h
ijk) = ghl∂tR

h
ijk + ∂t(ghl)R

h
ijk

= ghl[∂i∂tΓ
h
jk − ∂j∂tΓ

h
ik] − 2RhlR

h
ijk.

By (4), the above becomes

∂tRijkl = ghl
[

∂i
(

− ghm(∇jRkm + ∇kRjm −∇mRjk)
)

− ∂j
(

− ghm(∇iRkm + ∇kRim −∇mRik)
)]

− 2RhlR
h
ijk

= −∂i∇jRkl − ∂i∇kRjl + ∂i∇lRjk + ∂j∇iRkl + ∂j∇kRil

− ∂j∇lRik − 2RhlR
h
ijk

≡ −Rkl,ji −Rjl,ki +Rjk,li +Rkl,ij +Ril,kj −Rik,lj − 2RhlR
h
ijk.

Here, to simplify computation, we have used the notation Rkl,ji to
denote the second covariant derivative ∇i∇jRkl, etc.

Paring the first and fourth term on the right-hand side and using
the Ricci identity in Proposition 3.2.1, we arrive at

∂tRijkl = −Rjl,ki +Rjk,li +Ril,kj −Rik,lj

+RqijkRql +RqijlRkq − 2RhlR
h
ijk

= −Rjl,ki +Rjk,li +Ril,kj −Rik,lj

+Rijkpg
pqRql +Rijlpg

pqRkq − 2Rqlg
qpRijkp.

By the antisymmetry of Rm, this becomes,

∂tRijkl = −Rjl,ki +Rjk,li +Ril,kj −Rik,lj

− gpq(RijkpRql +RijplRkq).
(5.1.14)

Next we compute ∆Rijkl. By the second Bianchi identity in Propo-
sition 3.2.2

∆Rijkl = gpq∇p∇qRijkl = gpqRijkl,qp

= gpqRqjkl,ip − gpqRqikl,jp.
(5.1.15)
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We are going to switch the order of differentiation on the right-hand
side. Indeed, by Ricci identity and using gpqRipqm = Rim,

gpqRqjkl,ip = gpqRqjkl,pi + gpqgmn

× (RipqmRnjkl +RipjmRqnkl +RipkmRqjnl +RiplmRqjkn)

= gpqRqjkl,pi + gmnRimRnjkl + gpqgmnRipmj(Rqkln +Rqlnk)

(1st Bianchi identity)

+ gpqgmnRipkmRqjnl + gpqgmnRiplmRqjkn.

Therefore

gpqRqjkl,ip = gpqRqjkl,pi + gmnRimRnjkl −Bijkl +Bijlk −Bikjl +Biljk.

By the second Bianchi identity

gpqRqjkl,p = gpqRklqj,p = −gpqRlpqj,k − gpqRpkqj,l = −Rlj,k +Rkj,l.

Combining the last two equalities, we obtain

gpqRqjkl,ip = −Rlj,ki+Rkj,li+gmnRimRnjkl−Bijkl+Bijlk−Bikjl+Biljk.
Switching i and j, we also have

gpqRqikl,jp = −Rli,kj+Rki,lj+gmnRjmRnikl−Bjikl+Bjilk−Bjkil+Bjlik.
Using the symmetries

Bijkl = Bklij = Bjilk

we deduce, from (5.1.15)

∆Rijkl = gpqRqjkl,ip − gpqRqikl,jp

= −Rki,lj +Rkj,li −Rlj,ki +Rli,kj

− 2(Bijkl −Bijlk +Bikjl −Biljk)

− gpqRpiklRjq + gpqRpjklRiq.

The curvature evolution formula is proven by combining this and
(5.1.14), and by noticing that all terms involving second order deriva-
tives on the right-hand side cancel.

Proof of (6). Here we derive the evolution formula for the Ricci
tensor Rij. From the computation at the beginning of part (5),

∂tRij = ∂tR
p
pij = (∂tΓ

p
ij),p − (∂tΓ

p
pj),i

= −gpl(Rjl,ip +Ril,jp −Rij,lp) + gpl(Rjl,pi +Rpl,ji −Rpj,li)

= ∆Rij − gpl(Rjl,ip +Ril,jp) +R,ij.
(5.1.16)
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Here we just used that gpl(Rjl,pi −Rpj,li) = 0. From the Ricci identity
again

gplRjl,ip = gplRjl,pi + gplRqipjRql + gplRqiplRjq

= gplRjl,pi + gplgqmRipjmRql + gplgqmRiplmRjq

= gplRjl,pi + gplgqmRipjmRql + gpqRipRjq.

Switching i and j, we have

gplRil,jp = gplRil,pj + gplgqmRjpimRql + gpqRjpRiq.

Combining the last two identities and using the twice contracted
Bianchi identity again, we arrive at

gplRjl,ip + gplRil,jp

= gplRjl,pi + gplRil,pj + 2gplgqmRipjmRql + 2gpqRipRjq

= R,ij + 2gplgqmRipjmRql + 2gpqRipRjq.
(5.1.17)

Here we have used the fact that gplgqmRipjmRql = gplgqmRjpimRql,
which is proven by rearranging indices and using the symmetry Ripjm =
Rjmip. Plugging (5.1.17) to (5.1.16), we conclude

∂tRij = ∆Rij − 2gplgqmRipjqRlm − 2gpqRipRjq.

This proves (6).
The evolution equation for the scalar curvature in (1) follows im-

mediately from (6). Indeed

∂tR = ∂t(g
jkRjk) = gjk∂tRjk +Rjk∂tg

jk = gjk∂tRjk +Rjk2R
jk

= gjk(∆Rjk + 2gprgqsRpjkqRrs − 2gpqRpjRqk) + 2|Ric|2

= ∆R+ 2|Ric|2.

Here the last line is obtained by taking gjk = δjk.

Proof of (7). Using the same local coordinates as in (4), by (3.3.5),

∆u = ∂i
(

gij∂ju
)

+
1√
g
∂i
√
ggij∂ju.

Here g = g(t) and ∆ = ∆g(t). Differentiating with respect to t, we have

d∆

dt
u = ∂i

(

∂tg
ij∂ju

)

+ ∂i

(

∂t
√
g

√
g

)

gij∂ju+
1√
g
∂i
√
g∂tg

ij∂ju.
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Since ∂tg
ij = 2Rij and ∂t

√
g = −R√g by (2), we deduce

d∆

dt
u = 2∂i

(

Rij∂ju
)

− ∂i(R)gij∂ju+ 2
1√
g
∂i
√
gRij∂ju.

When t = t0, at p, the center of the normal coordinates gij = δij and
∂i
√
g = 0. Therefore

d∆

dt
u = 2∂i

(

Rij∂ju
)

− ∂iR∂iu = 2Rij∂i∂ju+ 2∂iR
ij∂ju− ∂iR∂iu.

At t0 and p, by the contracted Bianchi identity (Proposition 3.2.3)

2∂iR
ij = 2∂i(g

ikgjlRkl) = 2gikgjl∂iRkl = 2∂iRij = ∂jR.

Hence
d∆

dt
u = 2Rij∂i∂ju = 2 < Ric,Hessu > . �

�

The evolution equations for the curvature tensor and Ricci curva-
ture can be significantly simplified by choosing local coordinates which
move with time suitably. This method is often referred to as Uhlen-
beck’s trick. We introduce

Proposition 5.1.2 (evolving orthonormal frame) Let {x1, . . . , xn} be
a time independent local coordinate. Suppose F ia, a, i = 1, . . . , n, are
smooth functions satisfying the equation

∂tF
i
a(x, t) = gij(x, t)Rjk(x, t)F

k
a (x, t).

Here gij(t) is a Ricci flow. Define vector fields

Fa = F ia
∂

∂xi
, a = 1, . . . , n.

Then the following properties hold:
(a). Suppose {Fa} at t = 0 is an orthonormal frame with respect to

g(0). Then {Fa} at t is an orthonormal frame with respect to g(t).
(b). The local expression of the pull back metric

hab ≡ gijF
i
aF

j
b (5.1.18)

is independent of time. (c). ∇iF
j
b = 0, ∇ihab = 0. Here ∇i = ∇∂/∂xi.

(d). ∆Rabcd = gij∇i∇jRabcd = gijF ka F
l
bF

m
c F

n
d ∇i∇jRklmn.
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The proof of the Proposition is an easy exercise of differentiation
in time.

Exercise 5.1.1 Prove this proposition.

The frame {Fa} is called evolving orthonormal frame. We will use
indices a, b, c, d, e, f to denote component of curvature tensors under
the frame.

Proposition 5.1.3 In an evolving orthonormal frame {Fa}, the evo-
lution equations of curvature and Ricci tensors are:

∂tRabcd = ∆Rabcd + 2(Babcd −Babdc +Bacbd −Badbc) (5.1.19)

where
Babcd = −RaebfRcedf . (5.1.20)

∂tRab = ∆Rab + 2RcabdRcd.

Remark 5.1.1 We are not lowering or raising the indices when doing
summation since the frame is orthonormal.

Proof. We just prove the first equation. The second one is similar.
Let {x1, . . . , xn} be a time independent local coordinate. By definition
and using Proposition 5.1.1 (5),

∂tRabcd = ∂t(F
i
aF

j
b F

k
c F

l
dRijkl) = F iaF

j
b F

k
c F

l
d∂tRijkl

+ (∂tF
i
a)F

j
b F

k
c F

l
dRijkl + · · · + F iaF

j
b F

k
c (∂tF

l
d)Rijkl

= F iaF
j
b F

k
c F

l
d∆Rijkl + 2F iaF

j
b F

k
c F

l
d(Bijkl −Bijlk −Biljk +Bikjl)

− gpqF iaF
j
b F

k
c F

l
d(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+ (∂tF
i
a)F

j
b F

k
c F

l
dRijkl + · · · + F iaF

j
b F

k
c (∂tF

l
d)Rijkl.

Using gpqRqiF
i
a = ∂tF

p
a , etc., the last two lines in the above expression

cancel. Also,

F iaF
j
b F

k
c F

l
d(Bijkl−Bijlk−Biljk+Bikjl) = Babcd−Babdc+Bacbd−Badbc

by using the previous proposition. This gives us the desired formula. �

The evolution equation of the curvature tensor Rm can be simplified
further in a manner we describe now.
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Let V be the tangent bundle over M. Let Λ2(V ) be the vector
bundle of two forms on M, which is equipped with a fixed metric: for
φ,ψ ∈ Λ2(V ),

< φ,ψ >≡ φabψab. (5.1.21)

Here (φab) and (ψab) are skew symmetric matrices, which represent φ
and ψ respectively, under the frame {F1, . . . , Fa, . . . , Fn}. The vector
bundle Λ2(V ) can be regarded as a Lie algebra with the Lie bracket

[φ,ψ]ab ≡ φacψbc − ψacφbc.

Let
{φα}, α = 1, . . . , n(n− 1)/2

be an orthonormal basis for Λ2(V ) under the metric (5.1.21). Then

there exists Cαβγ such that

[φα, ψβ ] = Cαβγ φγ . (5.1.22)

We can regard the Rm as a symmetric bilinear form on Λ2(V )
defined by

Rm(φ,ψ) = Rabcdφabψdc. (5.1.23)

Let φα = φαab. We can write

Rabcd ≡Mαβφ
α
abφ

β
dc. (5.1.24)

Equivalently, we have Rabcdφ
β
dc = Mαβφ

α
ab. Hence the curvature

tensor can also be treated as a symmetric operator on Λ2(V ) ≡
Λ2(T ∗(M)).

Definition 5.1.3 The operator Mαβ : Λ2(V ) → Λ2(V ), defined by

Rabcdφ
β
dc = Mαβφ

α
ab

is called the curvature operator.

According to Hamilton [Ha2], there is

Proposition 5.1.4 Let Rabcd ≡ Mαβφ
α
abφ

β
dc. Then under the Ricci

flow, Mαβ obeys the equation

∂tMαβ = ∆Mαβ +M2
αβ +M ♯

αβ (5.1.25)
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where M2
αβ = MαγMβγ is the operator square; and

M ♯
αβ = (Cγηα Cδθβ MγδMηθ)

is the Lie algebra square.

Proof. The starting point is the first equation in the statement of
Proposition 5.1.3, i.e.

∂tRabcd = ∆Rabcd + 2(Babcd −Babdc) + 2(Bacbd −Badbc)

≡ ∆Rabcd + I + II.
(5.1.26)

Using the first Bianchi identity and (5.1.20), we have

−[Babcd −Babdc] = RaebfRcedf −RaebfRdecf = Raebf (−Rcefd −Rcfde)

= RaebfRcdef .

Note also

RaebfRcdef = (−Rabfe −Rafeb)Rcdef = RabefRcdef −RafebRcdef

= RabefRcdef −RafbeRcdfe = RabefRcdef −RaebfRcdef .

Therefore

RaebfRcdef =
1

2
RabefRcdef

and

I = 2(Babcd −Babdc) = −RabefRcdef = MαγMβγφ
α
abφ

β
dc. (5.1.27)

Next we compute, using (5.1.22) and switching some dummy vari-
ables,

−[Bacbd −Badbc] = RaecfRbedf −RaedfRbecf

= Mγδφ
γ
aeφ

δ
cfMηθφ

η
beφ

θ
df −Mγδφ

γ
aeφ

δ
dfMηθφ

η
beφ

θ
cf

= Mγδ(φ
η
aeφ

γ
be + Cγηα φαab)φ

δ
cfMηθφ

θ
df (after summing e)

−Mηθφ
η
aeφ

θ
dfMγδφ

γ
beφ

δ
cf (after switching γ, η; δ, θ)

= MγδC
γη
α φαabφ

δ
cfMηθφ

θ
df

= MγδMηθC
γη
α φαabφ

δ
cfφ

θ
df .
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Using (5.1.22) again we have

MγδMηθC
γη
α φαabφ

δ
cfφ

θ
df

= MγδMηθC
γη
α φαab(φ

θ
cfφ

δ
df + Cδθβ φ

β
cd)

= MγθMηδC
γη
α φαabφ

δ
cfφ

θ
df +MγδMηθC

γη
α φαabC

δθ
β φ

β
cd

(switching δ, θ in the 1st term)

= −MγδMηθC
γη
α φαabφ

δ
cfφ

θ
df + Cγηα Cδθβ MγδMηθφ

α
abφ

β
cd.

(switching γ, η in the 1st term)

Thus

−[Bacbd −Badbc] = MγδMηθC
γη
α φαabφ

δ
cfφ

θ
df =

1

2
Cγηα Cδθβ MγδMηθφ

α
abφ

β
cd

and

II = 2(Bacbd −Badbc) = Cγηα Cδθβ MγδMηθφ
α
abφ

β
dc. (5.1.28)

By this, (5.1.27) and (5.1.26), we arrive at the stated equation (5.1.25).
�

In the 3-dimension case the proposition takes a very nice form.

Corollary 5.1.1 If the manifold has dimension 3, then

∂tMαβ = ∆Mαβ +M2
αβ +M ♯

αβ

where M ♯ is the adjoint matrix of (Mαβ).

Exercise 5.1.2 Prove the corollary. Hint: Calculate Cαab in an or-
thonormal system for 3 by 3 skew symmetric matrices and use the fact
that Lie bracket is the cross product.

Obviously this corollary makes the evolution equation for the cur-
vature tensor look more tangible. We will utilize this corollary in the
next section, when we present the Hamilton-Ivey pinching theorem. A
similar but more complicated equation for the curvature tensor holds
in higher dimensional cases.

The next result, according to Perelman [P1], contains two differen-
tial inequalities about the distance function under Ricci flow. The first
one can be regarded as a time dependent version of the classical Laplace
comparison theorem. Interestingly, it requires less assumption than the
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classical one, due to cancellation induced by the Ricci flow. They are
very useful when one does space time localization. Before presenting
the result, we fix a notation to be used. Let (M, g(t)) be a Ricci flow,
x ∈ M and r > 0. Then B(x, r, t) denotes the geodesic ball centered at
x with radius r, with respect to the metric g(t).

Proposition 5.1.5 Let (M, g(t)) be a Ricci flow on an n dimensional
manifold M. Let x0 ∈ M and t0 be a time during the Ricci flow.

(i) Suppose Ric(·, t0) ≤ (n− 1)K on B(x0, r0, t0) for some positive
constants K and r0. Then the distance function d(x, x0, t) satisfies, in
the weak sense, at time t0 and outside B(x0, r0, t0), the inequality

∆d− ∂td ≤ (n − 1)

(

2

3
Kr0 + r−1

0

)

.

(ii) Suppose Ric(·, t0) ≤ (n−1)K on B(x0, r0, t0)∪B(x1, r0, t0) for
some x0, x1 ∈ M. Then, at t = t0,

∂td(x0, x1, t) ≥ −2(n− 1)

(

2

3
Kr0 + r−1

0

)

.

If the distance function is not differentiable, then the left-hand side is
understood as a forward difference quotient.

Proof. (i) We just assume x is not a cut point of x0 so that d(x, x0, t)
is smooth with respect to x. If the opposite happens, we just apply a
well-known trick by Calabi to obtain the desired inequality in the weak
sense.

From Proposition 3.4.6, we know that

∆d(x, x0, t) = Σn−1
i=1

∫ L

0
[|X ′

i|2 +R(X,Xi,X,Xi)]ds, (5.1.29)

where L = d(x, x0, t). The vector fields X,Xi are defined in the follow-
ing way as usual. Let c : [0, L] → M be a shortest geodesic connecting
x0 and x, parameterized by arclength, under the metric gij(t0). Define
X(0) = c′(0) and choose ei, i = 1, . . . , n−1 so that {e1, . . . , en−1,X(0)}
forms an orthonormal basis of Tx0M. We use parallel transport of the
above basis to form {e1(s), . . . , en−1(s),X(s)}, which is an orthonormal
basis for Tc(s)M, s ∈ [0, L]. At last Xi, i = 1, . . . , n − 1 is the Jacobi
field along c = c(s) such that Xi(0) = 0 and Xi(L) = ei(L).
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Notice the right-hand side of (5.1.29) is the sum of index forms
I(Xi,Xi). Since Xi is a Jacobi field, the index theorem (Theorem 3.4.2)
states that I(Xi,Xi) ≤ I(Yi, Yi), where

Yi(s) =

{

s
r0
ei(s), s ∈ [0, r0],

ei(s), s ∈ [r0, L].
.

Hence

∆d(x, x0, t0) ≤ Σn−1
i=1

∫ L

0
[|Y ′

i |2 +R(X,Yi,X, Yi)]ds

=

∫ r0

0

1

r20
(n− 1 − s2Ric(X,X))ds −

∫ L

r0

Ric(X,X)ds

= −
∫ L

0
Ric(X,X)ds +

∫ r0

0

[

n− 1

r20
+

(

1 − s2

r20

)

Ric(X,X)

]

ds

≤ −
∫ L

0
Ric(X,X)ds + (n− 1)

(

2

3
Kr0 + r−1

0

)

= ∂td(x, x0, t)|t=t0 + (n− 1)

(

2

3
Kr0 + r−1

0

)

.

Here we have used the fact that {Y1, . . . , Yn−1,X} is an orthonormal
basis when s ∈ [r0, L] and hence Σn−1

i=1 R(X,Yi, Yi,X) = Ric(X,X)
there. This proves the inequality in (i).

(ii) The proof is similar to that of (i). We need to divide the proof
into three cases depending on the distance between x0 and x1. We
assume without loss of generality that x1 is not a cut point of x0. Let c
be a minimal geodesic connecting x0 and x1, parametrized by arclength.

Case 1. d(x0, x1, t0) ≥ 2r0.
This time we define the vector fields Yi, i = 1, . . . , n− 1 by

Yi(s) =











s
r0
ei(s), s ∈ [0, r0],

ei(s), s ∈ [r0, d(x0, x1, t0) − r0]
d(x0,x1,t0)−s

r0
ei(s), s ∈ [d(x0, x1, t0) − r0, d(x0, x1, t0)].

.

Since the geodesic is minimum, the second variation formula of distance
tells us that I(Yi, Yi) ≥ 0, i.e.

∫ L

0
[|Y ′

i |2 +R(X,Yi,X, Yi)]ds ≥ 0
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whereX(s) = c′(s). This shows, together with the property that e′i(s) =
∇c′(s)ei(s) = 0,

∫ r0

0

s2

r20
Ric(X,X)ds +

∫ d(x,x1,t0)−r0

r0

Ric(X,X)ds

+

∫ d(x,x1,t0)

d(x,x1,t0)−r0

[d(x0, x1, t0) − s]2

r20
Ric(X,X)ds ≤ 2(n− 1)

r0
.

Therefore

∂td(x0, x1, t)|t=t0 = −
∫ d(x0,x1,t0)

0
Ric(X,X)ds

≥ −
∫ r0

0

(

1 − s2

r20

)

Ric(X,X)ds

−
∫ d(x0,x1,t0)

d(x0,x1,t0)−r0

(

1 − [d(x0, x1, t0) − s]2

r20

)

Ric(X,X)ds − 2(n − 1)

r0

≥ −2(n− 1)

(

2

3
Kr0 + r−1

0

)

.

Case 2. 2√
2K/3

≤ d(x0, x1, t0) ≤ 2r0.

We just need to rerun the proof of Case 1 with r0 replaced by
r1 = 1√

2K/3
which is less than r0.

Case 3. d(x0, x1, t0) ≤ min{2r0, 2√
2K/3

}.
The proof is almost trivial:

∂td(x0, x1, t)|t=t0 = −
∫ d(x0,x1,t0)

0
Ric(X,X)ds ≥ −(n− 1)K

2
√

2K/3

≥ −2(n − 1)

(

2

3
Kr0 + r−1

0

)

.

�

5.2 Maximum principles under Ricci flow

We present in this section a number of maximum principles for tensors
or curvatures under Ricci flow. These are important tools since they
allow us to control qualitative behavior of the tensor in a future time,
based on the information at current time.
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Throughout the section, we are working under the following en-
vironment. Let D be a bounded, connected domain of a complete n
dimensional manifold M , and g = g(t) be a smooth Ricci flow on
D× [0, T ]. Let V be a J dimensional vector bundle over D with a time
independent metric hαβ and Γ(V ) be the space of C∞ sections of V .
We assume that there is a time dependent connection

∇(t) : Γ(V ) → Γ(V ⊗ T ∗M), t ∈ [0, T ]

which is compatible with h = hαβ . This means

∇Xhαβ = 0 i.e. (5.2.1)

for all smooth vector field X on M and smooth sections σ, γ of V , there
holds

X[h(σ, γ)] = h(∇Xσ, γ) + h(σ,∇Xγ).

Let σ be a C∞ section of V over D. Define the time dependent
Laplacian by

∆(t)σ = gpq(x, t)∇p(t)∇q(t)σ, ∇p(t)∇q(t) ≡ ∇2
pq.

Here (gpq) = (gpq)
−1 and (gpq) is the metric g = g(t) in a local coordi-

nates {∂x1 , . . . , ∂xn}. Also ∇i = ∇∂/∂xi . If no confusions arise, we will
omit the time variable t in ∇ and ∆ in this section.

In many applications, the vector bundle V is chosen as the one
made from 2 forms on M . Then the curvature tensor can be viewed
as a symmetric bilinear form (functional) on V (see (5.1.23).) Under
the evolving orthonormal frame given in Proposition 5.1.2, the time
independent metric hαβ is given by (5.1.18).

Theorem 5.2.1 (Hamilton’s strong maximum principle for tensor
[Ha2]) Let Mαβ be a family of smooth, symmetric bilinear forms on
V evolving by the equation

∂tMαβ = ∆Mαβ +Nαβ, on D × [0, T ]. (5.2.2)

Here ∆ is the rough Laplacian on tensor with respect to the metric
g = g(t); Nαβ is a polynomial of (Mαβ), formed by contracting elements
of (Mαβ) with the metric hαβ . Suppose (Nαβ) ≥ 0 whenever (Mαβ) ≥ 0.

Suppose (Mαβ) ≥ 0 on D× [0, T ]. Then there exists δ > 0 such that,
on the space time domain D × (0, δ), the rank of (Mαβ) is constant.
Moreover the null space of (Mαβ) is invariant under parallel translation
and invariant in time, and it also lies in the null space of (Nαβ).
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Proof. For the sake of clarity, we divide the proof into a few steps.
Step 1.
Define

l = sup
x∈D

{ rank of Mαβ(x, 0)}.

From linear algebra, we can find a smooth function ρ0 = ρ0(x) ≥ 0,
being positive some where, such that

ΣJ−l+1
i=1 Mαβ(x, 0)v

α
i v

β
i ≥ ρ0(x)

for any J− l+1 orthonormal vectors vi in Vx, i = 1, . . . , J − l+1. Here
and later this means hαβv

α
i v

β
j = δij .

Here Vx is the fiber of V at x. Note that i is the index for the vectors
and the Greek letters α and β are the indices for components of the
vectors.

Next we define a function ρ = ρ(x, t), which is the solution of the
heat equation in D× [0, T ] with Dirichlet boundary condition and with
initial value ρ0. By the classical strong maximum principle, it is clear
that ρ(x, t) > 0 for all (x, t) ∈ D × (0, T ].

Step 2.
In this step, we prove the following inequality: for all (x, t) ∈ D ×

(0, T ]

ΣJ−l+1
i=1 Mαβ(x, t)v

α
i v

β
i ≥ ρ(x, t) (5.2.3)

for any J − l + 1 orthonormal vectors vi in Vx, i = 1, . . . , J − l + 1.
This inequality is clearly a consequence of the inequalities: for any

ǫ > 0 and all (x, t) ∈ D × (0, T ],

ΣJ−l+1
i=1 Mαβ(x, t)v

α
i v

β
i + ǫet ≥ ρ(x, t) (5.2.4)

for any J − l + 1 orthonormal vectors vi, i = 1, . . . , J − l + 1.
We argue by contradiction. Suppose (5.2.4) is not true. Then for

some ǫ > 0, there is a first time t0 > 0, some point x0 ∈ M and some
orthonormal vectors vi in Vx0 , i = 1, . . . , J − l + 1 such that

ΣJ−l+1
i=1 Mαβ(x0, t0)v

α
i v

β
i + ǫet0 = ρ(x0, t0).

Under the metric g(t0), we use parallel translation along geodesics ema-
nating from x0 to extend each vi to a smooth vector field in a neighbor-
hood of x0. We still denote these vector fields by vi. By the assumption
on h, for any tangent vector X on M ,

∇X [h(vi, vj)] = h(∇Xvi, vj) + h(vi,∇Xvj) = 0
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Hence it is clear that vi are still orthonormal under the metric h. Write

F (x, t) = ΣJ−l+1
i=1 Mαβv

α
i v

β
i + ǫet − ρ.

By our choice, F (x0, t0) = 0 and F (x, t) ≥ 0 when t < t0 and F (x, t0) ≥
0, x ∈M . Hence

∂tF ≤ 0, ∆F ≥ 0.

Using the equations for Mαβ and ρ, we have

∂tF = ∂t

(

ΣJ−l+1
i=1 Mαβv

α
i v

β
i + ǫet − ρ

)

= ΣJ−l+1
i=1 (∆Mαβ +Nαβ)v

α
i v

β
i + ǫet − ∆ρ.

By our assumption, (Mαβ) ≥ 0 implies (Nαβ) ≥ 0. Therefore

∂tF ≥ ΣJ−l+1
i=1 (∆Mαβv

α
i v

β
i ) + ǫet − ∆ρ

= ∆F + ǫet = ǫet > 0.

This contradiction shows that (5.2.4) and consequently (5.2.3) is true.
Hence the rank of Mαβ(x, t) is at least l in D × (0, T ]. Since rank

is an integer, there exists a δ > 0 such that the rank of Mαβ(x, t) is a
constant in D × (0, δ].

Step 3. In this step we take t ∈ (0, δ] where δ is given at the end of
the last step. Here we prove the statement on the null space of Mαβ .

By Step 2, the rank of Mαβ are constants, we can find smooth
sections for its null space.

Let v ∈ V be any smooth section of V in the null space of Mαβ .
Then we compute

0 = ∂t(Mαβv
αvβ) = ∂t(Mαβ)v

αvβ + 2Mαβv
α∂tv

β

= ∂t(Mαβ)v
αvβ.

(5.2.5)

Also
0 = ∆(Mαβv

αvβ)

= ∆(Mαβ)v
αvβ + 4gpq∇pMαβ v

α∇qv
β

+ 2Mαβg
pq∇pv

α∇qv
β + 2Mαβv

α∆vβ.

The last term is 0 since v is in the null space of Mαβ . Hence

0 = ∆(Mαβ)v
αvβ + 4gpq∇pMαβ v

α∇qv
β + 2Mαβg

pq∇pv
α∇qv

β .

Notice
0 = ∇p(Mαβv

α) = ∇p(Mαβ)v
α +Mαβ∇pv

α.
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Combining the last two identities with (5.2.5) and using the equation
(5.2.2), we arrive at

Nαβv
αvβ + 2Mαβg

pq∇pv
α∇qv

β = 0.

Taking an orthonormal coordinate at any given point where the above
equality holds, we have

Nαβv
αvβ + 2Mαβ∇pv

α∇pv
β = 0.

Since both Mαβ and Nαβ are nonnegative, we conclude that

v ∈ null(Nαβ), ∇pv ∈ null(Mαβ), p = 1, 2, . . .

Hence null(Mαβ) ⊂ null(Nαβ) and null(Mαβ) is invariant under par-
allel translation.

Step 4. We prove that null(Mαβ) is invariant in time when t ∈ (0, δ].
This is done if can prove ∂tv ∈ null(Mαβ), where v is a smooth

section of V in the null space of (Mαβ). We again work in an orthonor-
mal coordinates around a point x ∈ M . By the definition of second
covariant derivative, for any tangent vectors X and Y on M , it holds

∇X∇Y v ≡ ∇2
XY v = ∇X(∇Y v) −∇∇XY v.

By Step 3, from v ∈ null(Mαβ), we know ∇Xv,∇Y v,∇∇XY v ∈
null(Mαβ), which then imply

∇p∇qv ≡ ∇2
pqv ∈ null(Mαβ).

Therefore
∆v = gpq∇p∇qv ∈ null(Mαβ).

It follows that

gpq∇pMαβ∇qv
α = gpq∇p(Mαβ∇qv

α) −Mαβ∆v
α = 0.

This shows:

0 = ∆(Mαβv
α) = ∆(Mαβ)v

α + 2gpq∇pMαβ∇qv
α +Mαβ∆v

α

= (∆Mαβ)v
α.

Thus

0 = ∂t(Mαβv
α) = (∆Mαβ +Nαβ)v

α +Mαβ∂tv
α = Mαβ∂tv

α, i.e.

∂tv
α ∈ null(Mαβ)

which proves that null(Mαβ) is invariant for t ∈ (0, δ]. �

One quick implication of the strong maximum principle is the fol-
lowing important
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Theorem 5.2.2 (Hamilton [Ha2]) Let g = g(t), t ∈ [0, T ), be a Ricci
flow in a complete manifold with bounded curvature at each time slice.
Suppose the curvature operator Mαβ (Definition 5.1.3) of the initial
metric is nonnegative. Then, in a time interval (0, δ] ⊂ (0, T ), the
image of Mαβ is a Lie subalgebra of so(n), which has constant rank
and is invariant under parallel translation and invariant in time.

Proof. Apply the weak maximum principle Theorem 4.5.2 and The-
orem 5.2.1 to equation (5.1.25). We leave the detail as an exercise. �

Exercise 5.2.1 Prove Theorem 5.2.2.

Remark 5.2.1 The rank of Mαβ may not be a constant for all time
in (0, T ). See Exercise 6.63 on p248 [CLN].

The next result, called Hamilton’s advanced maximum principle,
allows one to control a tensor evolving by certain nonlinear heat equa-
tion via a system of ordinary differential equations. This theorem works
for general evolution equations. However we will just present the Ricci
flow version for the sake of clarity.

Let g = g(t) be a smooth Ricci flow on M × [0, T ], where M is
a complete manifold with bounded curvature tensor. Let V be a vec-
tor bundle over M with a time independent metric h = hαβ , and a
connection ∇ = ∇(t) = {Γαiβ} which is compatible with hαβ .

LetN : V×[0, T ] → V be a fiber preserving map which is continuous
in the variables (x, t), i.e. N(x, σ, t) is a time dependent vector field
defined on the bundle V such that

N(x, σ, t) ∈ Vx, if σ ∈ Vx.

Here Vx is the fiber of V at x. Moreover we assume

|N(x, σ1, t) −N(x, σ2, t)| ≤ CB |σ1 − σ2|

for all x ∈ M , t ∈ [0, T ] and |σi| ≤ B, i = 1, 2. Here CB is a positive
constant depending on B only.

The PDE under consideration now is

∆σ(x, t) − ∂tσ(x, t) + u∇σ(x, t) +N(x, σ(x, t), t) = 0. (5.2.6)

Here ∆ is again the rough Laplacian on tensor with respect to g = g(t);
u is a smooth, bounded vector field on M and u∇σ(x, t) is defined as
ui∇iσ(x, t) in a local coordinates. We assume σ = σ(x, t) is a smooth
solution of the PDE in M × [0, T ].
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Theorem 5.2.3 (Hamilton’s advanced maximum principle [Ha2]) Let
K be a closed subset of V satisfying:

(1). K is invariant under parallel translation defined by the connec-
tion ∇(t) for each t.

(2). In each fiber Vx, the set Kx ≡ Vx ∩K is closed and convex.
Suppose, for any x ∈ M , any solution to the ordinary differential

equation

d

dt
bx = N(x, bx, t) (5.2.7)

which starts in Kx at a time t0 ∈ [0, T ] will remain in Kx for all later
time. Then any solution σ(x, t) of (5.2.6), t ∈ [t0, T ], remains in K
provided that σ(x, t0) ∈ K for all x ∈ M and σ is uniformly bounded
in M × [t0, T ], under the bundle metric hab.

The proof of the theorem relies on two calculus lemmas whose proofs
are left as an exercise.

Lemma 5.2.1 Let f : [a, b] ⊂ R → R be a Lipschitz function. Assume,
for some constant C,

d+f

dt
≡ lim sup

h→0+

f(t+ h) − f(t)

h
≤ Cf(t),

whenever f(t) ≥ 0 on (a, b).

If also f(a) ≤ 0, then f(t) ≤ 0 on [a, b].

Lemma 5.2.2 Let X be a complete smooth manifold and Y a compact
subset of X. Let f(x, t) be a smooth function on X × [a, b] with [a, b] ⊂
R. Define

h(t) = sup{f(y, t) | y ∈ Y }.
Then h is Lipschitz and

d

dt
h(t) ≤ sup{ ∂

∂t
f(y, t) | y ∈ Y, f(y, t) = h(t)}, a.e.

Exercise 5.2.2 Prove the above two lemmas.

Now we are ready to provide

Proof. (of Theorem 5.2.3) The statement of the theorem is local in
space time. Without loss of generality, we may assume K is compact.
Suppose there is a solution σ(x, t) to the PDE (5.2.6) which satisfies
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σ(x, t0) ∈ Kx for all x ∈M and which goes out of K at some later time
t2. Since K is closed, there is a time t1 > t0 such that σ(x, t1) ∈ Kx for
all x ∈M , but for any t ∈ (t1, t2] there exists x such that σ(x, t) ∈ Kc

x.
To simplify the presentation, we introduce two more notations.

Given v1, v2 ∈ Vx, x ∈ M , we use |v1 − v2| to denote the distance
between v1 and v2, under the time independent metric h; and we use
v1 · v2 to denote h(v1, v2).

We consider the function

f(t) = sup
x∈M

dist(σ(x, t),Kx) ≡ sup
x∈M

inf
v∈Kx

|σ(x, t) − v|, t ∈ [t1, t2].

By assumptions, we know that f is continuous and

f(t1) = 0, f(t) > 0, t ∈ (t1, t2]. (5.2.8)

For any v ∈ ∂Kx, let Sv be the subset of Vx, which is consisted of
outward unit normals of the supporting hyperplanes of Kx at v. Then
one can prove that

f(t) = sup
x∈M

sup
v∈∂Kx

sup
n∈Sv

n · (σ(x, t) − v).

By Lemma 5.2.2, we have

d+f(t)

dt
≤ sup

∂

∂t
[n · (σ(x, t) − v)]. (5.2.9)

where the sup is taken over all x ∈ M,v ∈ ∂Kx, n ∈ Sv such that
n · (σ(x, t) − v) = f(t). By (5.2.6), we compute

∂

∂t
[n · (σ(x, t) − v)] = n · ∂

∂t
σ(x, t)

= n · ∆σ(x, t) + n · u∇σ(x, t) + n ·N(x, σ(x, t), t).
(5.2.10)

By the assumption on the ODE (5.2.7), we claim that

v +N(x, v, t) ∈ CvKx

where CvKx is the tangent cone of Kx with vertex at v, i.e. the smallest
convex cone with vertex v, which contains Kx. Here is the proof. We
pick v ∈ ∂Kx and a time t0. Let b = b(t) be the solution of the ODE
(5.2.7) with the initial value b(t0) = v. By the definition of the convex
cone CvKx and the assumption that b(t) ∈ Kx ⊂ CvKx, we know that
the ray

{v + s(b(t) − v) | s ∈ [0,∞)}
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lies in CvKx. Take s = 1/(t − t0) and let t → t+0 , we know
v +N(x, v, t0) ∈ CvKx. Since t0 is arbitrary, the claim is true.

Therefore
n ·N(x, v, t) ≤ 0

for any n ∈ Sv and any t ∈ (t1, t2). This shows

n ·N(x, σ(x, t), t) ≤ n ·N(x, σ(x, t), t) − n ·N(x, v, t)

≤ |N(x, σ(x, t), t) −N(x, v, t)| ≤ C|σ(x, t) − v|
= Cf(t).

Suppose we can show that

n · [∆σ(x, t)] ≤ 0, n · [u∇σ(x, t)] = 0. (5.2.11)

Then using this, (5.2.9) and (5.2.10), we will obtain

d+f(t)

dt
≤ Cf(t), t ∈ (t1, t2).

Lemma 5.2.1 then implies f(t) ≤ 0 when t ∈ (t1, t2). This contradiction
with (5.2.8) will prove the theorem.

So all we need is to prove (5.2.11). Pick a small neighborhood
Ox ⊂ M , containing x. For any y ∈ Ox, let vy, ny ∈ Ky be the par-
allel translation of v, n ∈ Kx, taking place along the unique minimum
geodesic connecting x and y. Recall that ∇ is compatible with the met-
ric h and K is invariant under parallel translation. Hence we still have
vy ∈ ∂Ky and ny ∈ Svy for Ky at vy. By the maximality of f(t), we
deduce

ny · (σ(y, t) − vy) ≤ f(t), y ∈ Ox.

The function ny · (σ(y, t)− vy) thus reaches a local maximum at y = x.
Hence

∂

∂yi
[ny · (σ(y, t) − vy)] = 0, y = x,

∆[ny · (σ(y, t) − vy)] ≤ 0, y = x.

Here {y1, . . . , yn} is a local coordinates centered at y. Since ny and vy
are generated by parallel translation, we know that

∇ny = ∇vy = 0, ∆ny = ∆vy = 0, y = x.
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Using the assumption that h and ∇ are compatible (c.f. (5.2.1)), we
see that

0 =
∂

∂yi
[ny · (σ(y, t) − vy)] =

∂

∂yi
h(ny, (σ(y, t) − vy))

= h(∇∂/∂yiny, (σ(y, t) − vy)) + h(ny,∇∂/∂yi(σ(y, t) − vy))

= ny · ∇∂/∂yiσ(y, t), y = x.

Hence

n · [u(x, t)∇σ(x, t)] = n · [ui(x, t)∇∂/∂xiσ(x, t)]

= ui(x, t)n · ∇∂/∂xiσ(x, t) = 0.

Similarly, we also see that

n · ∆σ(x, t) ≤ 0.

So we have finished the proof of (5.2.11) and the theorem. �

An important consequence of the advanced maximum principle is
the

Theorem 5.2.4 (Hamilton Ivey pinching theorem [Ha7] and [Iv] ) Let
(M,g(t)), t ∈ [0, T ] be a Ricci flow on a three dimensional complete
(compact or noncompact) manifold with bounded curvature for each
t ∈ [0, T ]. Let ν = ν(x, t), x ∈M , t ∈ [0, T ], be the smallest eigenvalue
of the curvature operator at the point (x, t). Suppose at t = 0, ν ≥ −1.
If ν = ν(x, t) < 0 at a point (x, t), then the scalar curvature R = R(x, t)
satisfies

R ≥ −ν[ln(−ν) − 3].

Remark 5.2.2 The main point of the theorem is that the scalar curva-
ture is much larger than the absolute value of a very negative sectional
curvature. This theorem is of fundamental importance in the analysis
of singularities of 3 dimensional Ricci flow.

Proof. Since the dimension of the manifold is 3, by Corollary 5.1.1,
the curvature operator Mαβ obeys the equation

∂tMαβ = ∆Mαβ +M2
αβ +M ♯

αβ

where M ♯ is the adjoint matrix of (Mαβ). At a given point, say x ∈M ,
we can diagonalize Mαβ so that

(Mαβ) = diag(λ, µ, ν)
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where λ ≥ µ ≥ ν. Accordingly

(M2
αβ) = diag(λ2, µ2, ν2),

(M ♯
αβ) = diag(µν, λν, λµ).

Hence the ordinary differential equation in companion with the above
curvature equation is



















∂tλ = λ2 + µν

∂tµ = µ2 + λν

∂tν = ν2 + λµ.

(5.2.12)

Let f be the one variable function on R

f = f(a) = a(ln a− 3).

We introduce the set K which is consisted of those matrices Mαβ whose
eigenvalues λ ≥ µ ≥ ν satisfy







λ+ µ+ ν ≥ −3

λ+ µ+ ν ≥ f(−ν).
(5.2.13)

Since the function f is continuous and convex, it is easy to see that the
set K is closed and convex. The equation (5.2.12) infers

d

dt
(λ+ µ+ ν) = λ2 + µ2 + ν2 + µν + λν + λµ ≥ 0.

Hence the first condition in (5.2.13) is preserved under the ODE
(5.2.12).

When ν < 0, we consider the function

H =
λ+ µ+ ν

−ν − ln(−ν).

By direct calculation from (5.2.12), we have

ν2dH

dt
= −ν3 − ν(λ2 + µ2 + λµ) + (λ+ µ)λµ.

If µ < 0, then

ν2dH

dt
= −ν3 − µ3 + (µ− ν)(λ2 + µ2 + λµ) ≥ −ν3.
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If µ ≥ 0, then

ν2dH

dt
= −ν3 − νµ2 + (µ− ν)(λ2 + λµ) ≥ −ν3.

So in any case
dH

dt
≥ −ν.

Thus, if ν ≤ 0, then

d

dt
(H + 3) =

d

dt

(

λ+ µ+ ν

−ν − ln(−ν) + 3

)

≥ 0.

By our initial condition that 0 ≥ ν ≥ −1 and that R ≥ 3ν when t = 0,
we see

H(0) + 3 = (−ν)−1(R− (−ν) ln(−ν) − 3ν) ≥ 0.

Therefore, whenever t > 0 and ν < 0, it holds.

λ+ µ+ ν

−ν − ln(−ν) + 3 ≥ 0

which shows that K is preserved by the ODE (5.2.12). The theorem
now follows from the advanced maximum principle Theorem 5.2.3. �

Theorem 5.2.3 has been extended by Chow and Lu to the case when
the convex set K may depend on time.

Theorem 5.2.5 (Chow and Lu [CL2]) Let K(t), t ∈ [0, T ] be closed
subsets of V , which satisfy:

(1). K(t) is invariant under parallel translation defined by the con-
nection ∇(t) for each t ∈ [0, T ].

(2). In each fiber Vx, the set Kx(t) ≡ Vx∩K(t) is closed and convex
for each t ∈ [0, T ].

(3). The space time track ∪t∈[0,T ](∂K(t)×{t}) is a closed subset of
V × [0, T ].

Suppose, for any x ∈ M , any solution to the ordinary differential
equation

d

dt
bx = N(x, bx, t)

which starts in Kx(t0) at a time t0 ∈ [0, T ] will remain in Kx(t) for all
later time. Then any solution σ(x, t) of (5.2.6), t ∈ [t0, T ], remains in
K(t) provided that σ(x, t0) ∈ K(t0) for all x ∈ M and σ is uniformly
bounded in M × [0, T ], under the bundle metric hab.
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Actually Chow and Lu proved more general results which allow σ
to be certain unbounded solutions. But this result already provides a
proof of an improved Hamilton-Ivey pinching theorem. It is useful when
one considers long-term behavior of Ricci flow.

Theorem 5.2.6 ( [Ha9] Theorem 4.1) Let (M,g(t)), t ∈ [0, T ] be a
Ricci flow on a three dimensional complete (compact or noncompact)
manifold with bounded curvature for each t ∈ [0, T ]. Let ν = ν(x, t),
x ∈ M , t ∈ [0, T ], be the smallest eigenvalue of the curvature operator
at the point (x, t). Suppose at t = 0, ν ≥ −1. If ν = ν(x, t) < 0 at a
point (x, t), then the scalar curvature R = R(x, t) satisfies

R ≥ −ν[ln(−ν) + ln(1 + t) − 3].

Proof. With Theorem 5.2.5 in hand the proof of this theorem is al-
most the same as the proof of Theorem 5.2.4. One just replace the
function f(a) = a(ln a− 3) there by f1(a) ≡ a(ln a+ ln(1 + t)− 3). �

We close this section by presenting

Theorem 5.2.7 (Hamilton rounding theorem) Let (M,g0) be a com-
pact three manifold with positive Ricci curvature. Then the normalized
Ricci flow d

dtg = −2Ric + g, g(0) = g0 has a unique smooth solution
for t ∈ [0,∞). Moreover, as t → ∞, the metric g(t) converges exponen-
tially fast in every Ck-norm to a C∞ metric g∞ with constant positive
sectional curvature.

Consequently, a compact three manifold with positive Ricci curva-
ture is diffeomorphic to the three sphere S3 or its quotient of finite
group.

For the original proof one can consult [Ha1]. The book [CLN] con-
tains an updated proof. The maximum principles play a fundamental
role.

5.3 Qualitative properties: Gradient estimates,

Harnack inequalities, compactness,

κ noncollapsing

In this section we discuss a number of qualitative properties of the Ricci
flow, which are consequences of the evolution equations from the last
section.
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The first result is due to W. X. Shi, which says that bounds on
curvature tensor imply bounds on the covariant derivatives of the cur-
vature tensor. Such a result is a generalization of the classical Bernstein
gradient estimate to the Ricci flow setting. The main idea of the proof
is to construct a quantity involving the norms of curvature and its
derivatives. This quantity is then shown to satisfy a scalar heat type
equation to which the maximum principle is applicable.

Theorem 5.3.1 (Shi’s derivative estimate [Shi]) There exist positive
constants Cm, m = 1, 2, . . . such that if the curvature of a complete
solution to Ricci flow satisfies

|Rm| ≤ A

up to time t with 0 < t ≤ A−1, then the m − th covariant derivatives
satisfy

|∇mRm| ≤ CmA/t
m/2

for 0 < t ≤ A−1. Here the tensor norms are taken with respect to the
evolving metric.

Proof. We will just deal with the case m = 1 on compact mani-
folds. The rest can be done by induction. Denote by Rm and ∇Rm
the curvature tensor and its covariant derivative tensor. According to
Proposition 5.1.1,

∂tRm = ∆Rm+Rm ∗Rm (5.3.1)

where Rm ∗Rm is an abbreviation of sums of certain tensor products.
From Proposition 3.1.1, in an orthonormal coordinate {x1, . . . , xn},

Ri1...i4,k = ∂xk
Ri1...i4 − Σ4

r=1Γ
l
irkRi1ir−1lir+1i4.

Therefore, at center of the coordinate,

∂tRi1...i4,k = ∂xk
∂tRi1...i4 − Σ4

r=1∂tΓ
l
irkRi1ir−1lir+1i4

By Proposition 5.1.1 again,

∂tΓ
k
ij = −gkl(∇iRjl + ∇jRil −∇lRij).

Since ∂tΓ
k
ij is an linear combination of components in ∇Rm, we have

∂t∇Rm = ∆∇Rm+Rm ∗ (∇Rm). (5.3.2)
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By this and (5.3.1), we arrive at the inequalities

∂t|Rm|2 ≤ ∆|Rm|2 − 2|∇Rm|2 + c|Rm|3, (5.3.3)

∂t|∇Rm|2 ≤ ∆|∇Rm|2 − 2|∇2Rm|2 + c|Rm| |∇Rm|2. (5.3.4)

Here c is a constant depending only on dimension. Picking a constant
a > 0 and setting

F = t|∇Rm|2 + a|Rm|2.
Then

∂tF ≤ ∆F + |∇Rm|2(1 + tc|Rm| − 2a) + ca|Rm|3.
Taking a ≥ c+ 1, we obtain, using t ≤ A−1, |Rm| ≤ A,

∂tF ≤ ∆F + c1A
3

for a dimensional constant c1. The maximum principle shows

F (x, t) ≤ supF (·, 0) + c1A
3t ≤ (a+ c1)A

2,

which yields
|∇Rm|2(x, t) ≤ (a+ c1)A

2/t. �

By constructing suitable cut-off functions, Shi also proved a local-
ized gradient estimate.

Theorem 5.3.2 (Shi’s local derivative estimate [Shi]) Given θ >
0, A > 0, assume the curvature of a solution to Ricci flow (M, g) sat-
isfies

|Rm| ≤ A, on U × [0, θA−1] (5.3.5)

where U is an open set containing B(p, r, 0), p ∈ M, r > 0. Then there
exist positive constants Cm, m = 1, 2, . . . depending on dimension and
θ, such that the following statement holds:

the m− th covariant derivatives satisfy

|∇mRm(p, t)| ≤ CmA(
1

rm
+

1

tm/2
+Am/2)

for 0 < t ≤ θA−1. Here the tensor norms are taken with respect to the
evolving metric.
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Proof. We will only prove the main case m = 1 and refer other details
to the original paper [Shi] and [Ha7] or [CZ] p. 192. See also [Tao] for
a simplified proof, where he found a simpler auxiliary function than
(5.3.6). The proof is divided into three steps.

We assume, without loss of generality, that

r ≤ θ/
√
A.

Step 1. constructing a Bernstein type auxiliary function.
This time the key quantity to consider is

F =
b

A4
(BA2 + |Rm|2)|∇Rm|2. (5.3.6)

Here b and B are positive constants such that b < c/(1 + B)2, where
c depends on dimension only. By straightforward computation, we can
choose c small so that (5.3.3) and (5.3.4) imply,

∂tF ≤ ∆F − F 2 +A2. (5.3.7)

Step 2. constructing cut off functions.
We construct a smooth, spatial cut-off function φ supported in

B(p, r, 0) such that, for t ∈ [0, θA−1],

φ(x) = r, when d(p, x, 0) ≤ r/2, 0 ≤ φ ≤ C0r

where C0 is a positive constant. Indeed one can take

φ(x) = rλ(d(p, x, 0)/r)

where λ is a suitable one variable function.
Now define the barrier function

H =
a2

φ2
+

1

t
+A (5.3.8)

in the space time domain B(p, r, 0) × [0, θA−1]. Note H is ∞ on the
parabolic boundary

∂B(p, r, 0) × [0, θA−1] ∪B(p, r, 0) × {0}.

By continuity, there exists S ∈ [0, θA−1] such that

F ≤ H, in B(p, r, 0) × [0, S]. (5.3.9)
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Let T be the supremum of the times S so that (5.3.9) holds. We claim
that T = θA−1 when a is sufficiently large. The theorem then follows
from the claim.

We show that there exists a positive constant σ1, depending on
θ, b,B, but independent of a, such that

|∇φ|g(t) ≤ σ1, φ|∇2φ|g(t) ≤ σ1(1 + a), t ≤ T. (5.3.10)

The covariant derivatives are with respect to g(t) for all t ∈ [0, T ].
Using the assumed curvature bound and r ≤ θ/

√
A, it is very easy

to verify the derivative bounds in (5.3.10) at time t = 0. If t > 0,
one works under the evolving orthonormal frame {F ia(x, t) ∂

∂xi } given in

Proposition 5.1.2. Here { ∂
∂xi } is an orthonormal frame around p, with

respect to g(0). By Proposition 5.1.2,

∂t∇aφ = ∂t(F
i
a∇iφ) = F ia∇i∂tφ+ ∇iφR

i
kF

k
a = Rab∇bφ.

Here Rik = gijRjk. From the assumed bound on curvature (5.3.5), it
follows that

∂t|∇φ|2 ≤ CA|∇φ|2.
Hence, if |∇φ| ≤ C1 at t = 0 for some C1 > 0, then

|∇φ|2 ≤ C2
1e
tCA ≤ eCθC2

1 ≡ σ2
1 (5.3.11)

for all t ∈ [0, θ/A].
Next, by Proposition 5.1.1 (4) and Proposition 5.1.2, there is the

identity

∂t(∇2
abφ) = ∂t(F

i
aF

j
b∇2

ijφ) = ∂t(F
i
aF

j
b (

∂2φ

∂xi∂xj
− Γkij

∂φ

∂xk
))

= Rac∇2
bcφ+Rbc∇2

acφ− (∇cRab −∇aRbc −∇bRac)∇cφ,

which induces

∂t|∇2φ| ≤ C|Rm| |∇2φ| + C|∇Rm| |∇φ|.

This, (5.3.11) and assumption (5.3.5) imply

∂t|∇2φ| ≤ CA|∇2φ| + Cσ1|∇Rm|, t ∈ (0, θ/A].

For t ∈ [0, T ], we assumed (5.3.9) holds, i.e. F ≤ H. Therefore

|∇Rm|2 ≤ A2

bB
(
a2

φ2
+

1 + θ

t
).
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Hence

∂t(φ|∇2φ|) ≤ CAφ|∇2φ| + CA(
r(1 + θ)√

t
+

a√
bB

)σ1.

Integrate the above inequality from 0 to T . Because T ≤ θ/A and
r ≤ θ/

√
A, we deduce

φ|∇2φ| ≤ C2σ1(1 + a).

Here C2 is independent of a. Hence the bounds (5.3.10) hold after
adjusting the constants.

Step 3. applying the maximum principle.
By direct calculation,

∆H −H2 = a2 6|∇φ|2 − 2φ∆φ

φ4
−
(

a2

φ2
+

1

t
+A

)2

≤ a2

φ4

(

6|∇φ|2 + 2φ|∇2φ|
)

−
(

a4

φ4
+

1

t2
+A2

)

.

Note that ∂tH = −1/t2, which, together with the bounds (5.3.10) im-
plies that

∆H −H2 ≤ a2

φ4
6[σ2

1 + σ1(1 + a)] + ∂tH −A2 − a4

φ4
≤ ∂tH −A2

when a is chosen sufficiently large. Thus

∂tH ≥ ∆H −H2 +A2, in B(p, r, 0) × [0, T ].

From this and (5.3.7), we deduce

∂t(F −H) ≤ ∆(F −H) − (F +H)(F −H), in B(p, r, 0) × [0, T ].

Also note that H dominates F on the parabolic boundary of B(p, r, 0)×
[0, T ]. In fact H = ∞ there. Hence the strong maximum principle
for scalar heat equation tells us F < H in B(p, r, 0) × [0, T ]. Unless
T = θA−1, the final time when the assumption |Rm| ≤ A is made, this
is a contradiction with the assumption that T is the supremum time
that F ≤ H holds. This proves the desired bound when m = 1.

Higher-order bounds follow from induction. �

If there is more derivative control on the initial curvature, then one
has the following improved local derivative estimates. For a proof of an
even more general result, see Lu and Tian [LT], Appendix B.
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Proposition 5.3.1 Given θ > 0, A > 0, let (M, g) be a Ricci flow
defined on the time interval [0, θA−1]. Let Rm be the curvature tensor
and ∇lRm the l-th covariant derivative of Rm, l = 1, . . . ,m. Let U
be an open set containing a ball B(p, r, 0), r > 0. Assume, for some
positive constants A and B, that

|Rm| ≤ A, on U × [0, θA−1],

|∇lRm(x, 0)| ≤ B

rl

for x ∈ U and l = 1, . . . ,m.
Then exist positive constants Cm, m = 1, 2, . . ., depending on di-

mension, A, B and θ, such that the following statement holds:
for l = 1, 2, . . . m,

|∇lRm(x, t)| ≤ Cl
rl

where 0 < t ≤ θA−1 and x ∈ B(p, r/2, 0). Here the tensor norms are
taken with respect to the evolving metric.

Proof. We just give a proof for the case m = 1. The higher order case
is similar and is left as an exercise. The proof is almost identical to the
previous theorem. However, since the initial data has derivative bound,
we can replace the barrier function H in (5.3.8) by

J =
a2

φ2
+A

in B(p, r, 0) × [0, θA−1]. By choosing a suitably, we deduce

0 = ∂tJ ≥ ∆J − J2 +A2, in B(p, r, 0) × [0, T ].

with T being the largest time when F ≤ J . From this and (5.3.7), we
deduce

∂t(F − J) ≤ ∆(F − J) − (F + J)(F − J), in B(p, r, 0) × [0, T ].

By the initial bound on ∇Rm and the fact that J = ∞ on the
sides ∂B(p, r, 0) × [0, θA−1], we also know that J dominates F on
the parabolic boundary of B(p, r, 0) × [0, θA−1]. Here the constant
a = a(A,B, θ) in J is chosen sufficiently large. The strong maxi-
mum principle tells us F < J in B(p, r, 0) × [0, T ], which implies that
T = θA−1. The desired inequality when m = 1 follows. �
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Exercise 5.3.1 Prove Proposition 5.3.1 when m > 1.

From the results in [LY], [Ha5] presented in last chapter, we have
seen that positive solutions to the heat equation satisfy differential
Harnack inequalities. The scalar curvature under Ricci flow is a solution
of a nonlinear heat equation. Does it satisfy a Harnack inequality?
Hamilton [Ha6] shows that the answer is yes if the curvature operator
is nonnegative.

Theorem 5.3.3 (Harnack inequality for the scalar curvature) Let g(t),
t ∈ (0, T ), be a complete solution of the Ricci flow on a manifold M.
Suppose the curvature operator of g(t), t ∈ (0, T ), is nonnegative and
bounded. Then for any one form Wa and any two forms Uab, there
holds, under an evolving orthonormal frame,

MabWaWb + 2PabcUabWc +RabcdUabUdc ≥ 0.

Here

Mab = ∆Rab −
1

2
∇a∇bR+ 2RcabdRcd −RacRbc +

1

2t
Rab,

Pabc = ∇aRbc −∇bRac.

Remark 5.3.1 As one can expect, the proof of this Harnack inequal-
ity requires rather intense and technical calculation, although the un-
derlying idea is still the maximum principle. We refer to the original
paper [Ha6] and the book [Cetc] for detailed proof and motivations.
Hamilton first established a similar Harnack inequality for positive so-
lutions of the heat equation with fixed metric in [Ha5].

The assumption that the curvature operator is nonnegative means
RabcdUabUdc ≥ 0 for any two forms U . See also Definition 5.1.3. Note
the order of the indices d and c are reversed on U . This is due to
the contraction convention for tensors we are using. It may seem quite
restrictive at the first glance. However, in three dimension case, this is
sufficient for singularity analysis. Recently S. Brendle [Br] is able to
relax the curvature condition to certain extent.

In many applications, the following trace form of the theorem is
enough.

Corollary 5.3.1 (trace Harnack inequality under Ricci flow) Under
the same assumption as the theorem, for any one form Va, it holds

∂tR+
R

t
+ 2∇aRVa + 2RabVaVb ≥ 0.
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Proof. Take

Uab =
1

2
(VaWb − VbWa)

and take trace over Wa in the previous theorem. �

Let us mention an important classification result of ancient solu-
tions by Hamilton, which is just one application of the trace Harnack
inequality.

Theorem 5.3.4 Let (M, g(t)), t ∈ (−∞, 0) be a complete solution to
the Ricci flow with nonnegative curvature operator, positive Ricci cur-
vature. Denote by R the scalar curvature. Suppose that supM×(−∞,0)R
is attained at some point in space time. Then (M, g(t)) is a steady
gradient soliton.

A proof can be found in [Ha4] or Theorem 10.48 [CLN]. The concept
of gradient soliton is given in Definition 5.4.2.

Next we turn to the concepts of convergence and compactness for
Ricci flow. They are rooted in the classical theory on convergence of
manifolds developed by Cheeger, Gromov and others. They are is very
useful in the analysis of singularities of Ricci flow, when one needs to
extract convergent subsequence from a sequence of scaled metrics.

Definition 5.3.1 (C∞
loc convergence of manifolds) Let (Mk, gk, pk) be

a sequence of marked complete Riemann manifolds. Let B(pk, rk) be a
sequence of geodesic balls in Mk with rk → r∞ ≤ ∞ as k → ∞. We
say that B(pk, rk) converges in the C∞

loc topology to a marked manifold
(M∞, g∞, p∞) = {p | d(p∞, p, g∞) < r∞} if there exists a sequence of
exhausting open sets Ok ⊂ M∞ containing p∞ and a sequence of dif-
feomorphisms fk : Ok → Vk ⊂ B(pk, rk) ⊂ Mk satisfying the following
conditions: fk(p∞) = pk and the pull-back metrics g̃k = (fk)

∗gk con-
verge in C∞ topology to g∞ on every compact subset of M∞, when
k → ∞.

We say the marked manifolds (Mk, gk, pk) converge to (M∞, g∞, p∞)
in C∞

loc topology if in addition fk(Ok) contains any ball B(pk, r) ⊂ Mk

with r > 0 when k is sufficiently large.

Remark 5.3.2 This notion of convergence is also called Cheeger-
Gromov, or geometric convergence.

The above definition of convergence can be modified to fit metrics
evolving by Ricci flow in the following manner.
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Definition 5.3.2 (C∞
loc convergence of evolving manifolds) Let

(Mk, gk(t), pk) be a sequence of marked complete Riemann manifolds
where the metrics gk(t) evolve smoothly by Ricci flow in the time inter-
val t ∈ (a, b] with a < 0 < b. Let

B(pk, rk, 0) = {p | d(p, pk, gk(0)) < rk}

be a sequence of geodesic balls in Mk with rk → r∞ ≤ ∞ as
k → ∞. We say that the marked sequence {B(pk, rk, 0), gk(t), pk},
t ∈ (a, b], converges in the C∞

loc topology to an evolving marked manifold
(M∞, g∞(t), p∞), t ∈ (a, b] if there exists a sequence of exhausting open
sets Ok ⊂ M∞ containing p∞ and a sequence of diffeomorphisms

fk : Ok → Vk ⊂ B(pk, rk, 0) ⊂ Mk

satisfying the following conditions:
fk(p∞) = pk and the pull-back metrics g̃k(t) = (fk)

∗gk(t) converge
in C∞ topology to g∞(t) on every compact subset of M∞× (a, b], when
k → ∞.

We say the marked evolving manifolds (Mk, gk(t), pk) converge to
(M∞, g∞(t), p∞) in C∞

loc topology if in addition fk(Ok) contains any
ball B(pk, r, 0) ⊂ Mk with r > 0 when k is sufficiently large.

Remark 5.3.3 In the triple {B(pk, rk, 0), gk(t), pk}, the ball B(pk, rk, 0)
is defined in terms of the metric gk(0). But it is equipped with the evolv-
ing metric gk(t), under which all geometric objects are computed.

In [Ha8] Hamilton proves the next compactness result for Ricci
flows. It roughly says that a sequence of Ricci flow is compact in C∞

loc

topology if the curvature tensors are uniformly bounded on compact
sets and the injectivity radii are uniformly bounded from below at
certain marked points at one time level. We refer the reader to [Ha8],
or Section 4.1 of [CZ] for a detailed proof.

Theorem 5.3.5 (Hamilton compactness theorem for Ricci flow)
Let (Mk, gk(t), pk), t ∈ (a, b] with −∞ ≤ a < 0 < b ≤ +∞ be a se-

quence of marked complete Riemann manifolds where the metrics gk(t)
evolve by Ricci flow smoothly. Let B(pk, rk, 0) = {p | d(p, pk, gk(0)) <
rk} be a sequence of geodesic balls in Mk with rk → r∞ ≤ ∞ as k → ∞.
Suppose the following conditions are met:

(i) for every r ∈ (0, r∞), there exist positive constants C(r), inde-
pendent of k such that the curvature tensor Rmgk(t) satisfies

|Rmgk(t)| ≤ C(r), on B(pk, r, 0) × (a, b]
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when k is sufficiently large;
(ii) there exists a constant δ > 0 such that the injectivity radii of

Mk at pk under the metric gk(0) satisfy the lower bound

inj(Mk, pk, gk(0)) ≥ δ > 0, k = 1, 2, . . . .

Then there exists a subsequence of evolving marked sequence
((B(pk, rk, 0), gk(t), pk) over t ∈ (a, b], which converge in C∞

loc topol-
ogy to a marked evolving manifold (M∞, g∞(t), p∞) where the metric
g∞(t) evolves by Ricci flow smoothly in (a, b].

Moreover, at t = 0, M∞ is the open geodesic ball centered at p∞
with radius r∞. Further M∞ is complete if r∞ = ∞.

In the study of singularity of Ricci flow, one often needs to scale
the flow near singularity and take the limit. Thus the compactness
theorem is quite useful if one has the requisite injectivity radius lower
bound. Historically, finding such a lower bound under Ricci flow is very
difficult. The following property, introduced by Perelman [P1], implies
the injectivity radius lower bound (cf. Theorem 3.6.2). In the next
chapter, we will prove Perelman’s theorem that any Ricci flow satisfies
this property in finite time.

Definition 5.3.3 (κ noncollapsing or κ noncollapsed property)
Let (M, g(t)) be a Ricci flow defined on the time interval [a, b] and

κ be a positive number. Let x0 ∈ M, t0 ∈ [a, b], r > 0 and suppose
t0 − r2 ≥ a. Then M is κ noncollapsing or κ noncollapsed at (x0, t0)
at scale r if |Rm| ≤ r−2 on

P (x0, t0, r,−r2) = {(x, t) |x ∈ M, t ∈ (t0 − r2, t0), d(x, x0, t) < r}

and |B(x0, r, t0)|g(t0) ≥ κr3.

5.4 Special solutions: Solitons, ancient solu-

tions, singularity models

Generally speaking, explicit or special solutions to partial differential
equations are very useful, in part because there are not many of them
available. The fundamental solution to the heat equation in Rn is one
such example. In the case of the Ricci flow, two classes of special solu-
tions, namely Ricci solitons and ancient solutions, provide important
clues to the structure of solutions to Ricci flow equation near singu-
larity and the topology of the underlying manifold. An oversimplified
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description of a result by Perelman [P1] goes like this. When the so-
lution of Ricci flow develops singularity at a time T , the norm of the
curvature tensor at time t will tend to infinity as t → T−. By scaling
the metrics suitably, one obtains, as limiting metrics, a solution to a
new Ricci flow of a new time variable, say s. This solution exists when
s is between −∞ and a fixed time say s = 0. Therefore it is dubbed an
ancient solution. Ancient solutions are already special. In three dimen-
sion case, when s→ −∞, one can scale the metrics again to extract a
subsequence which converges to even more special solutions: Ricci soli-
tons. These Ricci solitons are actually generated by the gradient of a
scalar function, which makes them ever more special. In fact there are
only a few of them which can exist only on a few particular manifolds
such as S3, S2 × R etc. Perelman then proves that a three dimen-
sional Ricci flow near singularity behaves just like these gradient Ricci
solitons. Clearly this result has important topological consequences.

Let us present the formal definition of these special solutions.

Definition 5.4.1 (ancient solutions, κ solutions) A smooth, compact
or noncompact Ricci flow is called an ancient solution if it is complete
and the time of existence is (−∞, T ) for some finite number T .

A κ solution or ancient κ solution is an ancient solution such that:
(i) It is κ noncollapsed at all scales.
(ii) It has nonnegative curvature operator.
(iii) It has bounded curvature at each time slice.
(iv) It is nonflat, which means the curvature tensor is not identically

0.

A Ricci soliton g(t) = gij(x, t) is, after all, a solution of the Ricci
flow equation. What is special is that g(t) is obtained as a pullback of
the initial metric g(0) by a diffeomorphism φt, modulo a scaling func-
tion of time only. The Ricci flow equation then forces the initial metric
to satisfy certain time independent equation. The diffeomorphism φt
can not be arbitrary either. They are generated by a time independent
vector field. On the other hand, any initial metric satisfying this time
independent equation produces a Ricci soliton. For this reason one does
not necessarily distinguish the initial value g(0) with the Ricci soliton
g(t) it generates.

Definition 5.4.2 (Ricci solitons) Let M be a Riemann manifold
equipped with a metric g0. Let g = g(t) be the Ricci flow generated
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by g0 as the initial value. Suppose, for a number λ ∈ R and a vector
field V , g0 satisfies,

2Ric+ LV g0 + 2λg0 = 0. (5.4.1)

Then g0 or g = g(t) is called a steady, shrinking and expanding Ricci
soliton respectively if λ = 0, λ < 0 and λ > 0 respectively. Here Ric is
associated with g0.

If V is a gradient field, i.e. there exists a scalar function f on M
such that V = grad f , then g0 or g = g(t) is called a steady, shrinking
and expanding gradient Ricci soliton respectively.

Remark 5.4.1 By Proposition 3.1.3, for any vector fields Y , Z on M,

(LV g0)(Y,Z) = g0(∇Y V,Z) + g0(Y,∇ZV ).

So, under a local coordinates {x1, . . . , xn}, the Ricci soliton equation
can be written as

2Rij + gik∇jV
k + gjk∇iV

k + 2λgij = 0.

Here V k is given by V = V k ∂
∂xk . Also ∇jV

k is given by ∇ ∂

∂xj
V =

∇jV
k ∂
∂xk .

Remark 5.4.2 By the formula for Hessian of f , for gradient Ricci
solitons, g0 satisfies

Rij + ∇i∇jf + λgij = 0.

Proposition 5.4.1 Let g0 (or g(t)) be the Ricci soliton given in
the definition. Let φt be the one-parameter family of diffeomorphisms
generated by the vector field (1 + 2λt)−1V , i.e. d

dtφt(x) = (1 +
2λt)−1V (φt(x)), φ0 = I. Then

g(t) = (1 + 2λt)φ∗t g0.

Proof. To prove this identity, we just need to verify that its right-
hand side satisfies the Ricci flow equation. By Proposition 3.1.4 (ii)
and the semigroup property of φt, for time independent vector fields
Y,Z on M,

(1 + 2λt) (
d

dt
φ∗t g0)(Y,Z) = (1 + 2λt)φ∗t (L(1+2λt)−1V g0)(Y,Z)

= LV g0((φt)∗Y, (φt)∗Z)

= −2Ricg0((φt)∗Y, (φt)∗Z) − 2λg0((φt)∗Y, (φt)∗Z), by (5.4.1)

= −2(φ∗tRicg0)(Y,Z) − 2λ(φ∗t g0)(Y,Z)
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This shows

d

dt
[(1 + 2λt)φ∗t g0](Y,Z) = 2λφ∗t g0(Y,Z) + (1 + 2λt)

d

dt
φ∗t g0(Y,Z)

= 2λφ∗t g0(Y,Z) − (2Ricφ∗t g0 + 2λφ∗t g0)(Y,Z)

= −2Ricφ∗t g0(Y,Z) = −2Ric(1+2λt)φ∗t g0
(Y,Z).

In the last step, we have used the fact that the Ricci tensor is invariant
relative to the metric under scaling by constants. This means that under
a fixed background local coordinates, which is determined by some
vector fields independent of time and metrics, the local expression for
the Ricci tensors of cg and g are the same. �

Interestingly, there are not many 3-dimensional gradient shrinking
solitons which are noncollapsed. They are all classified by Perelman [P1]
in

Proposition 5.4.2 (Classification of 3-dimensional gradient shrink-
ing solitons)

Let (M,g(t)) be a nonflat, three dimensional gradient shrinking soli-
ton. Assume also (M,g(t)) has bounded and nonnegative sectional cur-
vature and is κ noncollapsed at all scales for some κ > 0.

Then (M,g(t)) is either
(i) the standard three sphere S3, or one of its metric quotients, or
(ii) the standard S2 × R, or one of its Z2 quotients.

Note the Z2 quotients are RP 2 × R and the twisted product of
S2×̃R where the group Z2 flips both S2 and R.

Proof. Case 1. The first case is when the sectional curvature is 0
somewhere. Consider the pull back of the soliton to its universal cover,
(M̃ , g̃). This is a simply connected (by definition of universal cover),
nonflat κ solution with 0 sectional curvature somewhere. According to
Theorem 5.2.1, the pull back (M̃, g̃) splits as the metric product of a
2 dimensional κ solution and R. By [Ha3], the only 2 dimensional κ
solution are the standard S2 or RP 2. Since M̃ is simply connected but
RP 2 is not, we know that M̃ = S2 ×R, and the radius of the 2 sphere
can be chosen as

√
−2t at time t < 0. Hence the original gradient soliton

is M = S2 × R/Γ, a metric quotient of the round cylinder. If M were
compact, then at a very ancient time t, the scalar curvature would be
c/|t|. Since the size of M in the R direction does not change with time,
the volume of the ball with radius

√

|t| would be comparable to c|t|, the
volume of the 2 sphere at the very ancient time t. But this contradicts
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with the fact that κ solutions are κ noncollapsed at all scales at any
time. Therefore M is noncompact. Since the projection Γ2 of Γ on the
factor R is an isometry group of R and the image of R under Γ2 is
noncompact, we know Γ2 is either {1} or Z2. Thus there is a Γ invariant
cross sphere, say S2 × {0}, on which Γ acts isometrically and without
fixed point. This implies that Γ itself is either {1} or Z2. Consequently
M is S2 × R, or one of its Z2 quotients.

Case 2. The second case is when the manifold M is compact and has
positive sectional curvature everywhere. Let t0 be a very ancient time.
With (M,g(t0)) as the initial value, Hamilton’s rounding Theorem 5.2.7
shows that (M,g(t)), t > t0, is getting rounder as t increases. This
means that the ratio between highest and lowest sectional curvature
tends to 1. Thus (M,g(0)) is rounder than (M,g(t0)). But these two
only differ by homothetical scaling, modulo diffeomorphism. Therefore,
M must be the standard S3 or its metric quotients.

Case 3. The third case is when the manifold M is noncompact and
has positive sectional curvature everywhere. But such gradient shrink-
ing soliton actually does not exist. The proof of this is the hardest part
of the proposition.

We divide the rest of the proof into several steps.

Step 1. Properties of the potential function.
Without loss of generality, we can assume that the soliton becomes

singular at time t = 0. By definition of gradient shrinking soliton, there
exists a potential function f = f(x, t) such that, in a local orthonormal
coordinates,

∇i∇jf +Rij +
1

2t
gij = 0, −∞ < t < 0. (5.4.2)

Taking the divergence (cf. Definition 3.3.2), we deduce

∆∇jf + ∇iRij = 0.

Recall from Proposition 3.2.3 and Bochner’s formula:

∇iRij =
1

2
∇jR,

∆∇jf = ∇j∆f +Rjk∇kf = ∇j(−R− 3

2t
) +Rjk∇kf.

Therefore
∇iR = 2Rij∇jf. (5.4.3)
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Fixing time at t = −1 and choosing a base point x0, let c = c(s) be
a minimum geodesic connecting x0 with a point x, parameterized by
arclength. Write d(x0, x,−1) = l and X(s) = c′(s). To save notations,
we still use f to denote the function f(·,−1). Then, from (5.4.2),

d2f(c(s))

ds2
=

d

ds
< ∇f, c′(s) >=< ∇X∇f,X >= −Ric(X,X) +

1

2
.

Therefore

df(c(s))

ds
|s=l =

df(c(s))

ds
|s=0 +

1

2
l −
∫ l

0
Ric(X,X)ds.

Since the curvature is bounded globally, by Proposition 5.1.5, there is
the bound

∫ l

0
Ric(X,X)ds ≤ C

which is independent of l. Hence

df(c(s))

ds
|s=l ≥

1

2
l − C. (5.4.4)

Next let Y = Y (s) be a unit parallel vector field along c = c(s),
which is perpendicular to X = X(s). Then, by equation (5.4.2) again,

d

ds
Y (f(c(s))) =

d

ds
< ∇f, Y >=< ∇X∇f, Y >= −Ric(X,Y ).

After integration, this becomes

Y (f)(x) = Y (f)(x0) −
∫ l

0
Ric(X,Y )ds.

By Cauchy-Schwarz inequality

[∫ l

0
|Ric(X,Y )|ds

]2

≤ l

∫ l

0
|Ric(X,Y )|2ds

≤ l

∫ l

0
|Ric(Y, Y )| |Ric(X,X)|ds ≤ Cl

∫ l

0
|Ric(X,X)|ds ≤ Cl.

Hence
|Y (f)(x)| ≤ C(

√
l + 1). (5.4.5)

By this and (5.4.4), we know that

l

2
− C ≤< X,∇f > (x) ≤ l

2
+ C,

| < Y,∇f > (x)| ≤ C
√
l + C, d(x0, x,−1) = l.

(5.4.6)
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When l is large, these two inequalities imply that f has no critical point
and the gradient of f becomes more and more parallel to the tangent
of the minimum geodesic. So the gradient shrinking soliton looks like
a cylinder near infinity.

Step 2. We show that the scalar curvature R tends to 1 at infinity.
By (5.4.6), for large l, it holds

|f(x) − l2

4
| ≤ C(l+ 1). (5.4.7)

Hence the portion of M near infinity, relative to x0, is covered by
∪∞
a>1{x | f(x) ≥ a}. Let q = q(s) be an integral curve of the gradient

flow q′(s) = ∇f(q(s)). Then, by (5.4.3),

dR(q(s))

ds
=< ∇R, q′(s) >= 2Ric(∇f,∇f) > 0. (5.4.8)

These show that

R̄ ≡ lim sup
d(x0,x,−1)→∞

R(x,−1) > 0.

Pick a sequence of points (xk,−1) such that R(xk,−1) → R̄.
By the κ noncollapsing assumption, we can apply Hamilton’s com-
pactness Theorem 5.3.5. So, there is a subsequence, still denoted by
(M, (xk,−1)), of marked manifolds, which converges to an ancient so-
lution (M̄ , ḡ) in C∞

loc topology. By Proposition 7.1.1, the limit solution
splits off a line, i.e. M̄ = M̄2 ×R. Observe that M̄2 is a 2 dimensional
ancient solution which is also κ noncollapsed at all scales. By [Ha3]
(Theorem 7.1.3), M̄2 is either the standard S2 or RP 2. Note that M ,
with strictly positive sectional curvature, is orientable by [CG2]. Hence
M̄2 = S2 and M̄ is the standard shrinking cylinder S2 ×R, existing in
the time interval (−∞, 0]. At time t = −1 the scalar curvature of the
limiting flow is R̄. Thus R̄ ≤ 1, for the limit flow would blow up before
time 0 otherwise.

Since the soliton (M,g) is assumed singular at time 0, Proposition
5.4.1 shows that

g(t) = −tφ∗t g(−1)

where φt is the one parameter family of diffeomorphisms generated by
∇f . Hence

inf R(x, t) = |t|−1 inf R(x,−1) > C|t|−1 > 0.
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This implies that the limit soliton (M̄, ḡ) must blow up at time 0. By
definition of R̄, the limit soliton is the standard shrinking cylinder with
scalar curvature R̄ at t = −1. To blow up exactly at time t = 0, there is
no other choice but R̄ = 1. We can carry out the same argument for any
sequence {xk}, tending to infinity, with the property that R(xk,−1) has
a limit. Therefore

lim
d(x0,x,−1)→∞

R(x,−1) = 1, and R(x,−1) < 1,

when d(x0, x,−1) large.
(5.4.9)

The last statement is due to (5.4.8).

Step 3. We prove
Area{f = a} < 8π (5.4.10)

when a is large. Here {f = a} is the level surface of f at value a. If
it has more than one connected component, then we just pick one of
them.

Let {e1, e2} be an orthonormal basis of {f = a} and e3 be the unit
outward normal. Then {e1, e2, e3} is an orthonormal basis of M . Let
∇2f ≡ (fij) be the Hessian of f under this basis. For the rest of the
proof, expressions involving derivatives and components of curvature
tensor are exclusively under this basis.

The second fundamental form of the level surface is

hij ≡< ∇ie3, ej >=< ∇i
∇f
|∇f | , ej >=

fij
|∇f | , i, j = 1, 2. (5.4.11)

Here we have used < ∇f, ej >= 0, j = 1, 2. Observe, by (5.4.2) and
(5.4.9), and t = −1,

fii =
1

2
−Ric(ei, ei) ≥

1

2
− R

2
> 0, i = 1, 2

when a is large. Here we also have used the property that Rg ≥ 2Ric,
which is equivalent to positivity of sectional curvature in dimension 3.
This is confirmed by the following calculation in a local orthonormal
coordinates which diagonalizes the Ricci curvature.

Since Ricij = Rikkj, we have

Ric11 = R1221+R1331, Ric22 = R2112+R2332, Ric33 = R3113+R3223.

Therefore

R = Ric11 +Ric22 +Ric33 = 2R1221 + 2R1331 + 2R2332.
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This shows Rg ≥ 2Ric and

R− 2Ric33 = 2R1221. (5.4.12)

By the first variation formula for area (see Chapter 1, section 8
of [CLN] e.g.),

d

da
Area{f = a} =

∫

{f=a}

f11 + f22

|∇f | ≥
∫

{f=a}

1 −R

|∇f | > 0

when a is large. So Area{f = a} is an increasing function for large a.
We claim

lim
a→∞

Area{f = a} = 8π (5.4.13)

which then implies (5.4.10) and completes the step.
By the last step, we can pick a sequence ai → ∞ and points xi

tending to infinity such that xi ∈ {f = ai} and that (M,xi, g(t))
converges to the standard cylinder with scalar curvature 1 at time −1.
Consider the functions

Fi(x) ≡ 2
√

f(x) − 2
√

f(xi).

By (5.4.6), (5.4.7) and (5.4.2),

|∇Fi| = |∇f |/
√

f → 1, |∇2Fi|

= |∇
2f

f1/2
− 1

2

|∇f |2
f3/2

| ≤ C

f1/2
→ 0, a→ ∞.

By (5.4.2) again, |∇3f | = |∇Ric| ≤ C, which implies by straightforward
calculation that |∇3Fi| → 0 when a → ∞. Hence the function Fi
converge to a C2 function F∞ satisfying

∇2F∞ = 0, |∇F∞| = 1.

By standard elliptic theory, F is a C∞ function defined on the limit
soliton: the standard cylinder. Now we know F∞ is a radial function and
F−1
∞ (a) are totally geodesic 2 spheres with constant curvature, which

are normal to the geodesic lines. Since (each component of) {f = a}
converges to a 2 sphere of scalar curvature 1, and the scalar curvature
of a sphere with radius r is 2/r2, the radius of the 2 sphere is

√
2 and

its area is 8π. Hence the claim (5.4.13) is true, completing the proof of
Step 3.

Step 4. Reaching a contradiction with the Gauss-Bonnet formula.
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Denote by N the level surface {f = a}, X its unit normal vector
and RN the intrinsic (Gauss) curvature, which is 1/2 of the scalar
curvature. Let hij be the second fundamental form. According to the
Gauss-Codazzi equation, (5.4.2) and (5.4.12) in step 3, we have

RN = R1221 + det(hij)

=
1

2
(R− 2Ric(X,X)) +

f11f22 − f2
12

|∇f |2

≤ 1

2
(R− 2Ric(X,X)) +

1

4|∇f |2 [f11 + f22]
2

=
1

2
(R− 2Ric(X,X)) +

1

4|∇f |2 [1 − (R−Ric(X,X))]2

=
1

2

[

1 −Ric(X,X) − (1 −R+Ric(X,X))

+
(1 −R+Ric(X,X))2

2|∇f |2
]

.

When a is sufficiently large, we already know that 1 − R +Ric(X,X)
is bounded and positive. Also |∇f | is large by (5.4.6). Consequently

RN <
1

2
.

Now by Gauss-Bonnet formula

4π =

∫

N
RNdA <

1

2
Area(N)

so that
Area(N) > 8π.

This is a contradiction with (5.4.10), which proves the proposition. �

Detailed proofs can also be found in [Cetc], [CZ], [KL] and [MT].
Generalizations and improvement of this result have appeared in [Ni3],
[NW], [PW], [Nab].

Like many nonlinear evolution equations, the Ricci flow may de-
velop singularity in finite time. The analysis of singularity is important
for the understanding of the equation and the underlying manifold.

Definition 5.4.3 (maximal solutions, almost maximum points) Let
g(t) = gij(x, t) be a Ricci flow on M × [0, T ), T ≤ ∞, where M is
either compact or (M, g(t)) is complete and has bounded curvature. If
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the supremum norm of Rm under g(t) becomes unbounded as t → T ,
then g = g(t) is called a maximal solution.

A point (x, t) ∈ M × [0, T ) is called an almost maximum point if
there exist positive constants a and α ∈ (0, 1] such that

|Rm(x, t)| ≥ aKmax(s), s ∈ [t− α

Kmax(t)
, t]

where
Kmax(s) ≡ sup

x∈M

|Rm(x, s)|g(s).

Hamilton [Ha7] introduced the following notions for maximal so-
lutions, which classify all maximal solutions according to the rate the
curvature tensor tends to infinity.

Definition 5.4.4 (types of maximal solutions) A maximal solution of
the Ricci flow in [0, T ) is called

Type I, if T <∞ and sup[0,T )(T − t)Kmax(t) <∞;
Type II (a), if T <∞ but sup[0,T )(T − t)Kmax(t) = ∞;
Type II (b), if T = ∞ and sup[0,T ) tKmax(t) = ∞;
Type III (a), if T = ∞, sup[0,T ) tKmax(t) < ∞ and

lim supt→∞ tKmax(t) > 0;
Type III (b), if T = ∞, sup[0,T ) tKmax(t) < ∞ and

lim supt→∞ tKmax(t) = 0.

The next theorem states that maximal solutions with certain injec-
tivity radius bound can be scaled to one of the singularity models given
by

Definition 5.4.5 (singularity models) Let g(t) = gij(x, t) be a Ricci
flow on M which is either compact or (M, g(t)) is complete with
bounded curvature. Then g(t) is called a singularity model if it is not
flat and is one of the three types.

Type I: The solution exists for all t ∈ (−∞, T ) for some constant
T ∈ (0,∞) and

|Rm(x, t)| ≤ T/(T − t), (x, t) ∈ M × (−∞, T )

with equality holds at some x ∈ M and t = 0;
Type II: The solution exists for all t ∈ (−∞,+∞) and

|Rm(x, t)| ≤ 1, (x, t) ∈ M× (−∞,+∞)
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with equality holds at some x ∈ M and t = 0;
Type III: The solution exists for all t ∈ (−A,+∞) for some positive

constant A and

|Rm(x, t)| ≤ A/(A+ t), (x, t) ∈ M× (−A,+∞)

with equality holds at some x ∈ M and t = 0;

Theorem 5.4.1 (scaling of maximal solutions to singularity models)
Let M be a compact manifold. Suppose (M, g(t)), t ∈ [0, T ) is a max-
imal solution of Type I, II (a), (b) or III (a) satisfying the injectivity
radius condition:

for any sequence of almost maximum points {(xk, tk)}, tk → T ,
k → ∞, there exists a constant c > 0 such that

inj(M, xk, g(tk)) ≥
c

√

Kmax(tk)
, k = 1, 2, . . . .

Then there exists a sequence of dilations of the solution around (xk, tk)
which converges in the C∞

loc topology to a singularity model of the cor-
responding type.

Proof. We will just present proofs of the cases for Type I and Type II
(a) maximal solutions. The rest is similar. The proofs are modeled after
Theorem 4.3.4 of [CZ], which also contains the details of the remaining
cases.

Type I case. Define

ω ≡ lim sup
t→T

(T − t)Kmax(t).

Observe that ω is a finite positive number. The finiteness of ω comes
from the assumption of Type I maximum solution. That ω is positive
is a result of the maximum principle working on the evolution equation
of curvature. Indeed from Proposition 5.1.1, item (5), it is easy to see
that

∂t|Rm| ≤ ∆|Rm| + c|Rm|2.
Since M is a compact manifold,Kmax(t) is reached by |Rm| somewhere.
Therefore

∂tKmax ≤ cK2
max.

This implies, after integration Kmax(t) ≥ c/(T − t) > 0, which shows
ω > 0. With a little more assumptions and efforts, this argument actu-
ally works for certain noncompact manifolds too.
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Now we take a sequence {(xk, tk)} with tk → T such that

ω = lim sup
k→∞

(T − tk)Kmax(tk).

With the scaling factor

ǫk = |Rm(xk, tk)|−1/2

we introduce the scaled metrics

g(k)(·, t̃) = ǫ−2
k g(·, tk + ǫ2k t̃), t̃ ∈ [−tk/ǫ2k, (T − tk)/ǫ

2
k).

Evidently g(k) is also a Ricci flow, namely

∂t̃g
(k)(·, t̃) = −2Ricg(k)(·,t̃).

When k → ∞, the life span of g(k) expands to (−∞, ω) since

tk/ǫ
2
k = tk|Rm(xk, tk)| → ∞, (T−tk)/ǫ2k = (T−tk)|Rm(xk, tk)| → ω.

Since ω = lim supt→T (T − t)Kmax(t), for any δ > 0, there exists
S < T such that

|Rm(x, t)| ≤ (ω + δ)/(T − t)

holds for all t ∈ [S, T ]. When k is sufficiently large,

[tk −K−1
max(tk), tk] ⊂ [S, T ).

Hence, for t ∈ [tk −K−1
max(tk), tk], it holds, for a sufficiently small δ

Kmax(t) = sup
x∈M

|Rm(x, t)| ≤ (ω + δ)/(T − t) ≤ (ω + δ)/(T − tk)

≤ C|Rm(xk, tk)|.

For t ≤ S, it holds (T − t)−1 ≤ (T − S)−1 ≤ (T − tk)
−1 and hence we

also have
Kmax(t) ≤ C/(T − S) ≤ C|Rm(xk, tk)|.

These two bounds on Kmax mean (xk, tk) is an almost maximum point
for the maximal solution g(t), t ≤ tk. The assumption on the injectivity
radius shows

inj(M, xk, g(tk)) ≥
c

√

Kmax(tk)
≥ Cǫk.
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Therefore, for the scaled metric g(k), it holds

inj(M, xk , g
(k)(0)) ≥ C.

Denote by Rm(k) the curvature tensor of g(k). Then, for t̃ ∈ [(S −
tk)/ǫ

2
k, (T − tk)/ǫ

2
k),

|Rm(k)(x, t̃)| = ǫ2k|Rm(x, t)|
≤ (ω + δ)[(T − t) |Rm(xk, tk)|]−1

= (ω + δ)[(T − tk) |Rm(xk, tk)| + (tk − t) |Rm(xk, tk)|]−1

→ (ω + δ)/(ω − t̃), k → ∞.

This curvature bound and the above injectivity lower bound allow us
to use Hamilton’s compactness Theorem 5.3.5 to conclude: There ex-
ists a subsequence, still denoted by {g(k)(t̃)}, which converges in C∞

loc

topology to a limit metric g(∞)(t̃) on a limiting manifold M̃. Moreover
g(∞)(t̃) is a complete solution, existing for t̃ ∈ (−∞, ω), satisfying

|Rm(∞)(t̃)| ≤ ω/(ω − t̃)

everywhere on M̃× (−∞, ω) with equality holding somewhere at t̃ = 0.

Type II (a) case.
This time g = g(t) exists for t ∈ [0, T ) but lim supt→T (T −

t)Kmax(t) = ∞. Pick xk ∈ M and times tk, Tk such that tk < Tk ≤ T
and tk → T when k → ∞. We also require that, for a sequence of
numbers ak → 1−,

(Tk − tk)|Rm(xk, tk)| ≥ ak sup
x∈M,t≤Tk

(Tk − t)|Rm(x, t)| → ∞

when k → ∞.
As in the previous case, we take

ǫk = |Rm(xk, tk)|−1/2

and define the scaled metrics

g(k)(·, t̃) = ǫ−2
k g(·, tk + ǫ2k t̃), t̃ ∈ [−tk/ǫ2k, (Tk − tk)/ǫ

2
k).

Note that, when k → ∞,

tk/ǫ
2
k = tk|Rm(xk, tk)| → ∞, (T−tk)/ǫ2k = (T−tk)|Rm(xk, tk)| → ∞.
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This means the life span of g(k) tends to (−∞,∞).
Also, for t̃ ∈ [−tkǫ−2

k , (Tk − tk)ǫ
−2
k ), using t = tk + ǫ2k t̃, we deduce,

|Rm(k)(x, t̃)| = ǫ2k|Rm(x, t)|
≤ a−1

k (Tk − tk)(Tk − t)−1

= a−1
k (Tk − tk)

|Rm(xk, tk)|
(Tk − tk)|Rm(xk, tk)| − t̃

→ 1, k → ∞.

As in the previous case, (xk, tk) is an almost maximum point. By Hamil-
ton’s compactness Theorem 5.3.5 again, there exists a subsequence, still
denoted by {g(k)(t̃)}, which converges in C∞

loc topology to a limit met-
ric g(∞)(t̃) on a limiting manifold M̃. Moreover g(∞)(t̃) is a complete
solution, existing for t̃ ∈ (−∞,∞), satisfying

|Rm(∞)| ≤ 1

everywhere on M̃ × (−∞,∞) with equality holding somewhere at t̃ =
0. �

Singularity models should be much simpler than a general Ricci flow
since the former reflects the microstructure of the later. This belief is
partially confirmed by the following result of Hamilton’s:

Theorem 5.4.2 (Type II singularity model with nonnegative curva-
ture) Any Type II singularity model with nonnegative curvature opera-
tor and positive Ricci curvature to the Ricci flow must be a steady Ricci
soliton. �

Proof. See [Ha4] and Proposition 9.29 [CLN]. In a 3-dimension case,
the Hamilton-Ivey pinching theorem Theorem 5.2.4 tells us that the
curvature operator of a Type I and II singularity model is nonnegative.
So, a natural question is: what can one say about the structure of
these singularity models? Of course, Theorem 5.4.1 also hinges on the
injectivity radius lower bound, which is only an assumption so far.
These two issues had been big obstacles in the study of Ricci flow.
There is also a problem about the structure of limiting solutions when
the curvature at the blow up points are not comparable with maximal
ones. These were all overcome by Perelman [P1] in 2002. We will start
to explain Perelman’s work in the next chapter.

We should mention that these issues for the special case of three
manifolds with positive Ricci curvature were largely understood by
Hamilton [Ha1]. See Theorem 5.2.7 here.



Chapter 6

Perelman’s entropies and

Sobolev inequality for

Ricci flow, the smooth case

6.1 Perelman’s entropies and their

monotonicity

In a truly remarkable paper [P1], Perelman discovered several quan-
tities which are monotone under Ricci flow. These are the analytical
breakthroughs that led him to the proof of Poincaré and geometriza-
tion conjectures. One of the monotone quantities is the F entropy. Its
monotonicity implies the monotonicity of the first eigenvalue of the
operator −4∆ + R. This can also be regarded as a family of Poincaré
inequalities which are uniform in time. The other quantity is called the
W entropy, which is a family of log Sobolev inequalities in disguise. Its
monotonicity implies the crucial no local collapsing result under Ricci
flow.

Perelman’s entropies are constructed via solutions of the conjugate
heat equation

H∗u ≡ ∆u−Ru+ ∂tu = 0 (6.1.1)

which is attached to the Ricci flow artificially. Here ∆ is the Laplace-
Beltrami operator and R is the scalar curvature, both under the metric
g = g(t). Perelman [P1] mentioned that he was inspired by similar
formulas in string theory. We would like to provide another motivation
which is rooted in the classical Boltzmann entropy. Such a view has
been mentioned in [Cetc] and [To] e.g. This point of view seems more

225
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natural and results in somewhat simpler proofs. Later in the section we
will present Perelman’s original proof for a slight generalization of the
W entropy.

Let u be a positive solution to the conjugate heat equation. The
classical Boltzmann entropy is

B =

∫

M

u lnudµ(g(t)). (6.1.2)

Our first observation is

Proposition 6.1.1 Let u be a positive solution to (6.1.1). Then

H∗(u ln u) =
|∇u|2
u

+Ru.

Proof.

H∗(u lnu) = ∆(u lnu) −Ru lnu+ ∂t(u ln u)

= ∆u lnu+ 2∇u∇ lnu+ u∆ lnu−Ru lnu+ ∂tu lnu+ ∂tu

= 2
|∇u|2
u

+ udiv(
∇u
u

) + ∂tu

= 2
|∇u|2
u

− |∇u|2
u

+ ∆u+ ∂tu

=
|∇u|2
u

+Ru. �

Proposition 6.1.2 Let u be a positive solution to (6.1.1). Then

H∗(
|∇u|2
u

+Ru) =
2

u

(

uij −
uiuj
u

)2
+ 2∇R∇u+

4

u
Ric(∇u,∇u)

+ 2|Ric|2u+ 2∇R∇u+ 2u∆R.

Here
(

uij − uiuj

u

)2 ≡ |Hess u− du⊗du
u |2; ∇R∇u = g(∇R,∇u).

Proof. The proof is very similar to that in [Ha5] where Hamilton

considered the evolution of |∇u|2
u where u is a positive solution of the

linear heat equation.
Write v =

√
u. Then

∆(
|∇u|2
u

) = 4∆(|∇v|2) = 4(v2
i )kk = 8(vikvi)k = 8vikkvi + 8v2

ik.

Here and later we are using local orthonormal coordinates when neces-
sary.
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∂t(
|∇u|2
u

) = 4∂t(g
ijvivj) = 8vivti + 8Ric(∇v,∇v).

Since u is a solution of the conjugate heat equation, it is easy to check
that

vt = −∆v − |∇v|2
v

+Rv/2.

Hence

∂t(
|∇u|2
u

) = 8vi(−vkk − v2
kv

−1)i + 8vi(Rv/2)i + 8Ric(∇v,∇v).

Combining the above equalities and applying Bochner-Weitzenbock for-
mula, we deduce

H∗(
|∇u|2
u

)

= 8vi(vikk − vkki) + 8

(

v2
ik −

2vivkvki
v

+
v2
kv

2
i

v2

)

+ 4viRiv + 8Ric(∇v,∇v)

= 16Ric(∇v,∇v) + 8(vik −
vkvi
v

)2 + 4viRiv.

Also observe that

H∗(Ru) = 2|Ric|2u+ 2∇R∇u+ 2u∆R.

Therefore we have, after bring back u = v2,

H∗(
|∇u|2
u

+Ru) =
2

u

(

uij −
uiuj
u

)2
+ 2∇R∇u+

4

u
Ric(∇u,∇u)

+ 2|Ric|2u+ 2∇R∇u+ 2u∆R.

�

Definition 6.1.1 (F entropy and W entropy) Perelman’s F entropy is
the integration of H∗(u lnu), i.e.

F =

∫

M

(
|∇u|2
u

+Ru)dµ(g(t)). (6.1.3)

His W entropy is a combination of the F entropy and the Bolzman
entropy together with certain scaling factor. Let τ be such that dτ

dt = −1,
define

W = τF − B − n

2
(ln 4πτ) − n. (6.1.4)

i.e.

W =

∫

M

[

τ(
|∇u|2
u

+Ru) − u lnu− n

2
(ln 4πτ) u− nu

]

dµ(g(t)).
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With the above preparation we can give a short proof of:

Theorem 6.1.1 ( [P1]) Let u be a positive solution of the conjugate
heat equation then Perelman’s F and W entropy are nondecreasing in
time t. Moreover

d

dt
F = 2

∫

M

|Ric−Hess(lnu)|2 u dµ(g(t)),

d

dt
W = 2τ

∫

M

∣

∣

∣

∣

Ric−Hess(lnu) − 1

2τ
g

∣

∣

∣

∣

2

u dµ(g(t)).

Proof. Note that

d

dt
F =

∫

M

(∂t−R)(
|∇u|2
u

+Ru)dµ(g(t)) =

∫

M

H∗(
|∇u|2
u

+Ru)dµ(g(t)).

By Proposition 6.1.2, we have

d

dt
F =

∫

M

[

2

u

(

uij −
uiuj
u

)2
+ 2∇R∇u+

4

u
Ric(∇u,∇u)

+ 2|Ric|2u
]

dµ(g(t))

where we have used the identity
∫

M

(2∇R∇u+ 2u∆R)dµ(g(t)) = 0.

With the help of the contracted second Bianchi identity in Proposi-
tion 3.2.3: ∇iR = 2∇jRij (in orthonormal system) and integration by
parts, we realize that

∫

M

∇R∇udµ(g(t)) = 2

∫

M

∇jRij∇iudµ(g(t))

= −2

∫

M

< Ric, Hessu > dµ(g(t)).

Therefore

d

dt
F =

∫

M

[

2

u

(

uij −
uiuj
u

)2
+ 4Rij(

uiuj
u

− uij) + 2R2
iju

]

dµ(g(t))

= 2

∫

M

[

1√
u

(

uij −
uiuj
u

)

−Rij
√
u

]2

dµ(g(t))

= 2

∫

M

|Ric−Hess(lnu)|2 u dµ(g(t))

(6.1.5)
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This is the desired formula for the F entropy.
For the W entropy, note that d

dtB = F by Proposition 6.1.1. Hence

d

dt
W = −F + τ

d

dt
F − F +

n

2τ
.

From (6.1.5)

d

dt
W = 2τ

∫

M

|Ric−Hess(lnu)|2 u dµ(g(t))

− 2

∫

M

( |∇u|2
u

+Ru

)

dµ(g(t)) +

∫

M

n

2τ
udµ(g(t)).

In a local frame, it holds
∫

M

gij [Rij − (lnu)ij ] u dµ

=

∫

M

[

R− ∆u

u
+

|∇u|2
u2

]

u dµ

=

∫

M

(
|∇u|2
u

+R u)dµ.

Here dµ = dµ(g(t)). Substituting this into the formula for d
dtW, we

obtain
d

dt
W = 2τ

∫

M

∣

∣

∣

∣

Ric−Hess(lnu) − 1

2τ
g

∣

∣

∣

∣

2

u dµ.

�

An immediate consequence of the monotonicity of W entropy is
Perelman’s finite time κ noncollapsing theorem, a result of fundamental
importance.

Theorem 6.1.2 (local noncollapsing theorem) Let (M,g(t)), t ∈ [0, T )
be a smooth Ricci flow on a closed manifold M . If T <∞, then for any
r > 0, there exists κ = κ(g(0), T, r) > 0 such that the flow (M,g(t)) is
κ noncollapsed, in the sense of Definition 5.3.3, below the scale r for
all t ∈ [0, T ).

We will not repeat Perelman’s original proof of the theorem here.
Instead, let us mention that the theorem is an immediate consequence
of the Sobolev imbedding Theorem 6.2.1 below and Theorem 4.1.2.

As a comparison, we outline Perelman’s ([P1]) original proof of the
monotonicity of the F entropy, which has a variational flavor. A careful
proof can be found in Section 1.5 of [CZ] e.g.
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Lemma 6.1.1 Let g = g(t) be a solution to the Ricci flow and f be a
solution to the equation

∆f +R+ ∂tf = |∇f |2.

Then the F entropy defined by F (g, f) :=
∫ (

R+ |∇f |2
)

e−f dµ satisfies

∂F (g, f)

∂t
= 2

∫

|Ric+Hess(f)|2e−f dµ ≥ 0. (6.1.6)

Here dµ = dµ(g(t)).

Proof. (sketch).
Let δgij = vij and δf = h be variations of gij and f respectively.

First we show that the first variation of the F entropy is given by

δF (vij , h)

=

∫

M

[

−vij(Rij + (Hessf)ij) + (
v

2
− h)(2∆f − |∇f |2 +R)

]

e−fdµ.

(6.1.7)
Here v ≡ gijvij.

By direct computation, we have

δR = −∆v + ∇i∇jvij −Rijvij,

δ|∇f |2 = −vij∇if∇jf + 2 < ∇f,∇h >,
and

δ(e−fdµ) = (
v

2
− h)e−fdµ.

From these the variation formula (6.1.7) follows.
Now, we take vij = −2Rij, v = −2R and h = ∂tf in (6.1.7). Using

integration by parts and contracted second Bianchi identity, we can
then prove the lemma. �

The next pointwise inequality due to Perelman [P1] clearly implies
the monotonicity of W entropy. It is also useful when one attempts to
localize. The quantity P below seems mysterious at the first glance.
However, it arises from the Euler-Lagrange equation associated with
the W entropy.

Proposition 6.1.3 Let

u ≡ e−f

(4πτ)
n
2
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be a positive solution to the conjugate heat equation (6.1.1), where
dτ/dt = −1. Define

P ≡ [τ(2△f − |∇f |2 +R) + f − n]u

= τ(−2∆u+
|∇u|2
u

+Ru) − u lnu− n

2
(ln 4πτ)u− nu.

Then
H∗P = 2τ |Ric+Hess(f)− g

2τ
|2u . (6.1.8)

Here H∗ is again the conjugate heat operator ∆ −R+ ∂t.

See [To].

Proof. Notice that






















f = − lnu− n
2 ln(4πτ)

∇f = −∇u
u

△f = −△u
u + |∇f |2

∂f
∂t = −ut

u + n
2τ .

(6.1.9)

We obtain the evolution equation for f ,

∂f

∂t
= −△f + |∇f |2 −R+

n

2τ
. (6.1.10)

Write P = P
u u, we find that

H∗P = H∗(
P

u
u) =

P

u
H∗u+ u

(

∂

∂t
+ △

)

(
P

u
) + 2〈∇P

u
,∇u〉 .

Since H∗u = 0, and ∇f = −∇u
u , we have

H∗P
u

=

(

∂

∂t
+ △

)

(
P

u
) − 2〈∇P

u
,∇f〉. (6.1.11)

For the first term on the right-hand side,

−
(

∂

∂t
+ △

)

(
P

u
) = −

(

∂

∂t
+ △

)

[τ(2△f − |∇f |2 +R) + f − n]

= (2△f − |∇f |2 +R)

− τ

(

∂

∂t
+ △

)

(2△f − |∇f |2 +R) −
(

∂

∂t
+ △

)

f.
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Using the evolution equation for f in (6.1.10) on the final term, we
reduce this to

−
(

∂

∂t
+ △

)

(
P

u
) = 2△f − 2|∇f |2 + 2R − n

2τ

− τ

(

∂

∂t
+ △

)

(2△f − |∇f |2 +R) .

Recall from Proposition 5.1.1 that

(

∂

∂t
+ △

)

(2△f − |∇f |2 +R)

= 4〈Ric,Hess(f)〉 + △|∇f |2 − 2Ric(∇f,∇f)

− 2〈∇f,∇(−△f + |∇f |2 −R)〉 + 2|Ric|2 .

(6.1.12)

Also

2〈∇P

u
,∇f〉 = 2τ〈∇(2△f − |∇f |2 +R),∇f〉 + 2|∇f |2 .

Combining the above expressions altogether, we find that

−H
∗P
u

= 2△f + 2R− n

2τ
− τ(4〈Ric,Hess(f)〉 + 2|Ric|2)

+ τ [−△|∇f |2 + 2Ric(∇f,∇f) + 2〈∇f,∇(△f)〉] .

The three terms in the square brackets simplified to −2|Hess(f)|2, so

−H
∗P
u

= 2△f + 2R− n

2τ
− τ [4〈Ric,Hess(f)〉 + 2|Ric|2 + 2|Hess(f)|2]

= 2△f + 2R− n

2τ
− 2τ (|Ric+Hess(f)|)2

= 2〈Ric +Hess(f), gij〉 −
g2
ij

2τ
− 2τ (|Ric+Hess(f)|)2

= −2τ |Ric+Hess(f) − g

2τ
|2 .

�

Remark 6.1.1 One can also prove the proposition by using Proposi-
tions 6.1.1, 6.1.2 and by computing H∗(−2τ∆u) directly.

Exercise 6.1.1 Give an alternative proof of Proposition 6.1.3 using
the above remark.
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Corollary 6.1.1 Let u = u(x, t) = G(x, t; y, T ), t < T , be the fun-
damental solution of the conjugate heat equation and f be given by
u = e−f/(4π(T − t))n/2). Let P = P (u) be as in the previous proposi-
tion. Then P ≤ 0. Moreover, for any smooth curve c = c(t) on M , it
holds

− d

dt
f(c(t), t) ≤ 1

2
(R(c(t), t) + |c′(t)|2) − 1

2(T − t)
f(c(t), t).

Proof. When t → T−, the fundamental solution G is asymptotically
the fundamental solution of the heat equation in Rn. For the latter the
corresponding quantity P is zero. By the previous proposition, P (u)
is a subsolution of the conjugate heat equation. Hence the maximum
principle implies that P ≤ 0. A detailed proof can be found in [Ni2].
Note that the reduced distance was used in the proof. However one can
also use the geodesic distance function. See [LX] e.g.

In terms of the function f , the inequality P (u) ≤ 0 can be written
as

(T − t)(2∆f − |∇f |2 +R) + f − n ≤ 0.

Since u solves the conjugate heat equation, we know by (6.1.10) that
f solves

∂tf = −∆f + |∇f |2 −R+
n

2(T − t)
.

These two expressions show

∂tf +
1

2
R− 1

2
|∇f |2 − f

2(T − t)
≥ 0.

On the other hand

− d

dt
f(c(t), t) = −∂tf− < ∇f, c′(t) >≤ −∂tf +

1

2
|∇f |2 +

1

2
|c′(t)|2.

The desired inequality follows from adding the last two inequalities. �

As a comparison, here in this section, we will present a slight gen-
eralization of the W entropy and outline a proof by Perelman’s original
method. The result first appeared in [Lj].

Define a family of generalized W entropy for the Ricci flow by:

W (g, f, τ) :=

∫

M

(

a2

2π
τ(R+ |∇f |2) + f − n

)

u dµ (6.1.13)
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where R is the scalar curvature, τ = T − t > 0;

u =
e−f

(4πτ)
n
2

such that
∫

u dµ = 1, dµ = dµ(g(t)).

Theorem 6.1.3 Let g(t) be a solution to the Ricci flow, that is, ∂g
∂t =

−2Ric on a closed manifold M for t ∈ [0, T ), and u : M × [0, T ) 7→
(0,∞) with u = e−f

(4πτ)
n
2

be a positive solution to the conjugate heat

equation (6.1.1). For 0 ≤ a2 ≤ 2π, the functional defined in (6.1.13) is
increasing according to

∂

∂t
W (g, f, τ) ≥ a2τ

π

∫

M
|Ric+Hess(f) − g

2τ
|2u dµ ≥ 0. (6.1.14)

Proof. (of Theorem 6.1.3) Notice

W (g, f, τ) =

∫

M

(

a2

2π
τ(R+ |∇f |2) + f − n

)

u dµ

=
a2

2π

∫

M
[τ(R+ |∇f |2) + f − n]u dµ

+
(

1 − a2

2π

)

(
∫

M
f u dµ

)

−
(

1 − a2

2π

)

n.

Here f is given in the statement of the theorem. We split the derivative
of W over time t into two parts,

∂

∂t
W (g, f, τ) =

a2

2π

∂

∂t

(
∫

M
[τ(R+ |∇f |2) + f − n]u dµ

)

+
(

1 − a2

2π

) ∂

∂t

(
∫

M
f u dµ

)

=
a2

2π

∂

∂t

∫

M
P dµ+

(

1 − a2

2π

) ∂

∂t

(
∫

M
f u dµ

)

,

where the quantity P is given in Proposition 6.1.3. We compute for
each term,

a2

2π

∂

∂t

∫

M
P dµ =

a2

2π

∫

M

(

Pt dµ+ P
∂dµ

∂t

)

=
a2

2π

∫

M

(

Pt dµ+ P (−R) dµ
)

=
a2

2π

∫

M
H∗P dµ− a2

2π

∫

M
△P dµ =

a2

2π

∫

M
H∗P dµ,
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where the last equality comes from
∫

M △P dµ = 0 for closed manifold
M . By Proposition 6.1.3, we have

a2

2π

∂

∂t

∫

M
P dµ =

a2τ

π

∫

M
|Ric+Hess(f) − g

2τ
|2u dµ ≥ 0 .

It suffices to prove the non-negativity of ∂
∂t

(∫

M f u dµ
)

. By direct com-
putation,

∂

∂t

(
∫

M
f u dµ

)

=

∫

M
ft u dµ+ f ut dµ+ f u

∂(dµ)

∂t

=

∫

M
(−△f + |∇f |2 −R+

n

2τ
)u dµ

+

∫

M

(

f(−△u+Ru) −Rfu
)

dµ .

Using integration by parts, we have

∂

∂t

(
∫

M
f u dµ

)

=

∫

M
(−2△f + |∇f |2)u dµ+

∫

M
(
n

2τ
−R)u dµ

=

∫

M
(2
△u
u

− |∇f |2)u dµ+

∫

M
(
n

2τ
−R)u dµ

=

∫

M
−|∇f |2 u dµ+

∫

M
(
n

2τ
−R)u dµ

=
n

2τ
−
∫

M
(|∇f |2 +R)u dµ .

(6.1.15)
Now we turn to estimate of F (g, τ) =

∫

M (|∇f |2 +R)u dµ.
From Lemma 6.1.1, we have

∂F

∂t
= 2

∫

|Ric+Hess(f)|2u dµ = 2

∫

(

∑

i,j

|Rij + fij|2
)

u dµ

≥ 2

∫

(

∑

i=j

|Rij + fij|2
)

u dµ ≥ 2

∫

1

n

(

∑

Rii +
∑

fii
)2
u dµ

=
2

n

∫

(R+ △f)2 u dµ .

The last inequality comes from

√

a21+···+a2n
n ≥ a1+···+an

n for ai ≥ 0. Also
by Cauchy-Schwarz inequality, we have

∫

(R+ △f)
√
u
√
u dµ ≤

(∫

(R + △f)2u dµ

)
1
2
(∫

u dµ

)
1
2

.
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Since
∫

u dµ = 1, the above inequality can be simplified as

(∫

(R + △f)u dµ

)2

≤
∫

(R+ △f)2u dµ .

Then the evolution of F along the time t would be estimated by

∂F

∂t
≥ 2

n

(
∫

(R+ △f)u dµ

)2

=
2

n

(
∫

(R+ |∇f |2)u dµ
)2

due to the following equality in closed manifold M
∫

M
(△f − |∇f |2)u dµ =

∫

M
(−△u

u
+ |∇f |2 − |∇f |2)u dµ

= −
∫

M
△u dµ = 0

⇒
∫

M
(△f)u dµ =

∫

M
|∇f |2u dµ .

From the definition F =
∫

(R+ |∇f |2)u dµ, we get

∂F

∂t
≥ 2

n
F 2 ≥ 0 .

We claim
F (t) ≤ n

2(T − t)
.

Here is the proof of the above claim,

dF

dt
≥ 2

n
F 2 ⇒ dF

F 2
≥ 2

n
dt ⇒

∫ T

t

dF

F 2
≥ 2

n
(T − t)

⇒ − (
1

F (T )
− 1

F (t)
) ≥ 2

n
(T − t) ⇒ 1

F (t)
≥ 2

n
(T − t) +

1

F (T )
.

If F (T ) > 0, then 1
F (t) ≥ 2

n(T − t), that is, F (t) ≤ n
2(T−t) ;

If F (T ) ≤ 0, since dF
dt ≥ 0, then F (t) ≤ 0 ≤ n

2(T−t) for all t ∈ [0, T ),
therefore,

F (t) =

∫

(R+ |∇f |2)u dµ ≤ n

2(T − t)
=

n

2τ

plugging into (6.1.15), we obtain

∂

∂t

(∫

M
f u dµ

)

=
n

2τ
−
∫

M
(|∇f |2 +R)u dµ ≥ 0 .

Thus we complete the proof of Theorem 6.1.3.
�
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At the end of this section we briefly touch on the concepts of re-
duced distance and volumes, introduced by Perelman [P1]. The reduced
distance is a space-time distance function weighted by the scalar curva-
ture. The reduced volume, derived from the reduced distance, is another
monotone quantity under Ricci flow. These two quantities are crucial
to Perelman’s proof of the Poincaré conjecture. Though not used in
this book, they are presented here for completeness.

Let M be a compact Riemann manifold or a complete one with
bounded curvature. Here it is convenient to write the Ricci flow in
the form of ∂τg = 2Ric, where τ is a backward time, i.e. τ = T − t
for some fixed T . Given a smooth curve c = c(τ), τ ∈ [τ1, τ2] on M ,
parameterized by τ , the L length is defined by

L(c) =

∫ τ2

τ1

√
τ
[

R(c(τ), τ) + g(τ)(c′(τ), c′(τ))
]

dτ. (6.1.16)

Definition 6.1.2 (L distance and Reduced distance ) Let (p, τ1) and
(q, τ2) be two space time points in M × [a, b] where a smooth Ricci flow
is defined.

The L distance, denoted by L(p, τ1, q, τ2), is the infimum of the L
lengths of the smooth curves c = c(τ) such that c(τ1) = p and c(τ2) = q.

The reduced distance, denoted by l(p, τ1, q, τ2), is

l(p, τ1, q, τ2) =
L(p, τ1, q, τ2)

2
√

|τ2 − τ1|
.

Definition 6.1.3 (Reduced volume) Fixing a point (p0, τ0) in space
time and τ > τ0, the associated reduced volume is

Ṽ (p0, τ0, τ) ≡
∫

M
(4π(τ − τ0))

−n/2 exp(−l(p0, τ0, p, τ))dµ(g(τ)).

Perelman’s reduced distance is related to the weighted distance in-
troduced in [LY] for Schrödinger heat equation in the fixed metric case.
Perelman discovered a number of amazing and sharp differential in-
equalities or even equalities for reduced distance and volume, which
are not expected for such complex quantities. For instance, Perelman
showed that the reduced volume is nondecreasing in τ , with equality
holding only on gradient shrinking solitons. We refer the reader to [P1]
and [CZ], [KL] and [MT] for detailed information.
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6.2 Log Sobolev inequality and Sobolev

inequality under Ricci flow

In this section, we strengthen the monotonicity of Perelman’s W en-
tropy to a uniform Sobolev inequality along Ricci flow. This result first
appeared in the arXiv version of [Z2] (June 2007). There was an er-
ror in the Sobolev coefficients for large time, which was corrected in
the erratum. Later it appeared in [Y] with the same error in the first
version (July 2007) and in [Hs]. We know that Sobolev inequality con-
tains a host of analytical and geometric information. These include
noncollapsing and isoperimetric inequality e.g. It is an important tool
in studying elliptic and parabolic differential equations on manifolds. In
the papers [CH], etc., [Se2] and [Ru1] some applications of such Sobolev
inequality to Kähler Ricci flow are already found.

Theorem 6.2.1 (Sobolev inequality for smooth Ricci flow) Let M be
a compact Riemann manifold with dimension n ≥ 3 and the metrics
g = g(t) evolve by the Ricci flow ∂tg = −2Ric. Let A and B be positive
numbers such that the L2 Sobolev inequality for (M, g(0)) holds, i.e.
for any v ∈W 1,2(M),

(∫

M

v2n/(n−2) dµ(g(0))

)(n−2)/n

≤ A

∫

M

|∇v|2 dµ(g(0))

+B

∫

M

v2 dµ(g(0)).

Also let λ0 be the first eigenvalue of Perelman’s F entropy, i.e.

λ0 = inf
‖v‖2=1

∫

M

(4|∇v|2 +Rv2)dµ(g(0))

Then the following conclusions are true.
(a) Suppose the Ricci flow is smooth for t ∈ (0, T0) where T0 ≤ ∞

is the life span of the Ricci flow. Then there exist positive functions
A(t), B(t) depending only on the initial metric g(0) in terms of A and
B, and t such that, for all v ∈W 1,2(M, g(t)), t ∈ [0, T0), it holds

(
∫

v2n/(n−2)dµ(g(t))

)(n−2)/n

≤ A(t)

∫

(|∇v|2 +
1

4
Rv2)dµ(g(t))

+B(t)

∫

v2dµ(g(t)).

Here R is the scalar curvature with respect to g(t).
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Moreover, if λ0 > 0, which holds if R(x, 0) > 0, x ∈ M, then A(t)
is independent of t and B(t) = 0, i.e. there exists a constant A0 inde-
pendent of time t such that, for all v ∈ W 1,2(M, g(t)), t ∈ [0, T0), it
holds

(∫

v2n/(n−2)dµ(g(t))

)(n−2)/n

≤ A0

∫

(|∇v|2 +
1

4
Rv2)dµ(g(t)).

(b) Suppose the Ricci flow is smooth for t ∈ (0, 1) and is singular at
t = 1. Let t̃ = − ln(1− t) and g̃(t̃) = 1

1−tg(t) which satisfy a normalized
Ricci flow

∂t̃g̃ = −2R̃ic+ g̃.

Then there exist positive constants Ã, B̃ depending only on the ini-
tial metric g(0) such that, for all v ∈W 1,2(M, g̃(t̃)), t̃ > 0, it holds

(
∫

v2n/(n−2)dµ(g̃(t̃))

)(n−2)/n

≤ Ã

∫

(|∇̃v|2 +
1

4
R̃v2)dµ(g̃(t̃))

+ B̃

∫

v2dµ(g̃(t̃)).

Here R̃ is the scalar curvature with respect to g̃(t̃).

Remark 6.2.1 In part (b), B̃ = 0 if the initial metric satisfies

λ0 = inf
v∈W 1,2(M),‖v‖2=1

∫

(4|∇̃v|2 + R̃v2)dµ(g(0)) > 0.

Proof of the theorem
Since Case (b) is an immediate consequence of Case (a) by scaling,

we just prove Case (a). The proof is divided into a few steps.

Step 1. We show that the monotone property of W , the Perelman
W entropy, implies the Log Sobolev inequalities (6.2.8) below.

Let us assume that the Ricci flow exists in the time interval [0, t0].
It is convenient to work on the scaled time and metric t̃ = t/t0 and

g̃ = g/t0. Clearly g̃(t̃) still satisfies the Ricci flow equation.
For any ǫ > 0, we take

τ = τ(t̃) = ǫ2 + 1 − t̃

so that τ1 = 1 + ǫ2 and τ2 = ǫ2 (by taking t̃1 = 0 and t̃2 = 1).
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Recall that Perelman’s W entropy is

W (g̃, f, τ) =

∫

M

(

τ(R̃+ |∇̃f |2) + f − n
)

u dµ(g̃(t̃))

where u = e−f

(4πτ)n/2 . Let u2 be a minimizer of the entropy W (g̃, f, τ2) for

all u such that
∫

udµ(g̃(t̃2)) = 1. We solve the backward heat equation
with the final value chosen as u2 at t̃ = t̃2. Let u1 be the value of the
solution of the backward heat equation at t̃ = t̃1. As usual, we define
functions fi with i = 1, 2 by the relation ui = e−fi/(4πτi)

n/2, i = 1, 2.
Then, by the monotonicity of the W entropy

infR

u0dµ(g̃(t̃1))=1W (g̃(t̃1), f0, τ1) ≤W (g̃(t̃1), f1, τ1) ≤W (g̃(t̃2), f2, τ2)

= infR

udµ(g̃(t̃2))=1W (g̃(t̃2), f, τ2),

(6.2.1)
where f0 and f are given by the formulas

u0 = e−f0/(4πτ1)
n/2, u = e−f/(4πτ2)

n/2.

Using these notations we can rewrite (6.2.1) as

inf
‖u‖1=1

∫

M

(

ǫ2(R̃+ |∇̃ lnu|2) − lnu− ln(4πǫ2)n/2
)

u dµ(g̃(t̃2))

≥ inf
‖u0‖1=1

∫

M

(

(1 + ǫ2)(R̃ + |∇̃ lnu0|2) − lnu0

− ln(4π(1 + ǫ2))n/2
)

u0 dµ(g̃(0)).

Observe that the ln(4π)n/2 terms on both sides of the above inequality
can be canceled. Denote ṽ =

√
u and ṽ0 =

√
u0. We obtain,

inf
‖ṽ‖2=1

∫

M

(

ǫ2(R̃ṽ2 + 4|∇̃ṽ|2) − ṽ2 ln ṽ2
)

dµ(g̃(t̃2)) − n ln ǫ

≥ inf
‖ṽ0‖2=1

∫

M

(

(1 + ǫ2)(R̃ṽ2
0 + 4|∇̃ṽ0|2) − ṽ2

0 ln ṽ2
0

)

dµ(g̃(0))

− ln(1 + ǫ2)n/2.
(6.2.2)

Now we want to go back to the original metric g and time t. Using

the conversion formulas R̃ = t0R, dµ(g̃) = dµ(g)/t
n/2
0 , v = ṽ/t

n/4
0 and
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v0 = ṽ0/t
n/4
0 , we obtain

inf
‖v‖2=1

∫

M

(

t0ǫ
2(Rv2 + 4|∇v|2) − v2 ln v2

)

dµ(g(t0)) − ln(t0ǫ
2)n/2

≥ inf
‖v0‖2=1

∫

M

(

t0(1 + ǫ2)(Rv2
0 + 4|∇v0|2) − v2

0 ln v2
0

)

dµ(g(0))

− ln[t0(1 + ǫ2)]n/2.

Because ǫ is arbitrary, we can rename
√
t0ǫ as ǫ. Then the above in-

equality becomes

inf
‖v‖2=1

∫

M

(

ǫ2(Rv2 + 4|∇v|2) − v2 ln v2
)

dµ(g(t0)) −
n

2
ln ǫ2

≥ inf
‖v0‖2=1

∫

M

(

(t0 + ǫ2)(Rv2
0 + 4|∇v0|2) − v2

0 ln v2
0

)

dµ(g(0))

− n

2
ln(t0 + ǫ2).

(6.2.3)
Since (M, g(0)) is a compact Riemann manifold, the Sobolev in-

equality as described in Section 4.1 holds, i.e. for any v0 ∈ W 1,2(M),
there exist positive constants A and B depending only on the metric
g(0) such that

(
∫

M

v
2n/(n−2)
0 dµ(g(0))

)(n−2)/n

≤ A

∫

M

|∇v0|2 dµ(g(0))

+B

∫

M

v2
0 dµ(g(0)).

By the work of [Heb1], we know that A can be any number strictly
larger than the Euclidean Sobolev constant; and B depends on A,
the injectivity radius and the lower bound of the Ricci curvature of
(M, g(0)) only.

Recall

λ0 = inf
‖v0‖2=1

∫

M

(4|∇v0|2 +Rv2
0)dµ(g(0))

which is the infimum of Perelman’s F entropy for (M, g(0)). Then we
can convert the above Sobolev inequality to
(∫

M

v
2n/(n−2)
0 dµ(g(0))

)(n−2)/n

≤ A0

∫

M

(4|∇v0|2 +Rv2
0) dµ(g(0))

+B0

∫

M

v2
0 dµ(g(0)).

(6.2.4)
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Here the constants A0 and B0 are given below.

A0 = A4−1 +Bλ−1
0 +A4−1 supR−(·, 0)λ−1

0 , B0 = 0 if λ0 > 0;

A0 = A4−1, B0 = A4−1 supR−(·, 0) +B, if λ0 ≤ 0.
(6.2.5)

The following argument is similar to Proposition 4.2.1 (I) to (II).
Applying Hölder and Jensen inequalities, we have, for all v0 ∈W 1,2(M)
verifying ‖v0‖2 = 1,

∫

M

v2
0 ln v2

0 dµ(g(0)) ≤ 1

2
n ln

(

A0

∫

M

(4|∇v0|2 +Rv2
0) dµ(g(0)) +B0

)

.

By the elementary inequality ln z ≤ qz − ln q − 1, q, z > 0, we know
that
∫

M

v2
0 ln v2

0 dµ(g(0)) ≤ n

2
q

(

A0

∫

M

(4|∇v0|2 +Rv2
0) dµ(g(0)) +B0

)

− n

2
ln q − n

2
.

In the above, we choose q so that n
2 qA0 = t0 + ǫ2, i.e. q = 2(t0 +

ǫ2)/(nA0). Then

∫

M

v2
0 ln v2

0 dµ(g(0)) ≤ (t0 + ǫ2)

∫

M

(4|∇v0|2 +Rv2
0) dµ(g(0))

+
(t0 + ǫ2)B0

A0
− n

2
ln

2(t0 + ǫ2)

nA0
− n

2
.

After rearrangement, this inequality becomes

(t0 + ǫ2)

∫

M

(4|∇v0|2 +Rv2
0) dµ(g(0))

−
∫

M

v2
0 ln v2

0 dµ(g(0)) − n

2
ln(t0 + ǫ2)

≥ −(t0 + ǫ2)B0A
−1
0 − n2−1 ln(nA02

−1) + n2−1.

(6.2.6)

Substituting the log Sobolev inequality (6.2.6) to the right-hand
side of (6.2.3), we deduce

inf
‖v‖2=1

∫

M

(

ǫ2(Rv2 + 4|∇v|2) − v2 ln v2
)

dµ(g(t0)) − n ln ǫ

≥ −(t0 + ǫ2)B0A
−1
0 − n2−1 ln(nA02

−1) + n2−1.

(6.2.7)
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Therefore, we reach the uniform log Sobolev inequality:
∫

M

v2 ln v2 dµ(g(t0)) ≤ ǫ2
∫

M

(

4|∇v|2 +Rv2
)

dµ(g(t0)) − n ln ǫ

+ (t0 + ǫ2)B0A
−1
0 + n2−1 ln(nA02

−1) − n2−1.
(6.2.8)

Step 2. Fix a time t0 during the Ricci flow or t̃0 during the nor-
malized one. Suppose on (M, g(t0)) or (M, g̃(t̃0)), the Log Sobolev in-
equalities (6.2.8) holds. We show that they imply upper bound for the
heat kernel (fundamental solution) of

∆u(x, t) − 1

4
R(x, t0)u(x, t) − ∂tu(x, t) = 0 (6.2.9)

under the fixed metric g(t0) or g̃(t̃0). We stress that the time t here is
no longer the time in the Ricci flow which is frozen at time t0.

The proof of the upper bound, which does not distinguish between
the Ricci flow or the normalized Ricci flow case, follows the original
ideas of Davies [Da]. There is only one extra issue to deal with here.
Namely the negative part of the scalar curvature may make the semi-
group generated by ∆− 1

4R not contractive. However the modification
in the proof is moderate since the most negative value of the scalar
curvature does not decrease under either the Ricci flow or the normal-
ized one in the theorem. This statement is a result of the maximum
principle applied to the equation

∆R− ∂tR+ 2|Ric|2 = 0.

For this reason, we will be brief in the presentation.
Let u be a positive solution to (6.2.9). Given T > 0 and t ∈ (0, T ),

we take
p(t) = T/(T − t)

so that p(0) = 1 and p(T ) = ∞. By direct computation

∂t‖u‖p(t) = ∂t

(∫

M

up(t)(x, t)dx

)1/p(t)

= − p′(t)
p2(t)

‖u‖p(t) ln

∫

M

up(t)(x, t)dx

+
1

p(t)

(
∫

M

up(t)(x, t)dx

)(1/p(t))−1

×
[ ∫

M

up(t)(lnu)p′(t)dx+ p(t)

∫

M

up(t)−1(∆u− 1

4
Ru)dx

]

.
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Here dx means the integral element with respect to g(t0). We adopt
this notation to emphasize that g(t0) is not evolving with respect to t.
Using integration by parts on the term containing ∆u and multiplying

both sides by p2(t)‖u‖p(t)
p(t)

, we reach

p2(t)‖u‖p(t)
p(t)

∂t‖u‖p(t) = −p′(t)‖u‖p(t)+1
p(t)

ln

∫

M

up(t)(x, t)dx

+ p(t)‖u‖p(t)p′(t)
∫

M

up(t) lnu(x, t)dx

− p2(t)(p(t) − 1)‖u‖p(t)
∫

M

up(t)−2|∇u|2(x, t)dx

− p2(t)‖u‖p(t)
∫

M

1

4
R(x, t0)u

p(t)(x, t)dx.

Dividing both sides by ‖u‖p(t), we obtain

p2(t)‖u‖p(t)p(t)∂t ln ‖u‖p(t) = −p′(t)‖u‖p(t)p(t) ln

∫

M

up(t)(x, t)dx

+ p(t)p′(t)
∫

M

up(t) lnu(x, t)dx

− 4(p(t) − 1)

∫

M

|∇(up(t)/2)|2(x, t)dx− p2(t)

×
∫

M

1

4
R(x, t0)(u

p(t)/2)2(x, t)dx.

Merging the first two terms on the right-hand side of the above equality
and making the substitution v = up(t)/2/‖up(t)/2‖2, we arrive at, after

dividing by ‖u‖p(t)p(t),

p2(t)∂t ln ‖u‖p(t)
= p′(t)

∫

M

v2 ln v2(x, t)dx − 4(p(t) − 1)

∫

M

|∇v|2(x, t)dx − p2(t)

×
∫

M

1

4
R(x, t0)v

2(x, t)dx

= p′(t)
∫

M

v2 ln v2(x, t)dx − 4(p(t) − 1)

∫

M

(|∇v|2(x, t)

+
1

4
R(x, t0)v

2)dx

+ (4(p(t) − 1) − p2(t))

∫

M

1

4
R(x, t0)v

2(x, t)dx.
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It is easy to check ‖v‖2 = 1 and also

4(p(t) − 1)

p′(t)
=

4t(T − t)

T
≤ T,

−T ≤ 4(p(t) − 1) − p2(t)

p′(t)
=

4t(T − t) − T 2

T
≤ 0.

Hence

p2(t)∂t ln ‖u‖p(t) ≤ p′(t)

(∫

M

v2 ln v2(x, t)dx

− 4(p(t) − 1)

p′(t)

∫

M

(|∇v|2(x, t) +
1

4
R(x, t0)v

2)dx+ T supR−(x, t0)

)

.

Taking ǫ so that
ǫ2

π
=

4(p(t) − 1)

p′(t)
≤ T

in the log Sobolev inequality (6.2.8), we deduce

p2(t)∂t ln ‖u‖p(t) ≤ p′(t)

(

−n ln
√

π4(p(t) − 1)/p′(t)+L+T supR−(x, 0)

)

where

L ≡ (t0 + ǫ2)B0A
−1
0 + n2−1 ln(nA02

−1) − n2−1

≤ (t0 + πT )B0A
−1
0 + n2−1 ln(nA02

−1) − n2−1.
(6.2.10)

Here we also used the fact that supR−(x, t0) ≤ supR−(x, 0) as re-
marked earlier.

Note that

p′(t)/p2(t) = 1/T, 4(p(t) − 1)/p′(t) = 4t(T − t)/T.

Hence

∂t ln ‖u‖p(t) ≤
1

T

(

− n

2
lnπ4t(T − t)/T + L+ T supR−(x, 0)

)

.

This yields, after integration from t = 0 to t = T ,

ln
‖u(·, T )‖∞
‖u(·, 0)‖1

≤ −n
2

ln(4πT ) + L+ T supR−(x, 0). (6.2.11)
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Denote by p = p(x, t, y) the heat kernel of (6.2.9). Since

u(x, T ) =

∫

M

p(x, T, y)u(y, 0)dy,

(6.2.11) shows

p(x, T, y) ≤ exp(L+ T supR−(x, 0))

(4πT )n/2
. (6.2.12)

Recall that

L ≤ (t0 + πT )B0A
−1
0 + n2−1 ln(nA02

−1) − n2−1. (6.2.13)

If λ0 > 0, then B0 = 0 (cf. (6.2.5)). So the above bound becomes

p(x, T, y) ≤ exp(n2−1 ln(nA02
−1) − n2−1)

(4πT )n/2
eT supR−(x,0)

≤ c1(A+Bλ−1
0 + 1)c2

T n/2
eT supR−(x,0)

(6.2.14)

where c1 and c2 are numerical constants. The last inequality is due to
(6.2.5) where A0 is given.

Using integration by parts and the monotonicity of Perelman’s F
entropy (Theorem 6.1.1), it is easy to see that

d

ds

∫

M

p2(y, s, x)dy = 2

∫

M

p(∆p−Rp/4)dy

= −1

2

∫

M

(4|∇p|2 +Rp2)dy

= −1

2

∫

M
(4|∇p|2 +Rp2)dy

‖p‖2
2

∫

M

p2(y, s, x)dy

≤ −1

2

∫

M

p2(y, s, x)dy inf{F (v) |v ∈W 1,2(M, g(t0)), ‖v‖2 = 1}

≤ −λ0

2

∫

M

p2(y, s, x)dy.

Here F (v) is the F entropy. Therefore, for s > 1,

p(x, 2s, x) =

∫

M

p2(y, s, x)dy ≤ e−λ0(s−1)/2

∫

M

p2(y, 1, x)dy

= e−λ0(s−1)/2p(x, 2, x).
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By the reproducing formula for the heat kernel p, it is easy to see that

p(x, 2s, y) ≤
√

p(x, 2s, x)
√

p(y, 2s, y).

The last two inequalities can be combined to give

p(x, 2s, y) ≤ e−λ0(s−1)/2
√

p(x, 2, x)
√

p(y, 2, y).

By (6.2.14), we see that, for s ≥ 1,

p(x, 2s, y) ≤ c1(A+Bλ−1
0 + 1)c2

2n/2
e2 supR−(x,0) e−λ0(s−1)/2.

Thus we arrive at the following uniform bound that depends only on
the initial metric g(0) but not on the underlining metric g(t0).

If λ0 > 0, then, for all T > 0,

p(x, T, y) ≤ c1(A+Bλ−1
0 + 1)c2

T n/2
e2 supR−(x,0)e−λ0T/5. (6.2.15)

If λ0 ≤ 0, from (6.2.12) and (6.2.13) again, we have

p(x, T, y) ≤ exp(c1[(BA
−1 + supR−(·, 0)) (t0 + T ) +Ac2 + 1)]

T n/2
.

(6.2.16)

Step 3. We show that the above heat kernel upper bound implies
the Sobolev imbedding in Theorem 6.2.1.

This is more or less standard.
Case 1. Suppose λ0 < 0.
Let t0 be a fixed time during Ricci flow. Let F = supR−(x, 0) and

pF be the heat kernel of the operator ∆ − 1
4R(x, t0) − F − 1. Since

R−(x, t0) ≤ F , from the upper bound for p in (6.2.16), we know that
pF obeys the global upper bound

pF (x, t, y) ≤ Λ

tn/2
, t > 0.

Here Λ depends only on L in (6.2.10) and F . Moreover pF is a contrac-
tion. By Hölder inequality, for any f ∈ L2(M), we have

|
∫

M

pF (x, t, y)f(y)dy| ≤
(∫

M

p2
F (x, t, y)dy

)1/2

‖f‖2 ≤ Λ1/2t−n/4‖f‖2.

The Sobolev inequality in Theorem 6.2.1 now follows from Theorem
2.4.2 in [Da] (see Theorem 4.2.1 here), i.e. there exist positive constants
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A(t0), B(t0) depending only on the initial metric through Λ and t0 such
that, for all v ∈W 1,2(M, g(t0)), it holds

(∫

v2n/(n−2)dµ(g(t0))

)(n−2)/n

≤ A(t0)

∫

(|∇v|2 +
1

4
Rv2)dµ(g(t0))

+B(t0)

∫

v2dµ(g(t0)).

The same also holds for the normalized Ricci flow. Since t0 ∈ [0, T0) is
arbitrary, the proof is done.

Case 2. Suppose λ0 > 0.
The bound in (6.2.15) is independent of t0. Consider pF again. The

statement in Theorem 4.2.1 about the relation between the constants
in the heat kernel bounds and the Sobolev inequality shows:

for v ∈ C∞(M), and a positive constant A0 independent of t0, and
a constant C,

(∫

v2n/(n−2)dµ(g(t0))

)(n−2)/n

≤ A0

∫

(|∇v|2 +
1

4
Rv2)dµ(g(t0))

+C(supR−(x, 0) + 1)

∫

v2dµ(g(t0)).

By the monotone increasing property of the F entropy mentioned
above, we have

∫

v2dµ(g(t0)) ≤ λ−1
0

∫

(4|∇v|2 +Rv2)dµ(g(t0)).

Consequently, there exists a constant, still denoted by A0 such that

(∫

v2n/(n−2)dµ(g(t0))

)(n−2)/n

≤ A0

∫

(|∇v|2 +
1

4
Rv2)dµ(g(t0)),

i.e. the last statement in part (a) of the theorem is true.
One can also prove the Sobolev imbedding by establishing a Nash

type inequality first and using an argument in [BCLS]. �

6.3 Critical and local Sobolev inequality

In this section, we state and prove a critical and a local Sobolev inequal-
ity under Ricci flow. They are not used in the proof of the Poincaré
conjecture.
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First we show a uniform critical Sobolev inequality under Ricci flow.
This can be regarded as a generalization of the imbedding W 1,n

0 (Ω) into
certain Orlicz space, which was described in Theorem 2.2.1. A gener-
alization of this Euclidean imbedding to compact manifolds with fixed
metrics can be found in [Fo]. The Sobolev constants in our theorem in
general are not as nice as the fixed metric case or as those in Theorem
6.2.1.

Theorem 6.3.1 Let M be a compact Riemann manifold with di-
mension n ≥ 3 and the metrics g = g(t) evolve by the Ricci flow
∂tg = −2Ric. Let A and B be positive numbers such that the L2 Sobolev
inequality for (M, g(0)) holds, i.e. for any v ∈W 1,2(M),

(
∫

M

v2n/(n−2) dµ(g(0))

)(n−2)/n

≤ A

∫

M

|∇v|2 dµ(g(0))

+B

∫

M

v2 dµ(g(0)).

Also define λ0 be the first eigenvalue of Perelman’s F entropy. i.e

λ0 = inf
‖v‖2=1

∫

M

(4|∇v|2 +Rv2)dµ(g(0))

Suppose the Ricci flow exists for t ∈ [0, T0) where T0 ≤ ∞ is the life
span. Given α > 0 and ρ > 0, define

Φ(ρ) = eαρ
n/(n−1) − Σn−1

k=0

αk

k!
ρnk/(n−1).

Then for any u ∈W 1,n(M, g(t)), it holds

∫

M

Φ





|u(x)|
‖∇u‖n + ‖

√

1
4R

+ + h u‖n



 dµ(g(t)) ≤ C(n, α),

provided that α < b
[Θ(M)h2 exp(th1)]n/(n−1) . Here, the constants are defined

as follows.
(1). b > 0 is a numerical constant;
(2).

h1 =

{

0, if λ0 > 0;

h1(A,B, λ0, supR−(·, 0)) ≥ 0, if λ0 < 0;
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(3). h2 = h2(A,B, λ0) > 0;
(4).

h =

{

1, if λ0 > 0;

(h1 − b2λ0) + 1, for a positive constant b2, if λ0 < 0;

(5).

Θ(M) = sup
β∈(1,n/(n−1))

sup
x

×
(

[n− β(n − 1)]

∫

M

exp(−e0d(x, y, t))
d(x, y, t)β(n−1)

dµ(g(t))

)1/β

where e0 > 0 is a small positive number.

The statements in the theorem take particularly succinct forms in
two special cases. The first one is when the Ricci curvature is bounded
from below by negative constants, due to classical volume comparison
theorem. The other is the 3 dimension case, which is presented as a
corollary.

Corollary 6.3.1 Let M be a 3 dimensional, orientable compact man-
ifold and the metrics g = g(t) evolve by the Ricci flow ∂tg = −2Ric,
with normalized initial metric.

Suppose the scalar curvature for g(0) is nonnegative. Then, there
exists a positive number α, depending only on the initial metric such
that the critical Sobolev imbedding holds for all t during the life span of
the Ricci flow:

for any u ∈ W 1,n(M, g(t)), there exists a positive constant
C(α, g(0)), depending only on α and g(0), such that

∫

M

Φ





|u(x)|
‖∇u‖n + ‖

√

1
4R+ 1 u‖n



 dµ(g(t)) ≤ C(α, g(0)).

Here n = 3, and as in the theorem,

Φ(ρ) = eαρ
n/(n−1) − Σn−1

k=0

αk

k!
ρnk/(n−1).
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Proof. (of the corollary) By the maximum principle, we know that
the scalar curvature immediately becomes positive when t > 0, unless
the manifold is Ricci flat. In this special case the metric is stationary
and the result is well known [Fo]. Hence we can just assume that the
initial scalar curvature is positive.

Since the initial condition is normalized, we know that the Ricci
flow is controlled by the initial value explicitly in a fixed time interval,
say [0, δ]. So we only need to prove the corollary when t ≥ δ. For
convenience we just take δ = 1 and assume t ≥ 1. Since the scalar
curvature is positive, the life span of the flow is finite though.

By the assumption on the initial scalar curvature, we know that
λ0 > 0, h = 1, and h1 = 0 in the theorem. So the corollary follows
from the theorem once we can show the following quantity Θ(M) is
uniformly bounded when t ≥ 1. Here

Θ(M) = sup
β∈(1,n/(n−1))

sup
x
J(x, t, β),

J(x, t, β) ≡
(

[n− β(n− 1)]

∫

M

exp(−e0d(x, y, t))
d(x, y, t)β(n−1)

dµ(g(t))

)1/β

.

(6.3.1)
To continue, we need to get a little ahead of ourselves by looking at

Theorem 7.5.1, which establishes the canonical neighborhood property
of 3 dimensional Ricci flow. For a fixed small positive number ǫ and
for the whole finite life span of the flow, let r0 be the parameter in the
canonical neighborhood property with accuracy ǫ. For t ≥ 1, r0 > 0,
and x ∈ M, consider the ball B(x, r0, t). We have three cases to deal
with.

Case 1 is when the scalar curvature is bounded from above by 1/r20
in the ball.

Then by Hamilton-Ivey pinching Theorem 5.2.4, we know that

|Ric(y, t)| ≤ 2R(y, t) + C ≤ 2/r20 + C, y ∈ B(x, r0, t),

for a positive constant C. By standard volume comparison theorem, for
any r ∈ (0, r0], we have

|B(x0, r, t)|g(t) ≤ ec(r
−1
0 +1)rcnr

n, n = 3.
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Therefore

[n− β(n− 1)]

∫

M

exp(−e0d(x, y, t))
d(x, y, t)β(n−1)

dµ(g(t))

≤ [n− β(n − 1)][

∫

d(x,y,t)≤r0

1

d(x, y, t)β(n−1)
dµ(g(t))

+

∫

d(x,y,t)>r0

1

d(x, y, t)β(n−1)
dµ(g(t))]

≤ [n− β(n − 1)]

∫

d(x,y,t)≤r0

1

d(x, y, t)β(n−1)
dµ(g(t))

+ r
−β(n−1)
0 V ol(M, g(t)).

Notice that
∫

d(x,y,t)≤r0

1

d(x, y, t)β(n−1)
dµ(g(t))

= Σ∞
i=0

∫

2−(i+1)r0≤d(x,y,t)≤2−ir0

1

d(x, y, t)β(n−1)
dµ(g(t))

≤ Σ∞
i=0(2

2+i/r0)
(n−1)β

∫

d(x,y,t)≤2−ir0

dµ(g(t))

≤ cne
c(r−1

0 +1)r0 Σ∞
i=0(2

2+i/r0)
(n−1)β(2−ir0)

n

≤ cne
c(r−1

0 +1)r0r
n−(n−1)β
0

1

n− (n− 1)β
.

Here the second from last step is by the volume upper bound mentioned
above. Combining the last two paragraphs, we deduce

[n− β(n− 1)]

∫

M

exp(−e0d(x, y, t))
d(x, y, t)β(n−1)

dµ(g(t)) ≤ c(r0)[1 + vol(M, g(0))].

(6.3.2)
Here we just used the fact that the volume of M is decreasing in time
since the scalar curvature is nonnegative. Therefore, in this case

J(x, t, β) ≤ C(r0, g(0)).

By Theorem 7.5.1, r0 depends only on ǫ, the initial metric and the life
span. The life span is bounded from above by a quantity involving only
minR(·, 0). So J(x, t, β) depends only on the initial value in this case.

Case 2 is when the ball B(x, r0, t) contains a point y such that
R(y, t) = 1

r20
.
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According to Perelman’s singularity structure theorem [P1] (Theo-
rem 7.5.1 here), the ball B(x, r0, t) under the re-scaled metric r−2

0 g(t)

is ǫ close, in C [ǫ−1] topology, to the corresponding ball in an (ancient)
κ solution. Let us use g̃ and d̃ to denote the metric r−2

0 g(t) and the
corresponding distance. Then

∫

d(x,y,t)≤r0

1

d(x, y, t)β(n−1)
dµ(g(t))

= r
n−(n−1)β
0

∫

d̃(x,y,t)≤1

1

d̃(x, y, t)β(n−1)
dµ(g̃).

The Ricci curvature for g̃ in the unit ball is bounded from below by a
negative constant depending only on ǫ. This is so because the near by
κ solution has nonnegative sectional curvature. Therefore by the same
computation as above, we have

∫

d(x,y,t)≤r0

1

d(x, y, t)β(n−1)
dµ(g(t)) ≤ C(ǫ)r

n−(n−1)β
0

1

n− (n− 1)β
.

Fixing a small ǫ, this shows, as in Case 1,

J(x, t, β)β = [n− β(n − 1)]

∫

M

exp(−e0d(x, y, t))
d(x, y, t)β(n−1)

dµ(g(t))

≤ c(r0)[1 + vol(M, g(0))].

(6.3.3)

Case 3 is when every point y in the ball B(x, r0, t) satisfies R(y, t) >
1
r20

.

According to Theorem 7.5.1, the ball is either a compact manifold
with positive curvature or it is contained in an ǫ horn or capped ǫ horn.
The definitions of these two objects can be found in Definition 8.1.1.
If B(x, r0, t) is a compact manifold with positive curvature, then we
again can use the classical volume comparison theorem to prove

J(x, t, β) ≤ C(r0, g(0)).

Now we assume that B(x, r0, t) is contained in an ǫ horn. We claim
that there exists a constant C > 0 such that

|B(x, r, t)|g(t)/r3 ≤ C, r ∈ [0, r0].

If the ball B(x, r, t) is contained in one ǫ neck, then the claim is ob-
viously true. Suppose, for a k ≥ 3, the ball B(x, r, t) contains k − 2 ǫ
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necks and B(x, r, t) is contained in the union of k ǫ necks. Let xi be at
the center of the i-th ǫ neck, where i = 1, . . . , k. Then

r ∼ ǫ−1Σk
i=1R(xi)

−1/2.

Here R(xi) is the scalar curvature at xi and time t. Note the volume
of the i-th ǫ neck is CR(xi)

−3/2ǫ−1. Hence

|B(x, r, t)|g(t) ∼ ǫ−1Σk
i=1R(xi)

−3/2 ≤ ǫ2
[

ǫ−1Σk
i=1R(xi)

−1/2
]3

≤ Cr3.

This proves the claim.
Now we can just proceed as in Case 1, using the claim to replace

the classical volume comparison theorem there to deduce

J(x, t, β) ≤ C(r0, g(0)).

Finally, if B(x, r0, t) is contained in a capped ǫ horn, a proof of the
bound on J(x, t, β) can be done similarly.

Thus we have shown in all cases that J(x, t, β) has a bound which
depends only on the initial metric. By (6.3.1), this bound implies the
bound on Θ(M) and the corollary. �

Proof of Theorem 6.3.1
We follow the notations of Theorem 6.2.1. Suppose the Ricci flow

exists in the time interval [0, t0].
Step 1. Off diagonal bound for p, the heat kernel of ∆−R/4 at time

t0.
In this step, we prove a Gaussian type upper bound for p, the heat

kernel for ∆−R/4 under the metric g(t0). We emphasize that ∆ and R
are with respect to the fixed metric g(t0). We will again use dx, d(x, y)
and B(x, r) to denote the volume element, distance and geodesic balls
under g(t0) respectively. If the scalar curvature R were absent, then
the Gaussian upper bound follows immediately from the on diagonal
bound (6.2.12) and the main theorem in Grigoryan’s paper [Gr]. In our
case we will couple Grigoryan’s method with Perelman’s monotonicity
for the F entropy to treat the scalar curvature term.

This step is divided into a few substeps.
Step 1.1. Monotonicity of certain weighted L2 norms of solutions.
Let u be a positive solution to the equation

∆u− 1

4
Ru− ∂su = 0
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where the underlying manifold is (M, g(t0)). Given a weight function
eξ(x,s) to be specified later, we compute

d

ds

∫

M

u2eξdx =

∫

M

u2eξ∂sξdx+

∫

M

2u(∆u− 1

4
Ru)eξdx. (6.3.4)

Note that
∫

M

u∆ueξdx = −
∫

M

∇u∇(ueξ)dx = −
∫

M

∇u∇(ueξ/2 eξ/2)dx

= −
∫

M

∇u
[

∇(ueξ/2) eξ/2 + ueξ/2∇eξ/2
]

dx

= −
∫

M

|∇(ueξ/2)|2dx+

∫

M

u2|∇eξ/2|2dx.

Substituting this to the right-hand side of (6.3.4), we obtain

d

ds

∫

M

u2eξdx =

∫

M

(∂sξ +
1

2
|∇ξ|2)u2eξdx

− 2

∫

M

[

|∇(ueξ/2)|2 +
1

4
R(ueξ/2)2

]

dx.

Let

λ(t0) = inf
u 6=0

∫

M

[

4|∇(ueξ/2)|2 +R(ueξ/2)2
]

dx
∫

M
u2eξdx

.

Recall that dx is actually the volume form dµ(g(t0)) where t0 is a
moment during the Ricci flow. Therefore λ(t0) is actually the infimum
of Perelman’s F entropy at time t0. By Perelman [P1] (Theorem 6.1.1
here), it holds

λ(t0) ≥ λ(0) = λ0.

Hence

d

ds

∫

M

u2eξdx ≤
∫

M

(∂sξ +
1

2
|∇ξ|2)u2eξdx− 1

2
λ0

∫

M

u2eξdx.

If we choose ξ so that

∂sξ +
1

2
|∇ξ|2 ≤ 0,

then we deduce
∫

M

u2eξdx
∣

∣

s1
≤ e−λ0(s1−s2)/2

∫

M

u2eξdx
∣

∣

s2
(6.3.5)
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when s2 < s1.

Step 1.2. Once we have the above monotone formula, we can use
the idea in [Gr] to prove the Gaussian upper bound. Since the proof
is not identical to that in [Gr], due to the presence of the exponential
term in (6.3.5), we will present it here.

Taking a point x ∈ M and s, r > 0, define

Ir(s) =

∫

M−B(x,r)
u2(y, s)dy. (6.3.6)

We aim to show that Ir(s) has certain exponential decay for u(y, s) =
p(y, s, x). Picking two numbers A and σ0 such that A ≥ 2 and σ0 > s,
we choose

ξ = ξ(y, s) =

{

− (r−d(x,y))2
A(σ0−s) , d(x, y) ≤ r;

0, d(x, y) > r.

Then, for y ∈ B(x, r),

∂sξ +
1

2
|∇ξ|2 = −(r − d(x, y))2

A(σ0 − s)2
+

2(r − d(x, y))2

A2(σ0 − s)2
≤ 0.

By (6.3.5), we have, for s2 < s1 < s0,
∫

M

u2eξdx
∣

∣

s1
≤ e−λ0(s1−s2)/2

∫

M

u2eξdx
∣

∣

s2
.

Since ξ(y, s) = 0 when d(x, y) ≥ r, this implies

Ir(s1) =

∫

M−B(x,r)
u2(y, s1)dy ≤

∫

M

u2(y, s1)e
ξ(y,s1)dy

≤
∫

M

u2(y, s2)e
ξ(y,s2)dy e−λ0(s1−s2)/2.

For a number ρ < r, we can write this inequality as

Ir(s1) ≤
∫

B(x,ρ)
u2(y, s2)e

ξ(y,s2)dy e−λ0(s1−s2)/2

+ e−λ0(s1−s2)/2
∫

M−B(x,ρ)
u2(y, s2)e

ξ(y,s2)dy.

This shows

Ir(s1) ≤ e−λ0(s1−s2)/2
[

Iρ(s2) + e−(r−ρ)2/(A(σ0−s2))
∫

B(x,ρ)
u2(y, s2)dy

]

.
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So far the bound holds for all positive solutions to the equation
∆u−Ru/4− ∂su = 0. Now we take u(y, s) = p(y, s, x) the heat kernel.
For this u, it holds

∫

B(x,ρ)
u2(y, s2)dy ≤

∫

M

p2(y, s2, x)dy = p(x, 2s2, x) ≤
1

f(2s2)
.

Here f is given by the right-hand side of the on-diagonal bound in
(6.2.15) and (6.2.16). We know that there are two positive constants
h1 and h2 such that, for all T > 0, it holds

1

f(T )
=
h2 exp[(T + t0)h1]

T n/2
. (6.3.7)

where
h2 = h2(A,B, λ0)

and

h1 =

{

0, if λ0 > 0;

h1(A,B, λ0, supR−(·, 0)) ≥ 0, otherwise;
(6.3.8)

Thus we reach the inequality

Ir(s1) ≤ e−λ0(s1−s2)/2
[

Iρ(s2) + e−(r−ρ)2/(A(σ0−s2)) 1

f(2s2)

]

.

Observe the above inequality depends on σ0 only in the exponential
term, which is the parameter in the definition of ξ. So we can just take
σ0 = s1 to get

Ir(s1) ≤ e−λ0(s1−s2)/2
[

Iρ(s2) + e−(r−ρ)2/(A(s1−s2)) 1

f(2s2)

]

(6.3.9)

where r > ρ, s1 > s2 and A ≥ 2.
Now fixing r, s > 0, we define the sequences, as in [Gr]

rk =

(

1

2
+

1

k + 2

)

r, sk =
s

ak
, k = 0, 1, 2, . . .

where a > 1 will be chosen later. Applying (6.3.9), we deduce

Irk(sk) ≤ e−λ0(sk−sk+1)/2

×,
[

Irk+1
(sk+1) + e−(rk−rk+1)

2/(A(sk−sk+1))
1

f(2sk+1)

]

(6.3.10)
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Remember that Irk(sk) =
∫

M−B(x,rk) p
2(y, sk, x)dy. When k → ∞,

sk → 0 and p(y, sk, x) → δ(y, x) which is concentrated at the point
x. Hence limk→∞ Irk(sk) = 0. This argument can easily be made rig-
orous by approximating p with regular solutions whose initial value is
supported in B(x, r/2).

After iterations of (6.3.10), we obtain

Ir(s) = Ir0(s0) ≤ Σ∞
k=0

1

f(2sk+1)
e−(rk−rk+1)

2/(A(sk−sk+1))e−λ0(s0−sk+1)/2.

Using the relation

rk − rk+1 ≥ r/(k + 3)2, sk − sk+1 = (a− 1)s/ak+1,

we arrive at

Ir(s) ≤ Σ∞
k=0

1

f(2sk+1)
exp

(

− ak+1 r2

(k + 3)4 (a− 1) As

)

e−λ0(s−sk+1)/2.

Using (6.3.7)

1

f(2sk+1)
≤ a(k+1)n/2h2 exp[(s+ t0)h1]

sn/2
.

Substituting this to the last inequality concerning Ir(s), we deduce, for
some constant c = c(a) > 0, depending on the sign of λ0,

Ir(s) ≤
h2 exp[(s + t0)h1]

sn/2
e−λ0sc(a)Σ∞

k=0a
(k+1)n/2

× exp

(

− ak+1 r2

(k + 3)4 (a− 1) As

)

.

By making the constant a sufficiently large, it is easy to check that

Ir(s) =

∫

M−B(x,r)
p2(y, s, x)dy ≤ h2 exp[(s+ t0)h1]

sn/2
e−λ0sc(a)e−h3r2/s

(6.3.11)
for some numerical constant h3 > 0.

Define, for a small positive number m < h3,

Em(s) =

∫

M

p2(y, s, x)emd
2(y,x)/sdy.
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Take r =
√
s and split the integral for Em(s) as

Em(s) ≤ em
∫

B(x,r)
p2(y, s, x)dy

+ Σ∞
k=0

∫

2kr<d(x,y)≤2k+1r
p2(y, s, x)emd

2(y,x)/sdy

≤ em
∫

B(x,r)
p2(y, s, x)dy

+ Σ∞
k=0e

m22(k+1)

∫

2kr<d(x,y)≤2k+1r
p2(y, s, x)dy.

(6.3.12)

Using integration by parts and the monotonicity of Perelman’s F en-
tropy again, it is easy to see that

d

ds

∫

M

p2(y, s, x)dy = 2

∫

M

p(∆p−Rp/4)dy

= −2

∫

M

(|∇p|2 +Rp2/4)dy

≤ −λ0

2

∫

M

p2(y, s, x)dy.

Therefore
∫

M

p2(y, s, x)dy ≤ e−λ0s/4

∫

M

p2(y, s/2, x)dy

= e−λ0s/4p(x, s, x) ≤ e−λ0s/4/f(s).

Applying this and (6.3.11) to the last two terms of (6.3.12), we have,
for a sufficiently small m > 0,

Em(s) =

∫

M

p2(y, s, x)emd
2(y,x)/sdy ≤ c1h2 exp[(s + t0)h1]

sn/2
e−c2λ0s

(6.3.13)
where c1 and c2 are positive, numerical constants; the constants h1

and h2 depend only on the initial metric, as given by (6.3.8). It is well
known ( [Gr] e.g.) that (6.3.13) implies

p(x, s, y) ≤ b1h2e
t0h1e(h1−b2λ0)s e

−b3d2(x,y)/s

sn/2
. (6.3.14)

Here b1, b2, b3 are positive, numerical constants.

Step 2. Integral gradient bound for Green’s functions.
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Consider Γ = Γ(x, y), the Green’s function of the operator

Lh = ∆ − R+

4
− h

where h = (h1 − b2λ0)
+ + 1. Here h1, b2, λ0 are the same as those in

(6.3.14). Denote by ph the heat kernel of Lh. Then (6.3.14) shows

ph ≤ pe−hs ≤ b1h2e
t0h1e−s

e−b3d
2(x,y)/s

sn/2
. (6.3.15)

Therefore, there exits C > 0 and b4 > 0 such that

Γ(x, y) =

∫ ∞

0
ph(y, s, x)ds ≤ Ch2e

t0h1
e−b4d(x,y)

d(x, y)n−2
. (6.3.16)

When y 6= x, the Green’s function Γ(x, y), as a function of y, satis-
fies the equation

∆Γ − R+

4
Γ − hΓ = 0.

Applying a standard argument using test functions of the form Γφ2,
we know that
∫

2k≤d(x,y)≤2k+1

|∇Γ(x, y)|2dy +

∫

2k≤d(x,y)≤2k+1

(
R+

4
+ h)Γ2(x, y)dy

≤ c

22k

∫

2k−1≤d(x,y)≤2k+2

Γ2(x, y)dy.

(6.3.17)
In the above, φ is a cut-off function and c is a positive constant.

For any number β ∈ (0, 2), by Hölder’s inequality and (6.3.17),

∫

2k≤d(x,y)≤2k+1

|∇Γ(x, y)|βdy

≤
(

∫

2k≤d(x,y)≤2k+1

|∇Γ(x, y)|2dy
)β/2 (

∫

2k≤d(x,y)≤2k+1

dy

)1−(β/2)

≤
(

c

22k

∫

2k−1≤d(x,y)≤2k+2

Γ2(x, y)dy

)β/2

|B(x, 2k+1) −B(x, 2k)|1−(β/2).
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Using (6.3.16) on the last term, we deduce

∫

2k≤d(x,y)≤2k+1

|∇Γ(x, y)|βdy ≤ chβ2 exp(t0h1β) exp(−2(k−2)βb4)

2kβ2(k−1)(n−2)β

·
(

∫

2k−1≤d(x,y)≤2k+2

dy

)β/2

|B(x, 2k+1) −B(x, 2k)|1−(β/2)

≤ chβ2 exp(t0h1β) exp(−2(k−2)βb4)

2kβ2(k−1)(n−2)β
|B(x, 2k+2) −B(x, 2k−1)|.

Summing up for all integers k, we have

∫

M

|∇Γ(x, y)|βdy

≤ chβ2 exp(t0h1β) Σ∞
k=−∞

exp(−2(k−2)βb4)

2kβ2(k−1)(n−2)β
|B(x, 2k+2) −B(x, 2k−1)|.

Since

|B(x, 2k+2) −B(x, 2k−1)| = |B(x, 2k+2) −B(x, 2k+1)|
+ |B(x, 2k+1) −B(x, 2k)| + |B(x, 2k) −B(x, 2k−1)|,

we can split the preceding sum to three and shift the indices to get

∫

M

|∇Γ(x, y)|βdy ≤ c exp(t0h1β) Σ∞
k=−∞

[

exp(−2(k−4)βb4)

2(k−2)β2(k−3)(n−2)β

+
exp(−2(k−3)βb4)

2(k−1)β2(k−2)(n−2)β
+

exp(−2(k−2)βb4)

2kβ2(k−1)(n−2)β

]

× |B(x, 2k) −B(x, 2k−1)|hβ2 .

This tells us
∫

M

|∇Γ(x, y)|βdy

≤ chβ2 exp(t0h1β) Σ∞
k=−∞

exp(−2−22(k−2)βb4)

2kβ2(k−1)(n−2)β
|B(x, 2k) −B(x, 2k−1)|

= chβ2 exp(t0h1β) Σ∞
k=−∞

∫

2k−1≤d(x,y)≤2k

exp(−2−32(k−1)βb4)

2βk(n−1)−β(n−2)
dy

≤ chβ2 exp(t0h1β) Σ∞
k=−∞

∫

2k−1≤d(x,y)≤2k

exp(−2−3d(x, y)βb4)

d(x, y)β(n−1)
dy.
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Therefore
∫

M

|∇Γ(x, y)|βdy ≤ chβ2 exp(t0h1β)

∫

M

exp(−2−3d(x, y)βb4)

d(x, y)β(n−1)
dy.

(6.3.18)
By (6.3.17),

∫

2k≤d(x,y)≤2k+1

[
√

R+4−1 + hΓ(x, y)]βdy

≤
(

∫

2k≤d(x,y)≤2k+1

[
√

R+4−1 + hΓ(x, y)]2dy

)β/2

×
(

∫

2k≤d(x,y)≤2k+1

dy

)1−(β/2)

≤
(

c

22k

∫

2k−1≤d(x,y)≤2k+2

Γ2(x, y)dy

)β/2

|B(x, 2k+1) −B(x, 2k)|1−(β/2),

From here we can use exactly the same argument as in the previous
paragraph to show
∫

M

[
√

R+4−1 + hΓ(x, y)]βdy ≤ chβ2 exp(t0h1β)

∫

M

exp(−2−3d(x, y)βb4)

d(x, y)β(n−1)
dy.

(6.3.19)

Step 3. Proof of the Critical Sobolev inequality.
Once we obtain the integral gradient bounds (6.3.18) and (6.3.19),

the proof of the theorem can be finished in the standard way, as in
Chapter 2.

Let u be a smooth function on M. Then

∆u− (
1

4
R+ + h)u = ∆u− (

1

4
R+ + h)u.

Since Γ is the fundamental solution, it holds

u = −
∫

M

Γ(x, y)[∆u− (
1

4
R+ + h)u](y)dy.

Upon integration by parts, it follows

u =

∫

M

∇Γ(x, y)∇u(y)dy +

∫

M

Γ(x, y)(
1

4
R+ + h)u(y)dy.
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For any q > n, applying Young’s inequality with the parameters
satisfying

1

n
+

1

β
= 1 +

1

q
,

we deduce

‖u‖q ≤ sup
x

‖∇Γ(·, x)‖β ‖∇u‖n

+ sup
x

‖Γ(·, x)
√

1

4
R+ + h‖β ‖

√

1

4
R+ + hu‖n.

According to (6.3.18) and (6.3.19), this implies

‖u‖q ≤ ch2 exp(t0h1) sup
x

(∫

M

exp(−2−3d(x, y)βb4)

d(x, y)β(n−1)
dy

)1/β

×
[

‖∇u‖n + ‖
√

1

4
R+ + h u‖n

]

.

Note that β ∈ (1, n/(n−1)) and so β ≤ 2. Hence, there exists a positive
number e0, such that

‖u‖q ≤ ch2 exp(t0h1) sup
x

(∫

M

exp(−e0d(x, y))
d(x, y)β(n−1)

dy

)1/β

× (‖∇u‖n + ‖
√

1

4
R+ + hu‖n).

(6.3.20)

Recall the quantity

Θ(M) = sup
β∈(1,n/(n−1))

sup
x

(

[n− β(n − 1)]

∫

M

exp(−e0d(x, y))
d(x, y)β(n−1)

dy

)1/β

.

(6.3.21)
Then (6.3.20) implies

‖u‖q ≤ cΘ(M)h2 exp(t0h1)[n−β(n−1)]−1/β (‖∇u‖n+‖
√

1

4
R+ + hu‖n).

(6.3.22)
Given integers k = n, (n + 1), . . ., we take q = nk/(n − 1). Then the
above becomes

∫

M





|u|(y)
(‖∇u‖n + ‖

√

1
4R

+ + hu‖n)





nk/(n−1)

dy

≤ [cΘ(M)h2 exp(t0h1)]
nk/(n−1)

(

k + 1

n

)k+1

.
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For a number α > 0, this inequality shows

∫

M

Σ∞
k=n

αk

k!





|u|(y)
(‖∇u‖n + ‖

√

1
4R

+ + hu‖n)





nk/(n−1)

dy

≤ Σ∞
k=n

αk

k!
[cΘ(M)h2 exp(t0h1)]

nk/(n−1)

(

k + 1

n

)k+1

.

By Sterling’s formula, there exists a constant b = b(n) only, such that
the right-hand side of the last inequality is convergent, provided that

α <
b

[Θ(M)h2 exp(t0h1)]n/(n−1)
. (6.3.23)

�

The next theorem is a localized version of Theorem 6.2.1 on the
evolution of Sobolev imbedding along Ricci flow. It shows that Sobolev
imbedding in a metric ball propagates to a larger ball in future time
provided that the curvature tensor is bounded in a portion of the space
time. Perelman’s no local collapsing theorem II (Theorem 8.2 [P1]) is
a special case by Theorem 4.1.2.

Theorem 6.3.2 For any A > 0, let g = g(t) be a Ricci flow defined
for t ∈ [0, r20 ] for some r0 > 0. Suppose that |B(x0, r0, 0)|g(0) ≥ A−1rn0
and that |Rm| ≤ 1/(nr20) for all (x, t) ∈ B(x0, r0, 0) × [0, r20 ]. Then the
following Sobolev imbedding holds in B(x0, Ar0, r

2
0).

For all v ∈ W 1,2
0 (B(x0, Ar0, r

2
0)), there exists one A2 = C(A,n)

such that, at t = r20,
(∫

v2n/(n−2)dµ(g(t))

)(n−2)/n

≤ A2

∫

(4|∇v|2 +Rv2)dµ(g(t))

+
A2

r20

∫

v2dµ(g(t)).

Proof. We divide the proof into several steps.
Step 1. By scaling invariance, we can just take r0 = 1.
Given σ > 0, define

Λ = Λσ2(g(1))

= inf{
∫

B(x0,A,1)
[σ2(4|∇v|2 +Rv2) − v2 ln v2] dµ(g(1)) − n lnσ

| v ∈ C∞
0 (B(x0, A, 1)), ‖v‖2 = 1 }.

(6.3.24)
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We aim to find a lower bound for Λ when σ ∈ [0, 1]. So, without loss
of generality we assume Λ ≤ 0. Let v1 be a minimizer of the functional
in (6.3.24). Recall that the existence and smoothness of the minimizer
of the above functional in the whole manifold case were proven in [Ro].
The current case under Dirichlet boundary condition can be dealt with
similarly. The proof is left as an exercise. Consequently, v1 is smooth
and positive in B(x0, 1, A) and it obeys the equation

{

σ2(4∆v1 −Rv1) + 2v1 ln v1 + Λv1 + n(lnσ)v1 = 0;

v1(x) = 0, x ∈ ∂B(x0, A, 1).
(6.3.25)

Here every term is relative to the metric g(1).
Next we define

P (v1) = [σ2(−4∆v1 +Rv1) − 2v1 ln v1 − n(lnσ)v1]v1 = Λv2
1 . (6.3.26)

We regard v1 and P (v1) as functions on (M, g(1)) by assigning zero
value outside of their support. The function v1 is Hölder continuous
and lies in W 1,∞(M). This fact can be proven by the method in [Ro]
using the property that ∂B(x0, 1, A) is Lipschitz. The basic idea is to
divide the ball into two parts D1 and D2. In D1, it holds v1 < 1. Then
v1 ln v1 is bounded. We treat it as a bounded inhomogeneous term in
the Laplace equation. Then we know that v1 is Lipschitz. On the other
part D2, it holds v1 ≥ 1. By Jensen’s inequality and ‖v1‖2 = 1, we
know that ln v1 ∈ Lp(D2) for any p ≥ 1. The standard elliptic theory
also shows v1 is Lipschitz. We leave the detailed proof as an exercise
again.

Let u be the solution of the conjugate heat equation on the whole
manifold and t ∈ (0, 1),

{

H∗u ≡ ∆u−Ru+ ∂tu = 0

u(x, 1) = v2
1(x).

(6.3.27)

Define, for v =
√
u, Perelman’s quantity

P (v) = P (v)(x, t) = [(σ2 + 1 − t)(−4∆v +Rv) − 2v ln v

− n

2
(ln(σ2 + 1 − t))v]v.

(6.3.28)

This is a smooth function when t > 0.
Step 2. We prove P (v) ≤ 0.
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According to Proposition 9.1, in [P1] (Proposition 6.1.3 here), we
know that

∆P (v) −RP (v) + ∂tP (v) ≥ 0. (6.3.29)

Since P (v)|t=1 = P (v1) = Λv2
1 ≤ 0, we claim that

P (v) ≤ 0 (6.3.30)

for all x ∈ M and t ∈ [0, 1], by the maximum principle.
We mention that the behavior of P (v) when t is near 1 can be

tricky, since ∆v1 is not continuous across the boundary. Therefore, a
careful proof of the claim is necessary. In terms of the solution u of the
conjugate heat equation, we can write

P (v)(x, t) = (σ2+1−t)(−2∆u+
|∇u|2
u

+Ru)−u lnu−n
2
(ln(σ2+1−t))u.

(6.3.31)
We will show that P (v) is a proper sub-solution to (6.3.29) such

that:

lim
t→1

∫

M

P (v)(x, t)θ(x)dµ(g(t)) =

∫

M

P (v1)(x)θ(x)dµ(g(1)) ≤ 0

for any smooth function θ ≥ 0. Then we can apply the maximum
principle to prove the claim.

For a positive smooth function θ = θ(x) and t > 0,
∫

M

P (v)(x, t)θ(x)dµ(g(t))

=

∫

M

[(σ2 + 1 − t)(−2u∆θ(x) +
|∇u|2
u

θ(x) +Ruθ(x))

− θ(x)u lnu− n

2
(ln(σ2 + 1 − t))uθ(x)]dµ(g(t)).

Recall that the final value of u is u(x, 1) = v2
1(x), where v1 solves

(6.3.25). This function, defined on M after extension by zero value,
is Hölder continuous and lies in W 1,∞(M). Therefore u(x, t) → v2

1(x)
when t→ 1. Hence

lim
t→1

∫

M

P (v)(x, t)θ(x)dµ(g(t))

=

∫

M

[σ2(−2v2
1∆θ(x) +Rv2

1θ(x)) − θ(x)v2
1 ln v2

1

− n

2
(ln σ2)v2

1θ(x)]dµ(g(1)) + lim
t→1

∫

M

|∇u|2
u

θ(x)dµ(g(t)).

(6.3.32)
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Notice that limt→1
|∇u|2
u (x, t) = 4|∇v1(x)|2 when x is not on the bound-

ary of the ball B(x0, A, 1). In order to take the limit inside the integral,

we need further justification, which comes from the fact that |∇u|2
u (x, t)

is bounded for (x, t) ∈ M× [0, 1). To prove this boundedness, we recall
Proposition 6.1.2 states:

H∗
( |∇u|2

u
+Ru

)

=
2

u

(

uij −
uiuj
u

)2
+ 2∇R∇u+

4

u
Ric(∇u,∇u)

+ 2|Ric|2u+ 2∇R∇u+ 2u∆R.

Hence

H∗
( |∇u|2

u
+Ru

)

≥ −K1

(

|∇u| + |u| + |∇u|2
u

)

,

where the constant K1(≥ 0) depends on the supremum of |∇R|, |∆R|
and the lower bound of Ric. Since |∇u| ≤ |∇u|2

u + u, we deduce

H∗
( |∇u|2

u
+Ru

)

≥ −K1

( |∇u|2
u

+Ru

)

−K2, (6.3.33)

where K2 depends on K1, the supremum of |R| and u. We mention
that all the curvatures involved here are bounded since the Ricci flow
is smooth by assumption. The function u is bounded by the maximum
principle since u(x, 1) = v2

1 is bounded. Recall that, when t = 1,

|∇u|2
u

= 4|∇v1|2

which is bounded. Applying the maximum principle on (6.3.33), we

find that |∇u|2
u is bounded for all t ∈ [0, 1]. This process can be made

rigorous by considering {uk} which is an approximation sequence of u,
defined by

H∗uk = 0, uk(x, 1) = v2
1 + k−1, k = 2, 3, . . . .

Now that we know |∇u|2
u is bounded, we can take limit for (6.3.32)

to deduce

lim
t→1

∫

M

P (v)(x, t)θ(x)dµ(g(t)) =

∫

M

P (v1)(x)θ(x)dµ(g(1)) < 0.

(6.3.34)
Note that u is a bounded function. Also, by differentiating (6.3.27),

it is easy to see that ∇u is bounded. By the format of P (v) in (6.3.31),
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we know that P (v) ∈ L∞([0, 1],W−1,2(M)). Applying an integral form
the maximum principle to (6.3.29), we conclude that P (v) ≤ 0, i.e.
(6.3.30) holds. Here is why. Pick t2, t1 ∈ [0, 1) such that t2 > t1. Let
θ = θ(x) be a positive, smooth function. Let f = f(x, t) be the solution
of the forward heat equation

{

∆f − ∂tf = 0, t ∈ [t1, t2], x ∈ M

f(x, t1) = θ(x), x ∈ M.

Then f is smooth and positive. Performing integration by parts, we
obtain

d

dt

∫

M

P (v)fdµ(g(t)) =

∫

M

[(∂tP (v) −RP (v))f + P (v)∂tf ]dµ(g(t))

=

∫

M

(∂tP (v) −RP (v) + ∆P (v))fdµ(g(t)) ≥ 0

Letting t2 → 1, we deduce, by using (6.3.34) (with θ(x) replaced by
f(x, 1)),

∫

M

P (v)θ(x)dµ(g(t1)) ≤
∫

M

P (v)f(x, 1)dµ(g(1)) < 0

Since θ and t1 are arbitrary, we know that P (v) ≤ 0 throughout.

Step 3. Proving a local monotonicity formula with suitable cut-off
function.

Let h be the solution to the heat equation with initial Dirichlet
condition in the region

{(x, t) | d(x0, x, t) ≤ 1 + (2A− 1)t, t ∈ [0, 1]}.










∆h− ∂th = 0,

h = 0 on the sides,

h(x, 0) = h0(x), d(x0, x, 0) ≤ 1.

(6.3.35)

Here h0 is a nonnegative function to be chosen later.
We write

J(t) =

∫

M

P (v)h(x, t)dµ(g(t)). (6.3.36)

Then

J ′(t) =

∫

M

(∂tP (v)−RP (v))hdµ(g(t))+

∫

M

P (v)∆hdµ(g(t)). (6.3.37)
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Note P (v) ≤ 0 and ∂h
∂n ≤ 0 on ∂B(x0, 1 + (2A − 1)t, t) where n is the

exterior normal. We have
∫

M

P (v)∆hdµ(g(t)) =

∫

∂B(x0,1+(2A−1)t,t)
P (v)

∂h

∂n
dS

−
∫

∂B(x0,1+(2A−1)t,t)

∂P (v)

∂n
hdS +

∫

M

h∆P (v)dµ(g(t))

≥
∫

M

h∆P (v)dµ(g(t)).

Substituting this to (6.3.37) and using (6.3.29), we deduce

J ′(t) ≥ 0. (6.3.38)

Next, we establish a lower bound for h. Let λ = λ(·) be a decreasing
real valued function to be specified later. Define

φ = λ[d(x0, x, t) − (1 + (2A− 1)t)]. (6.3.39)

Then, it is clear that, in the distribution sense,

(∆ − ∂t)φ = λ′(∆ − ∂t)d+ (2A− 1)λ′ + λ′′.

Using Lemma 8.3 [P1] (Proposition 5.1.5 here) for those x such that
d(x0, x, 0) ≥ 1 and the standard Laplacian comparison theorem for
other x, we have

(∆ − ∂t)d(x0, x, t) ≤ s0

where s0 is a positive number depending on r0 (chosen as 1 here) and
n only. Recall that λ is nonincreasing. Hence

(∆ − ∂t)φ ≥ λ′s0 + (2A− 1)λ′ + λ′′. (6.3.40)

We will make the function λ so that

λ(s) = 1, s ≤ −1/2;λ(s) = 0, s ≥ 0; λ′′(s) ≤ 0, s ∈ [−1/2,−1/4];

λ′′(s) ≥ 0, s ∈ [−1/4, 0]; ‖λ′‖∞, ‖λ′′‖∞ ≤ 8.

For s ∈ [−1/8, 0], we take

λ(s) = a0[e
−(s0+2A−1)s − 1]2

where a0 is chosen so that λ(−1/8) < λ(−1/4) and that all the above
properties for λ hold.
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By this choice of λ, it is clear that

(∆−∂t)φ(x, t) ≥























0, d(x0, x, t) − [1 + (2A− 1)t] ≤ −1/2,

−c(1 + s0 +A), −1/2 < d(x0, x, t)

−[1 + (2A− 1)t] ≤ −1/8,

0, d(x0, x, t) − [1 + (2A− 1)t] > −1/8.

Here c is an absolute constant. Therefore, there exists a constant Q =
Q(s0, A) > 0 such that

(∆ − ∂t)φ ≥ −Qφ.

This shows, via the maximum principle

h(x, t) ≥ e−Qtφ(x, t)

provided that h0 = φ(x, 0).
Note that the above shows h(x, 1) ≥ e−Q when d(x0, x, 1) ≤ A.

Recall also that P (v)(x, 1) = Λv2
1 while v1 is supported in B(x0, A, 1).

From the definition in (6.3.24), we have, since Λ < 0,

J(1) = Λ

∫

v2
1h(x, 1)dµ(g(1)) ≤ Λe−Q. (6.3.41)

Therefore the monotonicity of J(t) (6.3.38) shows

Λ ≥ eQJ(0). (6.3.42)

Next we find a lower bound for J(0). By definition

J(0) =

∫

P (v)φ(x, 0)dµ(g(0))

=

∫

[(σ2 + 1)(−4∆v +Rv) − 2v ln v − n

2
(ln(σ2 + 1))v]vφ(x, 0)dµ(g(0)).

Using integration by parts, it is easy to see that

J(0) =

∫ [

(σ2 + 1)(4|∇(v
√

φ)|2 +R(v
√

φ)2) − (v
√

φ)2 ln(v
√

φ)2

− n

2
(v
√

φ)2 ln(σ2 + 1)

]

dµ(g(0))

− 4(σ2 + 1)

∫

|∇
√

φ|2v2dµ(g(0)) +

∫

v2(
√

φ)2 ln
√

φ
2
dµ(g(0)).
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It is clear that we can choose λ in the definition of φ so that

|∇
√

φ(x, 0)|2 ≤ C,
√

φ ln
√

φ(x, 0) ≥ −e.

Here C is an absolute positive constant. Since the L2 norm of v1 is 1
and that u = v2 is the solution of the conjugate heat equation with
final value v2

1 , we know that the L2 norm of v = v(·, t) is always 1.
Hence

J(0) ≥
∫

[

(σ2 + 1)(4|∇(v
√

φ)|2 +R(v
√

φ)2) − (v
√

φ)2 ln(v
√

φ)2

− n

2
(v
√

φ)2 ln(σ2 + 1)
]

dµ(g(0)) − C.

Write w = v
√

φ(x, 0)/‖v
√

φ(·, 0)‖2. The L2 norm of w is 1 and

J(0) ≥ ‖v
√

φ(·, 0)‖2
2

∫

[(σ2 + 1)(4|∇w|2 +Rw2)

− w2 lnw2 − n

2
w2 ln(σ2 + 1)]dµ(g(0))

− ‖v
√

φ(·, 0)‖2
2 ln ‖v

√

φ(·, 0)‖2
2 − C.

Minimizing the right-hand side, we deduce

J(0) ≥ ‖v
√

φ(·, 0)‖2
2Λσ2+1(g(0)) − C.

Therefore

Λ = Λσ2(g(1)) ≥ eQ[‖v
√

φ(·, 0)‖2
2Λσ2+1(B(x0, 1, 0), g(0)) − C].

(6.3.43)
Here

Λσ2+1(B(x0, 1, 0), g(0)) = inf

{
∫

B(x0,1,0)
[(σ2 + 1)(4|∇v|2 +Rv2)

− v2 ln v2] dµ(g(0)) − n

2
ln(σ2 + 1)

| v ∈ C∞
0 (B(x0, 1, 0)), ‖v‖2 = 1

}

.

Step 4. Completion of the proof.
With the curvature and volume assumption of the theorem at time

t = 0, a Sobolev inequality holds for functions in W 1,2
0 (B(x0, 1, 0)),
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i.e. for all v ∈ W 1,2
0 (B(x0, 1, 0)), there exist constants Si = Si(A,n),

i = 1, 2, such that

(∫

v2n/(n−2)dµ(g(0))

)(n−2)/n

≤ S1

∫

(4|∇v|2 +Rv2)dµ(g(0))

+ S2

∫

v2dµ(g(0)).

This is a version of the Sobolev inequality in [Au], which is fitted for
bounded domains. The proof of this is similar to the full manifold
version, as given in Theorem 4.1.1. We leave it as an exercise.

By Theorem 4.2.1, a log Sobolev inequality in the form of (II) in that
theorem and perturbed by the scalar curvature term holds for functions
in W 1,2

0 (B(x0, 1, 0)). The constants depend only on dimension. This
means that

Λσ2+1(B(x0, 1, 0), g(0)) ≥ −c1(σ + 1)2 − c2

where c1 and c2 are constants depending on n and A. Using (6.3.43),
we know that, for all σ > 0,

Λσ2(g(1)) ≥ −c3σ2 − c4

where c3 and c4 are positive constants depending only on n and A.
Using Theorem 4.2.1, we can proceed as in the end of the proof of
Theorem 6.2.1 to show that this family of log Sobolev inequalities for
W 1,2

0 (B(x0, A, 1)) induces the desired Sobolev inequality. �

6.4 A differential Harnack inequality for the

conjugate heat equation

In this section we prove a differential Harnack inequality for all posi-
tive solutions of the conjugate heat equation. This can be regarded as
a generalization of the main results in [AB] and [LY] to the Ricci flow
setting. Perelman [P1] (Proposition 6.1.3 here) actually proved a differ-
ential Harnack inequality for the fundamental solution of the conjugate
heat equation. However, there is one place where some improvement is
still desirable, namely Perelman’s differential Harnack inequality does
not apply to all positive solutions. For instance, for the Ricci flat man-
ifold S1×S1. The constant 1, as a solution to the conjugate heat equa-
tion is a counterexample. Here we present a result in [KZ] which holds
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for all positive solutions. It remains to be seen whether a sharper gra-
dient estimate exists. Recently similar results have appeared in [CaH]
and [Cx2].

The main result of this section is

Theorem 6.4.1 Let (M,g(t)) be a smooth Ricci flow, where M is a
closed manifold and t ∈ [0, T ). Let u : M× [0, T ) 7→ (0,∞) be a positive
C2,1 solution to the conjugate heat equation H∗u = △u+ ut −Ru = 0.
Let u = e−f

(4πτ)
n
2

and τ = T − t. Then the following inequalities are true:

(i) if the scalar curvature R ≥ 0, then for all t ∈ (0, T ) and all points,

2△f − |∇f |2 +R ≤ 2n

τ
; (6.4.1)

(ii) without assuming the non-negativity of R, then for t ∈ [T2 , T ) and
all points,

2△f − |∇f |2 +R ≤ 3n

τ
. (6.4.2)

Remark 6.4.1 Since f = − lnu − n
2 ln(4πτ), if we replace f by u in

the above inequalities, then we get

|∇u|2
u2

− 2
uτ
u

−R ≤ 2n

τ
, if R ≥ 0;

|∇u|2
u2

− 2
uτ
u

−R ≤ 3n

τ
, if R changes sign and t ≥ T/2.

(6.4.3)

It is similar to the Li-Yau gradient estimate for the heat equation on
manifolds with nonnegative Ricci curvature, i.e.

|∇u|2
u2

− ut
u

≤ n

2t

for positive solutions of ∆u− ∂tu = 0.

Remark 6.4.2 Some related gradient estimates with various depen-
dence on the Ricci and other curvatures can be found in [Gro] and [Ni].

Proof. (of Theorem 6.4.1). By a standard approximation argument
as in [Cetc] Vol. 2 e.g., we can assume without loss of generality that
g = g(t) is smooth in the closed time interval [0, T ] and that u is
strictly positive everywhere. Indeed, by Theorem A.23 in [Cetc] Vol. 2
(due to W.X. Shi), the curvature tensor is uniformly bounded in the
time interval [0, T − δ] with the bound depending only on the initial
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data and δ, a positive number. Moreover the lower bound of the scalar
curvature is nondecreasing since the scalar curvature R satisfies (c.f.
p209 [CK])

∆R− ∂tR+
2

n
R2 ≤ 0.

Therefore, we can just work on the interval [0, T−δ] first. In the proof, it
will be clear that all constants are independent of the curvature tensor.
They only depend on the lower bound of the scalar curvature, which is
nondecreasing with time. Hence we can take δ to zero to get the desired
result on [0, T ).

(i) By standard computation (one can consult various sources for
more details ([CK] or Proposition 5.1.1 here e.g.)),
(

∂

∂t
+ △

)

(△f) = △∂f

∂t
+ 2〈Ric,Hess(f)〉 + △(△f)

= △
(

−△f + |∇f |2 −R+
n

2τ

)

+ 2〈Ric,Hess(f)〉
+ △(△f)

= 2〈Ric,Hess(f)〉 + △
(

|∇f |2 −R
)

.

Also using the evolution equation of g,
(

∂

∂t
+ △

)

|∇f |2 = 2Ric(∇f,∇f) + 2〈∇f,∇∂f

∂t
〉 + △|∇f |2

= 2Ric(∇f,∇f) + 2〈∇f,∇(−△f + |∇f |2 −R)〉
+ △|∇f |2 .

Notice also
(

∂

∂t
+ △

)

R = 2△R + 2|Ric|2 . (6.4.4)

Combining these three expressions, we deduce
(

∂

∂t
+ △

)

(2△f − |∇f |2 +R)

= 4〈Ric,Hess(f)〉 + △|∇f |2 − 2Ric(∇f,∇f)

− 2〈∇f,∇(−△f + |∇f |2 −R)〉 + 2|Ric|2 .

(6.4.5)

Denote
q(x, t) = 2△f − |∇f |2 +R.

By Bochner’s identity, writing Hess f = fij in a local coordinates,

△|∇f |2 = 2|fij |2 + 2∇f∇(△f) + 2Rijfifj,
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the above equation becomes

(

∂

∂t
+ △

)

q = 4Rijfij +
(

2|fij |2 + 2∇f ∇(△f) + 2Rijfifj
)

− 2Rijfifj

− 2∇f ∇(−△f + |∇f |2 −R) + 2R2
ij

= 4Rijfij + 2|fij|2 + 2R2
ij + 2∇f ∇

(

2△f − |∇f |2 +R
)

= 2|Rij + fij|2 + 2∇f ∇q

that is,

(

∂

∂t
+ △

)

q − 2∇f ∇q = 2|Rij + fij|2 ≥ 2

n
(R+ △f)2 . (6.4.6)

(We note that equation (6.4.6) was also shown in [Cetc].)
Since

q = 2△f − |∇f |2 +R = 2(△f +R) − |∇f |2 −R,

and hence

R+ △f =
1

2
(q + |∇f |2 +R),

we have
(

∂

∂t
+ △

)

q − 2∇f ∇q ≥ 1

2n

(

q + |∇f |2 +R
)2
. (6.4.7)

By direct computation, we also have, for any ǫ > 0

(

∂

∂t
+ △

)

2n

T − t+ ǫ
− 2∇f ∇

( 2n

T − t+ ǫ

)

=
1

2n

( 2n

T − t+ ǫ

)2
.

Combining the above two expressions, we get

(

∂

∂t
+ △

)

(

q − 2n

T − t+ ǫ

)

− 2∇f ∇
(

q − 2n

T − t+ ǫ

)

≥ 1

2n

(

q +
2n

T − t+ ǫ
+ |∇f |2 +R

)(

q − 2n

T − t+ ǫ
+ |∇f |2 +R

)

.

(6.4.8)
We deal with the above inequality in two cases:

Case 1. At a point (x, t), q + 2n
T−t+ǫ + |∇f |2 +R ≤ 0, then also

q − 2n

T − t+ ǫ
+ |∇f |2 +R ≤ 0
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thus,

(

∂

∂t
+ △

)

(

q − 2n

T − t+ ǫ

)

− 2∇f ∇
(

q − 2n

T − t+ ǫ

)

≥ 0.

Case 2. At a point (x, t), q+ 2n
T−t+ǫ+|∇f |2+R > 0, then the inequality

(6.4.8) can be transformed to

(

∂

∂t
+ △

)

(

q − 2n

T − t+ ǫ

)

− 2∇f ∇
(

q − 2n

T − t+ ǫ

)

− 1

2n

(

q +
2n

T − t+ ǫ
+ |∇f |2 +R

)(

q − 2n

T − t+ ǫ

)

≥ 1

2n
(|∇f |2 +R)

(

q +
2n

T − t+ ǫ
+ |∇f |2 +R

)

≥ 0 .

Defining a potential term by

V = V (x, t) =



























0;

if q + 2n
T−t+ǫ + |∇f |2 +R ≤ 0 at (x, t)

1
2n

(

q + 2n
T−t+ǫ + |∇f |2 +R

)

;

if q + 2n
T−t+ǫ + |∇f |2 +R ≥ 0 at (x, t) .

(6.4.9)

We know V is continuous; further, by the above two cases, we conclude

( ∂

∂t
+ △

)(

q − 2n

T − t+ ǫ

)

− 2∇f∇
(

q − 2n

T − t+ ǫ

)

− V
(

q − 2n

T − t+ ǫ

)

≥ 0.

Since we assumed that the Ricci flow is smooth in [0, T ] and that u(x, t)
is a positive C2,1 solution to the conjugate heat equation, thus

q = 2△f − |∇f |2 +R =
|∇u|2
u2

− 2△u
u

+R

is bounded for t ∈ [0, T ]. If we choose ǫ sufficiently small, then q(x, T ) ≤
2n
ǫ , thus by the maximum principle ( [CK], e.g.), for all t ∈ [0, T ],
q(x, t) ≤ 2n

T−t+ǫ . Let ǫ→ 0, we have for all t ∈ [0, T ],

q(x, t) ≤ 2n

T − t
.
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Recall q = 2△f − |∇f |2 +R, τ = T − t, then we have

2△f − |∇f |2 +R ≤ 2n

τ
. (6.4.10)

Further, f = − lnu− n
2 (4πτ), then the above yields

|∇u|2
u2

− 2uτ
u

−R ≤ 2n

τ
. (6.4.11)

Proof of (ii). Next we prove the gradient estimate without the
non-negativity assumption for the scalar curvature R. Let c ≥ 2n be a
constant to be determined later; denote

B = |∇f |2 +R .

Similar to the inequality (6.4.8), we also have,

(

∂

∂t
+ △

)

(

q − c

T − t+ ǫ

)

− 2∇f ∇
(

q − c

T − t+ ǫ

)

≥ 1

2n
(q +B)2 − c

(T − t+ ǫ)2

=
1

2n
[(q +B)2 − c2

(T − t+ ǫ)2
+

c2

(T − t+ ǫ)2
− 2cn

(T − t+ ǫ)2
]

=
1

2n
[(q − c

T − t+ ǫ
+B)(q +

c

T − t+ ǫ
+B) +

c(c− 2n)

(T − t+ ǫ)2
].

(6.4.12)
We deal with the previous inequality at a given point (x, t) in three
cases:

Case 1. B ≥ 0, and q + c
T−t+ǫ +B ≤ 0, then also

q − c

T − t+ ǫ
+B ≤ 0

thus,

(

∂

∂t
+ △

)

(

q − c

T − t+ ǫ

)

− 2∇f ∇
(

q − c

T − t+ ǫ

)

≥ 0.

Case 2. B ≥ 0, and q + c
T−t+ǫ + B > 0, then the inequality (6.4.12)
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can be changed to

(

∂

∂t
+ △

)

(

q − c

T − t+ ǫ

)

− 2∇f ∇
(

q − c

T − t+ ǫ

)

− 1

2n

(

q +
c

T − t+ ǫ
+B

)(

q − c

T − t+ ǫ

)

≥ 1

2n
B

(

q +
c

T − t+ ǫ
+B

)

≥ 0.

Case 3. B ≤ 0, then the inequality (6.4.12) can be changed to

(

∂

∂t
+ △

)

(

q − c

T − t+ ǫ

)

− 2∇f ∇
(

q − c

T − t+ ǫ

)

≥ 1

2n

(

q +
c

T − t+ ǫ
+B

)(

q − c

T − t+ ǫ

)

+
1

2n
B

(

q − c

T − t+ ǫ

)

+
1

2n

(

2Bc

T − t+ ǫ
+

c(c− 2n)

(T − t+ ǫ)2

)

.

To continue, we need the following estimate of the scalar curvature R
under the Ricci flow i.e.

R ≥ − n

2(t+ ǫ)
(6.4.13)

for some ǫ > 0 depending on the initial value of R. This lower bound is a
result of the weak maximum principle applied on differential inequality
∂R
∂t ≥ △R+ 2

nR
2 (c.f. [CK], e.g.). Thus

B = |∇f |2 +R ≥ R ≥ − n

2(t+ ǫ)
≥ − n

2(T − t+ ǫ)

for t ≥ T
2 because t ≥ T

2 ⇒ t ≥ T − t ⇒ t+ ǫ ≥ T − t+ ǫ ⇒ 1
t+ǫ ≤

1
T−t+ǫ . Consequently

1

2n

(

2Bc

T − t+ ǫ
+

c(c− 2n)

(T − t+ ǫ)2

)

≥ 1

2n

(

− n

2(T − t+ ǫ)

2c

T − t+ ǫ
+

c(c− 2n)

(T − t+ ǫ)2

)

=
1

2n

(

c(c − 3n)

(T − t+ ǫ)2

)

.
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Therefore
(

∂

∂t
+ △

)

(

q − c

T − t+ ǫ

)

− 2∇f ∇
(

q − c

T − t+ ǫ

)

− 1

2n

(

q +
c

T − t+ ǫ
+ 2B

)(

q − c

T − t+ ǫ

)

≥ c (c− 3n)

2n(T − t+ ǫ)2
.

Taking c = 3n, we have,

( ∂

∂t
+ △

)(

q − 2n

T − t+ ǫ

)

− 2∇f∇
(

q − 2n

T − t+ ǫ

)

− V
(

q − 2n

T − t+ ǫ

)

≥ 0

where V = V (x, t) is a bounded function defined by

V =











0; if B ≥ 0, q + 2n
T−t+ǫ +B ≤ 0 at (x, t)

1
2n

(

q + 2n
T−t+ǫ +B

)

; if B ≥ 0, q + 2n
T−t+ǫ +B > 0 at (x, t)

1
2n

(

q + 2n
T−t+ǫ + 2B

)

; if B < 0 at (x, t) .

(6.4.14)
Follow the similar argument for the inequality (6.4.1), by the maximum
principle again, we have, after letting ǫ→ 0,

2△f − |∇f |2 +R ≤ 3n

τ
and

|∇u|2
u2

− 2uτ
u

−R ≤ 3n

τ
, t ≥ T/2.

(6.4.15)
�

An immediate consequence of the above theorem is:

Corollary 6.4.1 (Differential Harnack Inequality) Given a smooth
Ricci flow on a closed manifold M , let u : M × [0, T ) 7→ (0,∞) be a
positive C2,1 solution to the conjugate heat equation.

(a). Suppose the scalar curvature R ≥ 0 for t ∈ [0, T ). Then for any
two points (x, t1), (y, t2) in M× (0, T ) such that t1 < t2, it holds

u(y, t2) ≤ u(x, t1)

(

τ1
τ2

)n

exp

∫ 1
0 [ 4|γ′(s)|2 + (τ1 − τ2)

2R ] ds

2(τ1 − τ2)
.

Here τi = T − ti, i = 1, 2, and γ(s) : [0, 1] →M is a smooth curve from
x to y.
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(b). Without assuming the nonnegativity of the scalar curvature R,
then for t2 > t1 ≥ T/2, it holds

u(y, t2) ≤ u(x, t1)

(

τ1
τ2

)3n/2

exp

∫ 1
0 [ 4|γ′(s)|2 + (τ1 − τ2)

2R ] ds

2(τ1 − τ2)
.

Here R = R(γ(s), T − τ) with τ = τ2 + (1 − s)(τ1 − τ2) and |γ′(s)|2 =
g(T−τ)(γ

′(s), γ′(s)).

Proof. We will only prove (a) since the proof of (b) is similar.
Denote τ(s) := τ2 + (1 − s)(τ1 − τ2), 0 ≤ τ2 < τ1 ≤ T , define

ℓ(s) := ln u(γ(s), T − τ(s))

where ℓ(0) = ln u(x, t1), ℓ(1) = ln u(y, t2).
By direct computation,

∂ℓ(s)

∂s
=
du/ds

u
=

∇u
u

∂γ

∂s
− uτ (τ1 − τ2)

u

= (τ1 − τ2)

(

∇u√
2u

·
√

2 γ′(s)
τ1 − τ2

− uτ
u

)

≤ (τ1 − τ2)

(

2|γ′(s)|2
(τ1 − τ2)2

+
|∇u|2
2u2

− uτ
u

)

=
2|γ′(s)|2
(τ1 − τ2)

+
τ1 − τ2

2

( |∇u|2
u2

− 2uτ
u

)

.

By our gradient estimate, if R ≥ 0, then

|∇u|2
u2

− 2uτ
u

≤ R+
2n

τ
(6.4.16)

where τ = τ2 + (1 − s)(τ1 − τ2). Therefore

∂ℓ(s)

∂s
≤ 2|γ′(s)|2

(τ1 − τ2)
+
τ1 − τ2

2

(

R+
2n

τ

)

.

Integrating with respect to s on [0, 1], we have

ℓ(1) − ℓ(0) ≤ 2
∫ 1
0 |γ′(s)|2 ds
(τ1 − τ2)

+
(τ1 − τ2)

∫ 1
0 Rds

2
+ n ln

τ1
τ2
.

Recall ℓ(0) = ln u(x, t1), ℓ(1) = ln u(y, t2), then

ln
u(y, t2)

u(x, t1)
≤
∫ 1
0 [ 4|γ′(s)|2 + (τ1 − τ2)

2R ] ds

2(τ1 − τ2)
+ ln

(

τ1
τ2

)n

.
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Therefore, given any two points (x, t1), (y, t2) in the space-time, we
have

u(y, t2) ≤ u(x, t1)

(

τ1
τ2

)n

exp

∫ 1
0 [ 4|γ′(s)|2 + (τ1 − τ2)

2R ] ds

2(τ1 − τ2)
.

�

6.5 Pointwise bound on the fundamental solu-

tions of heat type equations

In this section, we specialize to the case of nonnegative Ricci curvature.
We establish a certain Gaussian type upper bound for the fundamental
solution of the conjugate heat equation. We will begin with the tra-
ditional method of establishing a mean value inequality via Moser’s
iteration and a weighted estimate in the spirit of Davies [Da]. However,
there is some difficulty in applying this method directly due to the lack
of control of the time derivative of the distance function. The new idea
to overcome this difficulty is to use the interpolation result of Theorem
6.5.1.

Let us recall and define some notations to be used in this section.
We will use B(x, r; t) to denote the geodesic ball centered at x with
radius r under the metric g(t); |B(x, r; t)|s to denote the volume of
B(x, r; t) under the metric g(s). In this section we will use dg(x, t) to
denote the volume element of the metric g(t) at the point x.

The main result of this section is Theorem 6.5.2 below, which was
first proven in [Z1]. Note that the theorem is qualitatively sharp in
general since it matched the well-known Gaussian upper bound for the
fixed metric case [LY]. Also there is no assumption on the comparability
of metrics at different times. In this theorem, we assume the manifold is
compact. This accounts for the extra 1 on the Gaussian upper bound.
Even in the case of fixed metric, the heat kernel converges to a positive
constant for large time. The theorem still holds for certain noncompact
manifolds under suitable assumptions. In this case the extra 1 in the
upper bound should be replaced by 0.

Remark 6.5.1 In the case of Ricci ≥ −k with k > 0, then certain
integral Gaussian bound can still be proven by the same method. How-
ever, so far we are not able to derive a pointwise Gaussian upper bound
without an exponentially growing term ekt. This is due to a lack of an
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efficient mean value inequality for the second entries of the fundamental
solution, which satisfies the forward heat equation after a time reversal.

First we state and prove Theorem 3.3 in [Z1], which will also be
used at the end of Step 2 in the proof of Theorem 7.2.1. See also [CaH].

Theorem 6.5.1 Let M be a compact or complete noncompact Rie-
mann manifold with bounded curvature and equipped with a family of
Riemann metric evolving under the forward Ricci flow ∂tg = −2Ric
with t ∈ [0, T ]. Suppose u is any positive solution to ∆u − ∂tu = 0 in
M × [0, T ]. Then, it holds

|∇u(x, t)|
u(x, t)

≤
√

1

t

√

ln
M

u(x, t)

for M = supM×[0,T ] u and (x, t) ∈ M× [0, T ].
Moreover, the following interpolation inequality holds for any δ > 0,

x, y ∈ M and 0 < t ≤ T :

u(y, t) ≤ c1u(x, t)
1/(1+δ)M δ/(1+δ)ec2d(x,y,t)

2/t.

Here c1, c2 are positive constants depending only on δ.

Proof. This is almost the same as that of Theorem 1.1 in [Ha5], except
for a cancelation effect induced by the Ricci flow. By direct calculation

∆(u ln
M

u
) − ∂t(u ln

M

u
) = −|∇u|2

u
, (6.5.1)

(∆ − ∂t)(
|∇u|2
u

) =
2

u

∣

∣

∣

∣

∂i∂ju− ∂iu∂ju

u

∣

∣

∣

∣

2

≥ 0. (6.5.2)

The first inequality in the statement of the theorem follows immediately
from the maximum principle since

t
|∇u|2
u

− u ln
M

u

is a subsolution of the heat equation.
To prove the second inequality, we set

l(x, t) = ln(M/u(x, t)).

Then the first inequality implies

|∇
√

l(x, t)| ≤ 1/
√
t.
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Fixing two points x and y, we can integrate along a geodesic to reach

√

ln(M/u(x, t)) ≤
√

ln(M/u(y, t)) +
d(x, y, t)√

t
.

The result follows by squaring both sides. �

Exercise 6.5.1 Prove (6.5.2).

Theorem 6.5.2 Assume that the conjugate heat equation (after rever-
sal of time)

{

∆u−Ru− ∂tu = 0,

∂tg = 2Ric
(6.5.3)

has a smooth solution in the time interval [0, T ] and let G be the funda-
mental solution. Suppose that Ricci ≥ 0 and that the injectivity radius
is bounded from below by a positive constant i throughout. Then the
following statement holds.

For any s, t ∈ (0, T ), s < t, and x, y ∈ M, there exist a dimensional
constant cn, a dimensionless constant c and a constant A depending
only on i such that

G(x, t; y, s) ≤ cnA

(

1+
1

(t− s)n/2
+

1

|B(x,
√
t− s, t)|s

)

e−cd(x,y,s)
2/(t−s).

Remark 6.5.2 By Perelman’s local noncollapsing theorem, the condi-
tion on the injectivity lower bound can be replaced by scalar curvature
upper bound.

Proof. We divide the proof into two steps.
Step 1. Proving the on diagonal bound, i.e. the one without the

exponential term.

First we use Moser’s iteration to prove a mean value inequality. The
only new factor is a cancelation effect induced by the backward Ricci
flow. So we will be brief in the presentation at this part of the proof.

Let u be a positive solution to (6.5.3) in the region

Qσr(x, t) ≡ {(y, s) | z ∈ M, t− (σr)2 ≤ s ≤ t, d(y, x, s) ≤ σr}.

Here r > 0, 2 ≥ σ ≥ 1. Given any p ≥ 1, it is clear that

∆up − pRup − ∂tu
p ≥ 0. (6.5.4)
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Let φ : [0,∞) → [0, 1] be a smooth function such that |φ′| ≤ 2/((σ−
1)r), φ′ ≤ 0, φ ≥ 0, φ(ρ) = 1 when 0 ≤ ρ ≤ r, φ(ρ) = 0 when
ρ ≥ σr. Let η : [0,∞) → [0, 1] be a smooth function such that |η′| ≤
2/((σ − 1)r)2, η′ ≥ 0, η ≥ 0, η(s) = 1 when t − r2 ≤ s ≤ t, η(s) = 0
when s ≤ t− (σr)2. Define a cut-off function

ψ = ψ(y, s) = φ(d(x, y, s))η(s).

Writing w = up and using wψ2 as a test function on (6.5.4), we
deduce

∫

∇(wψ2)∇wdg(y, s)ds + p

∫

Rw2ψ2dg(y, s)ds

≤ −
∫

(∂sw)wψ2dg(y, s)ds.

(6.5.5)

By direct calculation
∫

∇(wψ2)∇wdg(y, s)ds =

∫

|∇(wψ)|2dg(y, s)ds−
∫

|∇ψ|2w2dg(y, s)ds.

(6.5.6)
Next we estimate the right-hand side of (6.5.5). Here we will use

the backward Ricci flow.

−
∫

(∂sw)wψ2dg(y, s)ds =

∫

w2ψ∂sψdg(y, s)ds

+
1

2

∫

(wψ)2Rdg(y, s)ds − 1

2

∫

(wψ)2dg(y, t).

Observe that

∂sψ = η(s)φ′(d(y, x, s))∂sd(y, x, s)+φ(d(y, x, s))η′(s) ≤ φ(d(y, x, s))η′(s).

This is so because φ′ ≤ 0 and ∂sd(y, x, s) ≥ 0 under the backward
Ricci flow with nonnegative Ricci curvature (see Proposition 5.1.1 (3)).
Hence

−
∫

(∂sw)wψ2dg(y, s)ds ≤
∫

w2ψφ(d(y, x, s))η′(s)dg(y, s)ds

+
1

2

∫

(wψ)2Rdg(y, s)ds − 1

2

∫

(wψ)2dg(y, t).

(6.5.7)

Combining (6.5.5) to (6.5.7), we obtain, in view of p ≥ 1 and R ≥ 0,
∫

|∇(wψ)|2dg(y, s)ds +
1

2

∫

(wψ)2dg(y, t)

≤ c

(σ − 1)2r2

∫

Qσr(x,t)

w2dg(y, s)ds.
(6.5.8)
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By Hölder’s inequality

∫

(ψw)2(1+(2/n)dg(y, s) ≤
(
∫

(ψw)2n/(n−2)dg(y, s)

)(n−2)/n

×
(
∫

(ψw)2dg(y, s)

)2/n

.

(6.5.9)

Let us assume that B(x, σr, s) is a proper sub-domain of M. In this
case, for manifolds with nonnegative Ricci curvature, it is well-known
that the following Sobolev imbedding holds (see [Sal] e.g.)

(∫

(ψw)2n/(n−2)dg(y, s)

)(n−2)/n

≤ cnσ
2r2

|B(x, σr, s)|2/ns
∫

[|∇(ψw)|2 + r−2(ψw)2]dg(y, s).

(6.5.10)
For s ∈ [t − (σr)2, t], by the assumption that the Ricci curvature is
nonnegative, it holds

B(x, σr, s) ⊃ B(x, σr, t); |B(x, σr, s)|s ≥ |B(x, σr, t)|t−(σr)2 .

Therefore we have, for s ∈ [t− (σr)2, t],

(∫

(ψw)2n/(n−2)dg(y, s)

)(n−2)/n

≤ cnσ
2r2

|B(x, σr, t)|2/n
t−(σr)2

∫

[|∇(ψw)|2 + r−2(ψw)2]dg(y, s).

(6.5.11)
Substituting (6.5.9) and (6.5.11) to (6.5.8), we arrive at the estimate

∫

Qr(x,t)
w2θdg(y, s)ds ≤cn

r2

|B(x, σr, t)|2/n
t−(σr)2

(

1

(σ − 1)2r2

∫

Qσr(x,t)
w2dg(y, s)ds

)θ

,

with θ = 1 + (2/n). Now we apply the above inequality with the pa-
rameters

σ0 = 2, σi = 2 − Σi
j=12

−j , pi = θi.
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This shows a L2 mean value inequality

sup
Qr/2(x,t)

u2 ≤ cn
r2|B(x, r, t)|t−r2

∫

Qr(x,t)
u2dg(y, s)ds. (6.5.12)

From here, by a generic trick of Li and Schoen [LS] e.g., applicable here
since it uses only the doubling property of the metric balls, we arrive
at the L1 mean value inequality, for r > 0,

sup
Qr/2(x,t)

u ≤ cn
r2|B(x, r, t)|t−r2

∫

Qr(x,t)
udg(z, τ)dτ. (6.5.13)

Fixing y ∈ M and s < t, we apply (6.5.13) on u = G(·, ·; y, s) with
r =

√
t− s/2. Note that

∫

M
u(z, τ)dg(z, τ) = 1. The doubling property

of the geodesic balls show that

G(x, t; y, s) ≤ cn

|B(x,
√
t− s, t)|s

(6.5.14)

when |B(x,
√
t− s, s)| is a proper subdomain of M.

Next we claim that, for some constant A > 0,

G(x, t; y, s) ≤ A

(t− s)n/2
, (6.5.15)

when |B(x,
√
t− s, s)| is a proper subdomain of M. The proof is almost

a rerun of the proof of (6.5.14), except that we replace the Sobolev
imbedding (6.5.10), by the following one:

(∫

(ψw)2n/(n−2)dg(y, s)

)(n−2)/n

≤ s0

∫

[|∇(ψw)|2 + (ψw)2]dg(y, s).

This well-known inequality is valid under the assumption that Ricc ≥ 0
and the injectivity radius is bounded from below by a positive constant.
See [Heb1] e.g.

If B(x,
√
t− s, s) is not a proper subdomain of M, then we can just

carry out the argument in the previous paragraph without using cut
off functions to prove

G(x, t; y, s) ≤ A.

Step 2. Proving the full bound.
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It is obvious that we only have to deal with the case that
B(x, 2

√
t− s, s) is a proper subdomain of M. Otherwise, 2

√
t− s ≥

d(x, y, s) for any x, y ∈ M. So the exponential term is mute.
Without loss of generality, we take s = 0. We begin by using a

modified version of the exponential weight method due to Davies [Da].
Pick a point x0 ∈ M, a number λ < 0 and a function f ∈ L2(M, g(0)).
Consider the functions F and u defined by

F (x, t) ≡ eλd(x,x0,t)u(x, t)

≡ eλd(x,x0,t)

∫

G(x, t; y, 0)e−λd(y,x0 ,0)f(y)dg(y, 0).

It is clear that u is a solution of (6.5.3). By direct computation, we
have

∂t

∫

F 2(x, t)dg(x, t) = ∂t

∫

e2λd(x,x0,t)u2(x, t)dg(x, t)

= 2λ

∫

e2λd(x,x0,t)∂td(x, x0, t)u
2(x, t)dg(x, t)

+

∫

e2λd(x,x0,t)u2(x, t)R(x, t)dg(x, t)

+ 2

∫

e2λd(x,x0,t)[∆u−Ru]u(x, t)dg(x, t).

By the assumption that Ricci ≥ 0 and λ < 0, we know as before

λ∂td(x, x0, t) ≤ 0.

Hence the above shows

∂t

∫

F 2(x, t)dg(x, t) ≤ 2

∫

e2λd(x,x0,t)u∆udg(x, t).

Using integration by parts, we turn this inequality into

∂t

∫

F 2(x, t)dg(x, t) ≤ −4λ

∫

e2λd(x,x0,t)u∇d(x, x0, t)∇udg(x, t)

− 2

∫

e2λd(x,x0,t)|∇u|2dg(x, t).

Observe also
∫

|∇F (x, t)|2dg(x, t) =

∫

|∇(eλd(x,x0,t)u(x, t))|2dg(x, t)

=

∫

e2λd(x,x0,t)|∇u|2dg(x, t) + 2λ

∫

e2λd(x,x0,t)u∇d(x, x0, t)∇udg(x, t)

+ λ2

∫

e2λd(x,x0,t)|∇d|2u2dg(x, t).
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Combining the last two expressions, we deduce

∂t

∫

F 2(x, t)dg(x, t) ≤− 2

∫

|∇F (x, t)|2dg(x, t)

+ λ2

∫

e2λd(x,x0,t)|∇d|2u2dg(x, t).

By the definition of F and u, this shows

∂t

∫

F 2(x, t)dg(x, t) ≤ λ2

∫

F (x, t)2dg(x, t).

Upon integration, we derive the following L2 estimate

∫

F 2(x, t)dg(x, t) ≤ eλ
2t

∫

F 2(x, 0)dg(x, 0) = eλ
2t

∫

f(x)2dg(x, 0).

(6.5.16)
Recall that u is a solution to (6.5.3). Therefore, by the mean value

inequality (6.5.12), the following holds

u(x, t)2 ≤ cn

t|B(x,
√

t/2, t)|t/2

∫ t

t/2

∫

B(x,
√
t/2,τ)

u2(z, τ)dg(z, τ)dτ.

By the definition of F and u, it follows that

u(x, t)2 ≤ cn

t|B(x,
√

t/2, t)|t/2
∫ t

t/2

∫

B(x,
√
t/2,τ)

e−2λd(z,x0,τ)F 2(z, τ)dg(z, τ)dτ.

In particular, this holds for x = x0. So, for z ∈ B(x0,
√

t/2, τ), there
holds d(z, x0, τ) ≤

√

t/2. Therefore, by the assumption that λ < 0,

u(x0, t)
2 ≤ cne

−2λ
√
t/2

t|B(x0,
√

t/2, t)|t/2

∫ t

t/2

∫

B(x0,
√
t/2,τ)

F 2(z, τ)dg(z, τ)dτ.

This combined with (6.5.16) shows that

u(x0, t)
2 ≤ cne

λ2t−λ
√

2t

|B(x0,
√

t/2, t)|t/2

∫

f(y)2dg(y, 0).
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i.e.

(∫

G(x0, t; z, 0)e
−λd(z,x0 ,0)f(z)dg(z, 0)

)2

≤ cne
λ2t−λ

√
2t

|B(x0,
√

t/2, t)|t/2
×
∫

f(y)2dg(y, 0).

(6.5.17)
Now, we fix y0 such that d(y0, x0, 0)

2 ≥ 4t. Then it is clear that, by
λ < 0 and the triangle inequality,

−λd(z, x0, 0) ≥ −λ
2
d(x0, y0, 0)

when d(z, y0, 0) ≤
√
t. In this case, (6.5.17) implies

(
∫

B(y0,
√
t,0)

G(x0, t; z, 0)f(z)dg(z, 0)

)2

≤cne
λd(x0,y0,0)+λ2t−λ

√
2t

|B(x0,
√

t/2, t)|t/2
×
∫

f(y)2dg(y, 0).

(6.5.18)
Now we take

λ = −d(x0, y0, 0)

bt
.

with b > 0 sufficiently large. Then (6.5.18) shows, for some c > 0,

∫

B(y0,
√
t,0)

G2(x0, t; z, 0)dg(z, 0) ≤ cne
−cd(x0,y0,0)2/t

|B(x0,
√

t/2, t)|t/2
.

Hence, there exists z0 ∈ B(y0,
√
t, 0) such that

G2(x0, t; z0, 0) ≤
cne

−cd(x0,y0,0)2/t

|B(x0,
√

t/2, t)|t/2|B(x0,
√
t, 0)|0

.

By the doubling property of the geodesic balls, it implies

G2(x0, t; z0, 0) ≤
cne

−cd(x0,y0,0)2/t

|B(x0,
√
t, t)|0|B(x0,

√
t, 0)|0

. (6.5.19)

Finally, let us remind ourself that G(x0, t; ·, ·) is a solution to the
conjugate equation of (6.5.3), i.e.

∆zG(x, t; z; τ) + ∂τG(x, t; z, τ) = 0.
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Therefore Theorem 6.5.1 can be applied to it after a reversal in time.
Consequently, for δ > 0, C > 0,

G(x0, t; y0, 0) ≤ CG1/(1+δ)(x0, t, z0, 0)M
δ/(1+δ), (6.5.20)

whereM = supM×[0,t/2]G(x0, t, ·, ·). By (6.5.15), there exists a constant
A > 0, depending only on the lower bound of the injectivity radius such
that

M ≤ Amax{ 1

tn/2
, 1}.

This, (6.5.19) and (6.5.20) show, with δ = 1, that

G(x0, t; y0, 0)
2 ≤ max{ cn

tn/2
, 1} Ae−cd(x0,y0,0)2/t

√

|B(x0,
√
t, t)|0|B(x0,

√
t, 0)|0

.

By the assumption that the Ricci curvature is nonnegative, we have

|B(x0,
√
t, t)|0 ≤ |B(x0,

√
t, 0)|0.

Therefore

G2(x0, t; y0, 0) ≤ max{ cn

tn/2
, 1}Ae

−cd(x0,y0,0)2/t

|B(x0,
√
t, t)|0

.

Consequently

G(x0, t; y0, 0) ≤ cnA

(

1 +
1

tn/2
+

1

|B(x0,
√
t, t)|0

)

e−cd(x0,y0,0)2/t.

Since x0 and y0 are arbitrary, the proof is done. �



Chapter 7

Properties of ancient κ

solutions and singularity

analysis for 3-dimensional

Ricci flow

The main objective of this chapter is to show, with the help of Perel-
man’s κ noncollapsing Theorem 6.1.2 and certain blow-up procedure,
that blow-up limit of a finite time singularity in a Ricci flow is an
ancient ancient κ solution. In order to understand the structure of sin-
gularity, the first logical step is to study the structure of ancient κ
solutions.

7.1 Preliminaries

In this section we list a few basic results and concepts of various types,
which are necessary for the main results in this chapter. Most of the
proofs will be omitted.

Lemma 7.1.1 (point picking lemma) Let M be a Riemann manifold
and R be the scalar curvature. Suppose B(x, 5r), r > 0, is a proper
subset of M. Then there exists a ball B(y, ρ) ⊂ B(x, 5r), ρ ≤ r, such
that

(i). R(z) ≤ 2R(y) for all z ∈ B(y, ρ);
(ii). R(y)ρ2 ≥ R(x)r2.

291
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Proof. We define sequences of points xi ∈ B(x, 5r) and numbers ri >
0 by the following induction. Let x1 = x and r1 = r. For i > 1,
define xi+1 = xi and ri+1 = ri if R(z) ≤ 2R(xi) for all z ∈ B(xi, ri).
Otherwise, we pick xi+1 as a point in B(xi, ri) such that R(xi+1) >
2R(xi) and pick ri+1 = ri/

√
2. In either case it holds R(xi+1)r

2
i+1 ≥

R(xi)r
2
i . Since d(x, xi) ≤ rΣ∞

k=0(1/
√

2)k < 4r, we know that B(xi, ri) ⊂
B(x, 5r). Due to the boundedness of R in the ball B(x, 5r), there exists
a positive integer j such that xi = xj and ri = rj for all i ≥ j. The
lemma is proven by taking y = xj and ρ = rj. �

Theorem 7.1.1 (Classical splitting theorem) 1. Toponogov Splitting
theorem [Topo]: If an n-dimensional complete Riemann manifold of
nonnegative sectional curvature contains a geodesic line, then the man-
ifold is a Riemannian product of R and an (n−1)-dimensional Riemann
manifold of nonnegative sectional curvature.

2. Cheeger-Gromoll Splitting theorem [CG]: The above conclusion
still holds for complete Riemann manifold of nonnegative Ricci curva-
ture.

Here a geodesic line means a distance minimizing geodesic without
ends and with infinite length. The theorem allows one to factor certain
high dimensional manifold into the product of lower dimensional ones,
which may be easier to understand. Of course this is in the same spirit
as factoring a large integer into the product of smaller ones. One can
also consult Section 9.3.2 of [Pet] for a proof of this theorem.

Theorem 7.1.2 (Soul theorem, Cheeger-Gromoll-Meyer) If M is a
complete, noncompact, n-dimensional Riemann manifold with nonneg-
ative sectional curvature, then M contains a soul S ⊂ M. The soul is a
closed totally convex submanifold, such that M is diffeomorphic to the
normal bundle over S. In addition, if the sectional curvature is positive
everywhere, the soul is a point and M is diffeomorphic to Rn.

A proof of this theorem can be found in [CG2]. See also [Pet] for a
proof suited for students and an informative discussion on the history
of the theorem.

Remark 7.1.1 G. Perelman [P4] gave a strikingly short proof of
Cheeger-Gromoll’s conjecture that the above M is diffeomorphic to Rn

if the sectional curvature is nonnegative everywhere and positive at one
point.
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The next result dates back to the classical splitting theorem of
Cheeger-Gromoll and Toponogov.

Proposition 7.1.1 (dimension reduction) Let (M, g) be a complete
manifold with nonnegative sectional curvature. Let {Pk} ⊂ M and
{λk} ⊂ (0,∞) be two sequences such that d(P1, Pk) → ∞ and
λkd(P1, Pk) → ∞ when k → ∞. Suppose the marked manifolds
(M, λ2

kg, Pk) converge in C∞
loc topology to a Riemann manifold M∞.

Then M∞ splits as a metric product M∞ = N × R where N is a
Riemann manifold with nonnegative sectional curvature.

Proof. The idea is to show that M∞ contains a minimizing geodesic
line, i.e. a minimizing geodesic without ends, which also has infinite
length. Then the classical splitting theorem mentioned above yields
the desired splitting.

Let γk and σk be minimizing geodesics connecting P1 with Pk and
Pk with Pk+1 respectively. By choosing a subsequence if necessary, we
can assume the following properties hold:

d(P1, Pk+1) ≥ 2d(P1, Pk) + 1 (7.1.1)

δk ≡ ∠(γk(0), γk+1(0)) ≤ 1/k.

Here ∠(γk(0), γk+1(0)) is the angle between the tangent vectors of γk
and γk+1 at the point P1. From the hypotheses and a suitable choice
of subsequence, we can assume that the marked sequence (M, λ2

kg, Pk)
converges in C∞

loc sense to a marked manifold (M̃ , g̃, P̃ ) which has non-
negative sectional curvature. Moreover the geodesics γk and σk converge
to geodesic rays γ̃ and σ̃.

Pick an arbitrary point Ã ∈ γ̃ and another one B̃ ∈ σ̃. Let a =
d̃(Ã, P̃ ), b = d̃(B̃, P̃ ) and c = d̃(Ã, B̃). Here d̃ is the distance under the
limit metric g̃. We claim that

a+ b = c (7.1.2)

which will show that γ̃ ∪ σ̃ is a geodesic line. By definition of M̃ , there
exist two sequences of points Ak ∈ γk and Bk ∈ σk such that, as k → ∞,

λkd(Ak, Pk) → a, λkd(Bk, Pk) → b, λkd(Ak, Bk) → c.

Consider the geodesic triangles ∆PkP1Pk+1, ∆PkAkBk in M and
their comparison triangles ∆P̄kP̄1P̄k+1, ∆P̄kĀkB̄k in R2. Notice that

d(Pk, P1) = |P̄kP̄1|, d(Pk, Pk+1) = |P̄kP̄k+1|, d(P1, Pk+1) = |P̄1P̄k+1|,
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d(Pk, Ak) = |P̄kĀk|, d(Pk, Bk) = |P̄kB̄k|, d(Ak, Bk) = |ĀkB̄k|.
Using the Toponogov comparison theorem (see [CE] e.g.), we have

∠ĀkP̄kB̄k ≥ ∠P̄1P̄kP̄k+1,

∠P̄kP̄1P̄k+1 ≤ ∠PkP1Pk+1 = δk ≤ 1/k.

Also note that

∠P̄kP̄k+1P̄1 ≤ ∠P̄kP̄1P̄k+1 ≤ 1/k

which is due to (7.1.1). Thus

∠ĀkP̄kB̄k ≥ π − (2/k).

The Euclidean law of cosine shows

|ĀkB̄k|2 ≥ |ĀkP̄k|2 + |P̄kB̄k|2 − 2|ĀkP̄k| |P̄kB̄k| cos(π − (2/k)).

i.e.
d(Ak, Bk)

2 ≥d(Ak, Pk)2 + d(Pk, Bk)
2

− 2d(Ak, Pk)d(Pk, Bk) cos(π − (2/k)).

Multiplying this inequality by λ2
k and taking k → ∞, we arrive at

c ≥ a+ b ≥ c.

This shows γ̃ ∪ σ̃ is a geodesic line. The classical splitting theorem tells
us that M̃ = N × R as stated. �

As mentioned earlier, the study of singularity of Ricci flow relies
on the study of κ solutions (Definition 5.4.1). If a three dimensional κ
solution M can be split as N ×R, then N is a 2 dimensional ancient κ
solution. Interestingly there are only two such 2 dimensional solutions.

Theorem 7.1.3 (2-dimensional κ solution) The only 2-dimensional κ
solutions are the round S2 and the round RP 2, the real projective plane.

This theorem was proven by Hamilton in Section 26 of [Ha7]. See
also p. 369 of [CZ] for a different proof. Clearly this theorem and split-
ting theorem are instrumental in the understanding of higher dimen-
sional κ solutions.

When analyzing singularity of Ricci flow, one often encounters some
special manifolds. Here we give one of them.
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Definition 7.1.1 (ǫ necks and their center points) Given ǫ > 0, an ǫ
neck in a 3 manifold (M, g) centered at a point x is an open set U ⊂ M,
satisfying the conditions:

(i) x ∈ U .
(ii) There exists a diffeomorphism φ from the cylinder S2 ×

(−ǫ−1, ǫ−1) onto U such that φ−1(x) ∈ S2 × {0}.
(iii) The normalized pullback metric R(x)φ∗g lies within ǫ of the

standard round metric on the cylinder in C [ǫ−1] topology. Here R(x) is
the scalar curvature at x.

(iv) The set φ(S2×{0}) is called the center (set) or central 2 sphere
of the ǫ neck and every point in the central 2 sphere is called a center
of the ǫ neck.

Remark 7.1.2 Let z be a number in (−ǫ−1, ǫ−1) and θ ∈ S2, (θ, z) is
a parametrization of U via the diffeomorphism φ. We can identify the
metric on U with its pull back on the round neck by φ in this manner.

Proposition 7.1.2 (no arbitrarily small ǫ necks) Let M be any com-
plete 3 manifold with nonnegative sectional curvature. There exists
ǫ0 > 0 such that for any ǫ ∈ (0, ǫ0], M does not contain ǫ necks of
arbitrarily small radius.

Proof. This result seems to have been known by experts in Riemann
geometry for a while. Intuitively, if M has an arbitrarily small ǫ neck,
then it looks like a cusp. Thus some sectional curvatures have to be
negative somewhere. A proof of the proposition can be found on p357
in [CZ] and a different proof in Chapter 2 of [MT]. The former proof
uses comparison theorem and Buseman function. The later proof uses
the soul theorem and Buseman function.

We will present a condensed proof following [MT] where great de-
tails can be found. The details that we are skipping are relatively
straightforward and intuitively clear.

If the proposition is false, then one can find a sequence of ǫ necks
Ni whose radii converge to 0. Consider two disjoint ǫ necks N1 and Ni

in the sequence. By the Soul Theorem 7.1.2, if ǫ is sufficiently small,
one can prove that the central 2 spheres of N1 and Ni are the boundary
components of a region called X which is diffeomorphic to S2× [−1, 1].
For a proof of this statement, see Section 2.5 of [MT].

Let c = c(t) be a minimal geodesic ray, starting from a point p
outside of X, which traverses N1 and Ni. We also let t be the arclength.
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Let B be the associated Buseman function, i.e.

B(x) = lim
t→∞

(d(c(t), x) − t). (7.1.3)

Since the curvature is nonnegative, it is well known that ∆B ≤ 0 in
the weak sense, i.e. B is super harmonic (see Chapter 1 of [SY] e.g.).

Next we construct a Lipschitz cut off function λ with the following
properties:

(1) suppλ ⊂ X; for points in N1,Ni, λ = λ(z) where z is the
longitudinal parameters of the ǫ necks, described in Remark 7.1.2.

(2) Let φ1 and φi be the diffeomorphisms in the definition of ǫ necks
N1 and Ni. We make λ = 0 to the left {z = 0}, the central 2 sphere
of N1, linear for z ∈ [0, 1] and becomes 1 to the right φ1(S

2 × {1}) all
the way to φi(S

2 × {−1}). Here and later the words “left” and “right”
mean the direction of the negative and positive z axis.

(3) λ is linear from φi(S
2 ×{−1}) to the central 2 sphere of Ni and

becomes 0 to the right of the central 2 sphere.
When p, the starting point of the geodesic ray, is sufficiently far

from the ǫ necks N1 and N2, one can prove that ∇B is ǫ close to ∇z
(see Section 2.5 of [MT] e.g.). Since B is super harmonic, we have, since
∇λ = λ′∇z

0 ≤
∫

M
< ∇B,∇λ > dµ =

∫

supp∇λ
< ∇B,∇λ > dµ

= (a2R(xi)
−1 − a1R(x1)

−1)|S2|.

Here a1 and ai are constants which converge to a positive number a0

when ǫ→ 0. Also x1 and xi are in the centers of N1 and Ni respectively.
Therefore R(xi) ≤ 2R(x1) when ǫ is sufficiently small. This shows that
the radius of Ni, comparable to R(xi)

−1/2, can not be arbitrarily small.
�

Definition 7.1.2 (cone) A (open) cone over a Riemann manifold
(N, g) is the manifold J(N) ≡ N × (0,∞) equipped with the metric

g̃(x, s) = s2g(x) + ds2.

Proposition 7.1.3 (curvature of a cone) Let N be a Riemann man-
ifold of dimension n and (x1, . . . , xn) be a local coordinate. Let
(x1, . . . , xn, x0) be a local coordinate for the cone J(N). Denote by Rmg

the curvature tensor for (N, g) and by R̃mg̃ the curvature tensor for the
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cone. Then there hold:

R̃mg̃(∂i, ∂j)∂0 = 0, 0 ≤ i, j ≤ n,

R̃mg̃(∂i, ∂j)∂i = Rmg(∂i, ∂j) + gij∂j − gji∂i, 1 ≤ i, j ≤ n.

Moreover let λk, k = 1, . . . , n(n − 1)/2 be the eigenvalues of Rmg

at a point p ∈ N . Then for any s > 0, there are n zero eigenvalues
of R̃mg̃ at the point (p, s) ∈ J(N). The other eigenvalues of R̃mg̃ are
s−2(λk − 1) where k = 1, . . . , n(n− 1)/2.

Exercise 7.1.1 Prove Proposition 7.1.3.

7.2 Bounds for the heat kernel of conjugate

heat equation on κ solutions

In this section, we establish a certain Gaussian type upper bound
for the heat kernel of the conjugate heat equation associated with 3-
dimensional ancient κ solutions to the Ricci flow. The material is an
expanded version of [Z5].

The proof follows the framework in the last section of Chapter 6.
There is an upper bound in the case of Ricci flow with nonnegative Ricci
curvature was given. In the current situation, the ancient κ solutions
provide better control on curvature and volume. These allow us to find
a better Gaussian upper bound for the heat kernel.

Using this heat kernel bound, in the next section, we show that
the W entropy associated with the heat kernel is uniformly bounded
from below after certain scaling. After this is done, we use Perelman’s
monotonicity formula for the W entropy to prove the backward limit
is a gradient shrinking Ricci soliton.

One more notation that will be used in the section is that for the
space time region

P (x0, t0, r,−r2) ≡ {(x, t) |d(x, x0, t) < r, t0 − r2 < t < t0}.

Here r > 0 and (x0, t0) is a point in space time.
Let us recall the concept of κ solutions (Definition 5.4.1).

Definition 7.2.1 A solution to the Ricci flow ∂tg = −2Ric in a n
dimensional manifold M is a κ solution or ancient κ solution if it
satisfies the following properties.

1. It is complete (compact or noncompact) and defined on an an-
cient time interval (−∞, T0], T0 ≥ 0.
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2. It has nonnegative curvature operator and bounded curvature at
each time level.

3. It is κ noncollapsed on all scales for some positive constant κ,
i.e.

for any x0 ∈ M, t0 ∈ (−∞, T0] and any r > 0, if |Rm| ≤ r−2 on
P (x0, t0, r,−r2), then |B(x0, r, t0)|t0 ≥ κrn.

4. It is nonflat.

Occasionally we will also use the term nonflat κ solutions to stress
that the solution is not flat.

For convenience, we take the final time T0 of the ancient solution
to be 0 throughout the section. The conjugate heat equation is

∆u−Ru− ∂τu = 0. (7.2.1)

Here and always τ = −t. ∆ and R are the Laplace-Beltrami operator
and the scalar curvature with respect to g(t). This equation, coupled
with the initial value uτ=0 = u0 is well posed if M is compact or the
curvature is bounded, and if u0 is bounded [Gro].

We use G = G(x, τ ;x0, τ0) to denote the heat kernel (fundamental
solution) of (7.2.1). Here τ > τ0 and x, x0 ∈ M. Heat kernel estimate
is a traditionally active area of research with many applications. For
the conjugate heat equation, existence of G was established in [Gro].
Various bounds for G were proven in [Gro], [P1] Section 9, [Ni], [Cetc]
and [Z1]. The main technical result of the section is

Theorem 7.2.1 (i) Let (M, g(t)) be a n dimensional ancient κ solu-
tion of the Ricci flow. Suppose also that R(x, t) ≤ D0

1+|t| for some D0 > 0

and for t ∈ [−T, 0]. Here T is any positive number or T = ∞. Then
exist positive numbers a and b depending only on n, κ and D0 such that
the following holds.

For all x, x0 ∈ M,

G(x, τ ;x0, τ0) ≤
a

(τ − τ0)n/2
,

and

G(x, τ ;x0, τ0) ≤
a

|B(x,
√
τ − τ0, t0)|t0

e−bd
2(x,x0,t0)/(τ−τ0),

where τ = −t, τ0 = −t0, τ > τ0 ≥ 0 and t ∈ [−T, 0].
(ii) In particular, if R(x, t) ≤ D0

1+|t| for all t ≤ 0, namely (M, g(t))
is a Type I ancient κ solution, there exist positive numbers a1 and b1
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depending only on κ, n, and D0 such that the following holds. For all
x, x0 ∈ M, and all τ = −t > 0,

1

a1τn/2
e−d

2(x,x0,t)/(b1τ) ≤ G(x, τ ;x0, τ/2) ≤
a1

τn/2
e−b1d

2(x,x0,t)/τ .

Remark 7.2.1 A natural question is whether the bounds in part (ii)
holds when τ/2 is replaced by 0.

Proof. We divide the proof into three steps. The first two are for
part (i) of the theorem. We always assume that all the time variables
involved are not smaller than −T , so that the condition R(·.t) ≤ D0

1+|t|
holds. The proof of this theorem is similar to that of Theorem 6.5.2.
Comparing with that case, we have two new ingredients coming from
ancient κ solutions. One is the noncollapsing condition on all scales.
The other is the bound on the scalar curvature. These allow us to
prove a better bound. Without loss of generality we assume τ0 = 0
in G(x, τ ;x0, τ0). It is convenient to work with the reversed time τ .
Note that the Ricci flow is a backward flow with respect to τ and the
conjugate heat equation is a forward heat equation with a potential
term.

Step 1. Since Ricci ≥ 0, it is well known (see Theorem 3.7 [Heb2]
e.g.) the following Sobolev inequality holds:

Let B(x, r, t) be a proper subdomain for (M, g(t)). For all v ∈
W 1,2(B(x, r, t)), there exists cn > 0 depending only on the dimension
n such that

(∫

v2n/(n−2)dg(t)

)(n−2)/n

≤ cnr
2

|B(x, r, t)|2/nt

∫

[

|∇v|2 + r−2v2
]

dg(t).

(7.2.2)
For our purpose, we only need to take r = c

√

|t|, for c ≤ 1. By the
assumption that R(x, t) ≤ D0

1+|t| and the κ noncollapsing property, we
have

|B(x,
√

|t|, t)|t ≥ κD−n
0 |t|n/2.

Therefore the above Sobolev inequality becomes

(
∫

v2n/(n−2)dg(t)

)(n−2)/n

≤ cnD
2
0

κ2/n

∫

[

|∇v|2 + |t|−1v2
]

dg(t) (7.2.3)

for all v ∈W 1,2(B(x,
√

|t|, t)).
Before moving forward, we would like to clarify a technical point

in the definition of Perelman’s κ noncollapsing as given in Definition
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7.2.1. The issue is whether the metric balls B(x, r, t) in the defini-
tion are required to be a proper subdomain of the manifold M. When
M is noncompact, B(x, r, t) is always a proper subdomain so this is-
sue is moot. Now one assumes that M is compact. Without requiring
B(x, r, t) being a proper subdomain, if r is larger than the diameter of
M, then B(x, r, t) is the whole manifold. In this case |B(x, r, t)|t can
not be greater than κrn for large r. So to be κ noncollapsed, at some
point in the parabolic ball |Rm| is greater than 1/r2. In other words,
if |Rm| ≤ 1/r2 in the parabolic ball, then the volume of the manifold
is at least κrn. If the Ricci curvature is nonnegative, then by standard
volume comparison theorem, the diameter of the manifold at time t is
at least cr.

Here, we take this explanation for Perelman’s κ noncollapsing, i.e.
B(x, r, t) in the definition of κ ancient solutions is not required to be a
proper subdomain. This seems to be the prevailing view in the litera-
ture. That is why the Sobolev imbedding (7.2.3) holds without requiring
that B(x,

√

|t|, t) is a proper subdomain of M. A natural question is:
What happens when B(x, r, t) is implicitly assumed as a proper subdo-
main in the definition of κ solutions? Then we have to make this extra
assumption throughout. However either way does not affect the appli-
cation for the Poincaré conjecture. The reason is that one can always
consider the product manifold M × R if M is compact. See the proof
of Theorem 7.3.1, especially Case 4.

Next we show that, under the assumptions of the theorem, (M, g(t))
possess a space time doubling property: the distance between two points
at times t1 and t2 are comparable if t1 and t2 are comparable. The proof
is very simple. Given x1, x2 ∈ M, let r be a shortest geodesic connecting
the two. Then

∂td(x1, x2, t) = −
∫

r

Ric(∂r, ∂r)ds.

Since the sectional curvature is nonnegative, it holds

|Ric(x, t)| ≤ R(x, t) ≤ D0

1 + |t| .

Therefore

− D0

1 + |t|d(x1, x2, t) ≤ ∂td(x1, x2, t) ≤ 0.

After integration, we arrive at:

(|t1/|t2|)D0 ≤ d(x1, x2, t1)/d(x1, x2, t2) ≤ 1 (7.2.4)
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for all t2 < t1 < 0. Note that the above inequality is of local nature. If
the distance is not smooth, then one can just shift one point, say x1,
slightly and then obtain the same integral inequality by taking limits.

Similarly, we have

0 ≥ ∂t

∫

B(x,
√

|t1|,t1)
dg(t) = −

∫

B(x,
√

|t1|,t1)
R(y, t)dg(t)

≥ − D0

1 + |t|

∫

B(x,
√

|t1|,t1)
dg(t).

Upon integration, we know that the volume of the balls

|B(x,
√

|t3|, t4)|t5 (7.2.5)

are all comparable for t3, t4, t5 ∈ [t2, t1], provided that t1 and t2 are
comparable.

Let u be a positive solution to (7.2.1) in the region

Qσr(x, τ) ≡ {(y, s) | y ∈ M, τ − (σr)2 ≤ s ≤ τ, d(y, x,−s) ≤ σr}.

Here r =
√

|t|/8 > 0, 2 ≥ σ ≥ 1. Given any p ≥ 1, it is clear that

∆up − pRup − ∂τu
p ≥ 0. (7.2.6)

Let φ : [0,∞) → [0, 1] be a smooth function such that |φ′| ≤ 2/((σ−
1)r), φ′ ≤ 0, φ(ρ) = 1 when 0 ≤ ρ ≤ r, φ(ρ) = 0 when ρ ≥ σr. Let
η : [0,∞) → [0, 1] be a smooth function such that |η′| ≤ 2/((σ − 1)r)2,
η′ ≥ 0, η ≥ 0, η(s) = 1 when τ − r2 ≤ s ≤ τ , η(s) = 0 when s ≤
τ − (σr)2. Define a cut-off function ψ = φ(d(x, y,−s))η(s).

Writing w = up and using wψ2 as a test function on (7.2.6), we
deduce

∫

∇(wψ2)∇wdg(y,−s)ds + p

∫

Rw2ψ2dg(y,−s)ds

≤ −
∫

(∂sw)wψ2dg(y,−s)ds.
(7.2.7)

Here and later in this section we also use dg(·, ·) to denote the volume
element at the space time point (·, ·). By direct calculation

∫

∇(wψ2)∇wdg(y,−s)ds =

∫

|∇(wψ)|2dg(y,−s)ds

−
∫

|∇ψ|2w2dg(y,−s)ds.
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Next we estimate the right-hand side of (7.2.7).

−
∫

(∂sw)wψ2dg(y,−s)ds

=

∫

w2ψ∂sψdg(y,−s)ds +
1

2

∫

(wψ)2Rdg(y,−s)ds

− 1

2

∫

(wψ)2dg(y,−τ).

Observe that

∂sψ =η(s)φ′(d(y, x,−s))∂sd(y, x,−s) + φ(d(y, x,−s))η′(s)
≤ φ(d(y, x,−s))η′(s).

This is so because φ′ ≤ 0 and ∂sd(y, x,−s) ≥ 0 under the Ricci flow
with nonnegative Ricci curvature. Hence

−
∫

(∂sw)wψ2dg(y,−s)ds

≤
∫

w2ψφ(d(y, x,−s))η′(s)dg(y,−s)ds +
1

2

∫

(wψ)2Rdg(y,−s)ds

− 1

2

∫

(wψ)2dg(y,−τ).
(7.2.8)

Combining (7.2.7) with (7.2.8), we obtain, in view of p ≥ 1 and R ≥ 0,

∫

|∇(wψ)|2dg(y,−s)ds +
1

2

∫

(wψ)2dg(y,−τ)

≤ c

(σ − 1)2r2

∫

Qσr(x,τ)

w2dg(y,−s)ds.
(7.2.9)

By Hölder’s inequality

∫

(ψw)2(1+(2/n)dg(y,−s) ≤
(∫

(ψw)2n/(n−2)dg(y,−s)
)(n−2)/n

×
(∫

(ψw)2dg(y,−s)
)2/n

.

(7.2.10)

By the κ noncollapsing assumption, |B(x,
√

|t|, t)|t ≥ κc2r
n. Re-

call that r =
√

|t|/8. Since M has nonnegative Ricci curvature, the
diameter of M at time t is at least a constant multiple of c

√

|t| for
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some c = cn > 0. Therefore by the distance doubling property (7.2.4),
B(x, σr,−s) is a proper subdomain of M, s ∈ [τ − (σr)2, τ ]. Here we
just take the number 8 for simplicity. If it is not large enough, we just
replace it by a sufficiently large number D and consider r =

√

|t|/D
instead. By the Sobolev inequality (7.2.3), it holds

(
∫

(ψw)2n/(n−2)dg(y,−s)
)(n−2)/n

≤c(κ,D0)

∫

[|∇(ψw)|2

+ r−2(ψw)2]dg(y,−s),

for s ∈ [t− (σr)2, t]. Substituting this and (7.2.9) to (7.2.10), we arrive
at the estimate

∫

Qr(x,τ)
w2θdg(y,−s)ds

≤ c(κ,D0)

(

1

(σ − 1)2r2

∫

Qσr(x,τ)
w2dg(y,−s)ds

)θ

,

with θ = 1+(2/n). Now we apply the above inequality repeatedly with
the parameters σ0 = 2, σi = 2 − Σi

j=12
−j and pi = θi. This shows a L2

mean value inequality

sup
Qr/2(x,τ)

u2 ≤ c(κ,D0)

rn+2

∫

Qr(x,τ)
u2dg(y,−s)ds. (7.2.11)

This technique is often called Moser’s iteration.
This inequality clearly also holds if one replaces r by any posi-

tive number r′ < r since |B(x, r′, t)| ≥ kcn|B(x, r, t)|(r′/r)n ≥ cr′n by
the doubling condition for manifolds with nonnegative Ricci curvature.
Then one can just rerun the above Moser’s iteration.

From here, by a trick of Li and Schoen [LS], applicable here since
it uses only the doubling property of the metric balls, we arrive at the
L1 mean value inequality

sup
Qr/2(x,τ)

u ≤ c(κ,D0)

rn+2

∫

Qr(x,τ)
udg(y,−s)ds.

We remark that the doubling constant is uniform since the metrics have
nonnegative Ricci curvature.

Now we take u(x, τ) = G(x, τ ;x0, 0). Note that
∫

M
u(z, s)dg(z,−s) =

1 and r =
√
t/8. Thus:

G(x, τ ;x0, 0) ≤
c(κ,D0)

|t|n/2 . (7.2.12)
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Step 2. Proof of the Gaussian upper bound.
We begin by using a modified version of the exponential weight

method due to Davies [Da]. Pick a point x0 ∈ M, a number λ < 0 and
a function f ∈ C∞

0 (M, g(0)). Consider the functions F and u defined
by

F (x, τ) ≡ eλd(x,x0,t)u(x, τ)

≡ eλd(x,x0,t)

∫

G(x, τ ; y, 0)e−λd(y,x0 ,0)f(y)dg(y, 0).
(7.2.13)

Here and always τ = −t. It is clear that u is a solution of (7.2.1). By
direct computation,

∂τ

∫

F 2(x, τ)dg(x, t) = ∂τ

∫

e2λd(x,x0,t)u2(x, τ)dg(x, t)

= 2λ

∫

e2λd(x,x0,t)∂τd(x, x0, t)u
2(x, τ)dg(x, t)

+

∫

e2λd(x,x0,t)u2(x, τ)R(x, t)dg(x, t)

+ 2

∫

e2λd(x,x0,t)[∆u−R(x, t)u(x, τ)]u(x, τ)dg(x, t).

By the assumption that Ricci ≥ 0 and λ < 0, the above shows

∂τ

∫

F 2(x, τ)dg(x, t) ≤ 2

∫

e2λd(x,x0,t)u∆u(x, τ)dg(x, t).

Using integration by parts, we turn the above inequality into

∂τ

∫

F 2(x, τ)dg(x, t) ≤ −4λ

∫

e2λd(x,x0,t)u∇d(x, x0, t)∇udg(x, t)

− 2

∫

e2λd(x,x0,t)|∇u|2dg(x, t).

Observe also
∫

|∇F (x, τ)|2dg(x, t) =

∫

|∇(eλd(x,x0,t)u(x, τ))|2dg(x, t)

=

∫

e2λd(x,x0,t)|∇u|2dg(x, t) + 2λ

∫

e2λd(x,x0,t)u∇d(x, x0, t)∇udg(x, t)

+ λ2

∫

e2λd(x,x0,t)|∇d|2u2dg(x, t).
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Combining the last two expressions, we deduce

∂τ

∫

F 2(x, τ)dg(x, t) ≤− 2

∫

|∇F (x, τ)|2dg(x, t)

+ λ2

∫

e2λd(x,x0,t)|∇d|2u2dg(x, t).

By the definition of F and u, this shows

∂τ

∫

F 2(x, τ)dg(x, t) ≤ λ2

∫

F (x, τ)2dg(x, t).

Upon integration, we derive the following L2 estimate
∫

F 2(x, τ)dg(x, t) ≤ eλ
2τ

∫

F 2(x, 0)dg(x, 0) = eλ
2τ

∫

f(x)2dg(x, 0).

(7.2.14)
Recall that u is a solution to (7.2.1). Therefore, by the mean value

inequality (7.2.11), the following holds

u(x, τ)2 ≤ c(κ,D0)

τ1+n/2

∫ τ

τ/2

∫

B(x,
√

|t|/2,−s)
u2(z, s)dg(z,−s)ds.

By the definition of F and u, it follows that

u(x, τ)2 ≤ c(κ,D0)

τ1+n/2

∫ τ

τ/2

∫

B(x,
√

|t|/2,−s)
e−2λd(z,x0,−s)F 2(z, s)dg(z,−s)ds.

In particular, this holds for x = x0. In this case, for z ∈
B(x0,

√

|t|/2,−s), there holds d(z, x0,−s) ≤
√

|t|/2. Therefore, by the
assumption that λ < 0,

u(x0, τ)
2 ≤ c(κ,D0)

τ1+n/2
e−λ

√
2|t|
∫ τ

τ/2

∫

B(x0,
√

|t|/2,−s)
F 2(z, s)dg(z,−s)ds.

This combined with (7.2.14) shows that

u(x0, τ)
2 ≤ c(κ,D0)

τn/2
eλ

2τ−λ
√

2|t|
∫

f(y)2dg(y, 0).

i.e.
(
∫

G(x0, τ ; z, 0)e
−λd(z,x0 ,0)f(z)dg(z, 0)

)2

≤c(κ,D0)

τn/2
eλ

2τ−λ
√

2|t|

×
∫

f(y)2dg(y, 0).
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Now, we fix y0 such that d(y0, x0, 0)
2 ≥ 4|t|. Then it is clear that, by

λ < 0 and the triangle inequality,

−λd(z, x0, 0) ≥ −λ
2
d(x0, y0, 0)

when d(z, y0, 0) ≤
√

|t|. In this case, the above integral inequality im-
plies

(
∫

B(y0,
√

|t|,0)
G(x0, τ ; z, 0)f(z)dg(z, 0)

)2

≤ c(κ,D0)e
λd(x0,y0,0)+λ2τ−λ

√
2|t|

τn/2

∫

f(y)2dg(y, 0).

Now we take, after freezing t and τ ,

λ = −d(x0, y0, 0)

βτ

with β > 0 sufficiently large. Since f is arbitrary, this shows, for some
b > 0,

∫

B(y0,
√

|t|,0)
G2(x0, τ ; z, 0)dg(z, 0) ≤ c(κ,D0)e

−bd(x0,y0,0)2/τ

τn/2
.

Hence, there exists z0 ∈ B(y0,
√

|t|, 0) such that

G2(x0, τ ; z0, 0) ≤
c(κ,D0)

τn/2 |B(x0,
√

|t|, 0)|0
e−bd(x0,y0,0)2/τ .

In order to get the upper bound for all points, let us consider the
function

v = v(z, l) ≡ G(x0, τ ; z, l).

This is a solution to the conjugate of the conjugate equation (7.2.1),
i.e.

∆zG(x, τ ; z; l) + ∂lG(x, τ ; z, l) = 0, ∂lg = 2Ric.

Therefore, we can use Theorem 6.5.1, after a reversal in time. Note
this theorem was stated only for compact manifolds. However, it is valid
in the noncompact case whenever the maximum principle for the heat
equation holds. This is the case for κ solutions since the curvature is
nonnegative and bounded.
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Consequently, for δ > 0, C > 0,

G(x0, τ ; y0, 0) ≤ CG1/(1+δ)(x0, τ, z0, 0)M
δ/(1+δ),

where M = supM×[0,τ/2]G(x0, τ, ·, ·). By Step 1, there exists a constant
c(κ,D0) > 0, such that

M ≤ c(κ,D0)

τn/2
.

Consequently

G2(x0, τ ; y0, 0) ≤
c(κ,D0)

τn/2|B(x0,
√

|t|, 0)|0
e−bd(x0,y0,0)2/t

≤ c(κ,D0)

|B(x0,
√

|t|, 0)|20
e−b d(x0,y0,0)2/t.

The last step holds since the Ricci curvature is nonnegative.
Since x0 and y0 are arbitrary, the proof of part (i) is done.

Step 3. In this step, we prove the upper and lower bound for
G(x, τ ;x0, τ/2) in the case of type I ancient κ solution. The upper
bound is already proven in view the distance and volume comparison
result (7.2.4), (7.2.5) and the fact that |B(x,

√

|t|, t)|t ≥ c(κ,D0)|t|n/2.
So we just need to prove the lower bound.

For a number β > 0 to be fixed later, the upper bound implies

∫

B(x0,
√
β|t|,t)

G2(x, τ ;x0, τ/2)dg(x, t)

≥ 1

|B(x0,
√

β|t|, t)|t

(

∫

B(x0,
√
β|t|,t)

G(x, τ ;x0, τ/2)dg(x, t)

)2

=
1

|B(x0,
√

β|t|, t)|t

(

1 −
∫

B(x0,
√
β|t|,t)c

G(x, τ ;x0, τ/2)dg(x, t)

)2

≥ 1

|B(x0,
√

β|t|, t)|t

(

1 −
∫

B(x0,
√
β|t|,t)c

c(κ,D0)

τn/2
e−b d(x0,x,t)2/tdg(x, t)

)2

.

Since the Ricci curvature is nonnegative, one can use the volume-
doubling property to compute that

∫

B(x0,
√
β|t|,t)c

c(κ,D0)

τn/2
e−b d(x0,x,t)2/tdg(x, t) ≤ 1/2
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provided that β is sufficiently large. Here we stress that all constants
are independent of t. Since |B(x0,

√

β|t|, t)|t ≤ cn(β|t|)n/2 by standard
volume comparison theorem, this shows

∫

B(x0,
√
β|t|,t)

G2(x, τ ;x0, τ/2)dg(x, t) ≥
c(κ,D0)

|t|n/2 .

Hence there exists x1 ∈ B(x0,
√

β|t|, t) such that

G(x1, τ ;x0, τ/2) ≥
c(κ,D0)

|t|n/2 .

An inspection of the proof shows that actually for any λ ∈ [3/4, 4],
it holds, for some xλ ∈ B(x0,

√

β|t|, t),

G(xλ, λτ ;x0, τ/2) ≥
c(κ,D0)

|t|n/2 .

It is well known that such a lower bound implies the full Gaussian lower
bound if one has a suitable Harnack inequality. Now we can apply the
Harnack inequality for the heat kernel in Section 9 of [P1] (Corollary
6.1.1 here; see also Corollary 2.1 (a) in [KZ] and [CaH]),

G(x3/4,
3

4
τ ;x0, τ/2)

≤ G(x, τ ;x0, τ/2)

(

τ

τ3/4

)n

exp

∫ 1
0 [ 4|γ′(s)|2 + (τ/4)2 R ] ds

2(τ/4)
,

where γ is a smooth curve on M such that γ(0) = x3/4 and γ(1) = x.
Also |γ′(s)|2 = g(−l)(γ

′(s), γ′(s)), and l = 3τ/4 + sτ/4.
This inequality together with the decay property of R and compat-

ibility of distances to conclude

G(x, τ ;x0, τ/2) ≥
c(κ,D0)

|t|n/2 e−b1d(x,x0,t)2/τ .

This finishes the proof of the theorem. �

7.3 Backward limits of κ solutions

In this section we use Theorem 7.2.1 and the W entropy associated
with the heat kernel to give a different and shorter proof of Perelman’s
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classification of backward limits of these ancient solutions. This part
of the argument resembles that in [Cx] and [Se1] where forward con-
vergence results for normalized Ricci flow were proven. The current
section together with Chapter 8 and a different proof of universal non-
collapsing due to Chen and Zhu [ChZ1] lead to a simplified proof of
the Poincaré conjecture without using reduced distance and reduced
volume. This point will be made clear in Chapter 9. The method seems
to have the potential to work for high dimensional cases, especially for
type I ancient κ solutions.

Theorem 7.3.1 (Perelman [P1]) Let (M, g(·, t)) with t ∈ (−∞, 0] be
a nonflat, 3 dimensional ancient κ solution for some κ > 0. Then there
exist sequences of points {qk} ⊂ M and times tk → −∞, k = 1, 2, . . .,
such that the scaled metrics

gk(x, s) ≡ R(qk, tk)g(x, tk + sR−1(qk, tk))

around qk converge to a nonflat gradient shrinking soliton in C∞
loc topol-

ogy.

Proof. We divide the proof into several cases.
Case 1 is when the section curvature is zero somewhere and M is

noncompact. Then Hamilton’s strong maximum principle for tensors
show that the universal cover M̃ = M2 × R where M2 is a 2 dimen-
sional, nonflat ancient κ solution. See p249 of [CLN] for a detailed
explanation. According to Hamilton [Ha3], M2 is either S2 or RP 2.
Since M̃ is simply connected, the only choice is M2 = S2. So the the-
orem is already proven in this case. This case can also be covered in
Case 4 below together.

Case 2 is when the section curvature is zero somewhere and M is
compact.

Then, again using maximum principle, Hamilton (see Theorem 6.64
in [CLN] e.g.) showed that M is the metric quotient of R3 with the flat
metric or that of S2 × R. So the theorem is also proven in this case.

Case 3 is when the sectional curvature is positive everywhere and
M is a type II ancient solution, i.e. supt<0 |t| R(·, t) = ∞.

The situation is already understood before 2002 when Perelman’s
paper [P1] appeared. In fact Hamilton [Ha4] showed by a scaling argu-
ment and his matrix Harnack inequality (Theorem 5.3.3 here) that the
backward limit is a steady gradient soliton. See also Proposition 9.29
in [CLN], in which a proof is given for the noncompact case. However
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the compact case can be proven in the same way with the κ noncol-
lapsing assumption. It is known that a suitable scaling limit of such
a steady gradient soliton is a gradient shrinking soliton. See Theorem
9.66 in [CLN] e.g. Thus the theorem in this case is also proven.

The details, adapted from Proposition 9.29 in [CLN], go as follows.
We choose a time sequence Ti → −∞ and positive numbers ǫi → 0.
Let (xi, ti) ∈M × [Ti, 0] be space time points such that

|ti|(ti − Ti)R(xi, ti) ≥ (1 − ǫi) sup
M×[Ti,0]

|t|(t− Ti)R(x, t). (7.3.1)

Write
Ri ≡ R(xi, ti), ai ≡ (Ti − ti)Ri, bi = −tiRi.

Observe that, when i→ ∞,

1

−a−1
i + b−1

i

=
|ti|(ti − Ti)Ri

|Ti|
≥ (1 − ǫi)|T−1

i | sup
M×[Ti,0]

|t|(t− Ti)R(x, t)

≥ (1 − ǫi)|T−1
i | sup

M×[Ti/2,0]
|t|(t− Ti)R(x, t)

≥ 1 − ǫi
2

sup
M×[Ti/2,0]

|t|R(x, t) → ∞.

The last inequality is due to the assumption of type II ancient solution
in this case. Hence

lim
i→∞

bi = − lim
i→∞

ai = ∞.

Next we consider the scaled metrics

g(i)(·, s) ≡ Rig(·, ti +R−1
i s)

which are defined on the time interval (−∞, bi]. For s ∈ [ai, bi], we
have, from (7.3.1),

Rg(i)(·, s) ≤
aibi

(1 − ǫi)(ai − s)(bi − s)
.

Here Rg(i) is the scalar curvature under g(i). In particular there holds

lim sup
i→∞

Rg(i)(·, s) ≤ 1
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on any compact time interval. Note also

Rg(i)(·, 0) ≤
1

1 − ǫi
.

By the κ noncollapsing property, we know the injectivity radius at s = 0
is bounded below by a positive constant. Now we can apply Hamilton’s
compactness Theorem 5.3.5 to deduce that a marked (sub)sequence
(M, g(i), xi), converges in C∞

0 topology to a limit solution of the Ricci
flow (M∞, g∞(s), x∞). The limit solution has scalar curvature Rg∞
bounded between 0 and 1. Moreover

Rg∞(x∞, 0) = lim
i→∞

Rg(i)(xi, 0) = 1.

By Theorem 5.3.4, it is well known that such M∞ is a steady gra-
dient soliton. According to Theorem 9.66 in [CLN], certain scal-
ing limit of M∞ is a gradient shrinking soliton. Hence the orig-
inal flow (M, g(t)) has a backward limit as a gradient shrinking
soliton too.

If the ancient κ solution arises from the blow up of finite time type
II singularity, then Hamilton [Ha4] even proved that M is a steady
gradient soliton. If M is compact, then it is well known that M is an
Einstein manifold, i.e. Ric = λg for a constant λ. A proof of this state-
ment can be found in Proposition 1.1.1 of [CZ] e.g. Since the curvature
is positive, M has to be S3.

So there is only one case left.
Case 4: M has positive sectional curvature and is of type I ancient

solution.
In the special case that M is compact and is obtained as a scaling

limit of a Type I maximal solution, N. Sesum already proved the the-
orem in this case [Se1]. Actually she proved a stronger result, namely,
M is a gradient shrinking soliton. See also p 302 [CZ] and the work of
X.D. Cao [Cx]. For the noncompact case, a similar result was proven
by A. Naber [Nab]. However it is not clear if the noncompact gradient
soliton is flat.

The following proof works in both compact and noncompact cases.
If M is compact, we just consider the product flow M× R.

By the κ noncollapsing assumption and the bound R(·, t) ≤ D0
1+|t| ,

we can use Theorem 5.3.5 to find a sequence of time tk such that
τk ≡ |tk| → ∞ and that the following statement holds:

for any fixed point x0 ∈ M, the marked manifolds (M, gk, x0) with
the metric

gk ≡ τ−1
k g(·,−sτk)
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converge, in C∞
0 sense, to a marked manifold (M∞, g∞(·, s), y∞). Here

s > 0.
We aim to prove that g∞ is a gradient, shrinking Ricci soliton. Note

that we are scaling by τ−1
k . But this is equivalent to scaling by the scalar

curvatures. The reason is that we are dealing with type I κ solution and
the limit is nonflat. We define, for x ∈ M and s ≥ 1, the functions

uk = uk(x, s) ≡ τ
n/2
k G(x, sτk;x0, 0).

Here G is the heat kernel of the conjugate heat equation and x0 is a
fixed point. We choose yk = x0 in the scaled metrics above. Here n is
taken as 3. However the proof is also valid for any n ≥ 3. By Theorem
7.2.1 (actually (7.2.12) is sufficient), we know that

uk(x, s) ≤ U0 (7.3.2)

uniformly for all k = 1, 2, . . ., x ∈ M and s in a compact interval. Here
U0 is a positive constant. Note that uk is a positive solution of the
conjugate heat equation under the metric on (M, gk(s)) i.e.

∆gk
uk −Rgk

uk − ∂suk = 0.

We have seen that uk and Rgk
are uniformly bounded on compact in-

tervals of s in (0,∞), and also the Ricci curvature is nonnegative and
the curvature tensors are uniformly bounded. The standard parabolic
theory shows that uk is Hölder continuous uniformly with respect to
gk. Hence we can extract a subsequence, still called {uk}, which con-
verges in Cαloc sense, modulo diffeomorphism, to a Cαloc function u∞ on
(M∞, g∞(s), y∞).

Using integration by parts, it is easy to see that u∞ is a weak
solution of the conjugate heat equation on (M∞, g∞(s)), i.e.

∫ ∫

(u∞∆φ−R∞u∞φ+ u∞∂sφ) dg∞(s)ds = 0

for all φ ∈ C∞
0 (M∞ × (−∞, 0]). Here R∞ is the scalar curvature of

the limit manifold. By standard parabolic theory, the function u∞,
being bounded on compact time intervals, is a smooth solution of the
conjugate heat equation on (M∞, g∞(s), y∞). We need to show that
u∞ is not zero.

Let u = u(x, τ) = G(x, τ ;x0, 0). We claim that for a constant a > 0
and all τ ≥ 1,

u(x0, τ) ≥
a

τn/2
.
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Here is the proof. Define f by

(4πτ)−n/2e−f = u.

By Corollary 9.4 in [P1] (Corollary 6.1.1 here), which is a consequence
of his differential Harnack inequality for fundamental solutions (Propo-
sition 6.1.3 here), we have, for τ = −t,

−∂tf(x0, t) ≤
1

2
R(x0, t) −

1

2τ
f(x0, t).

Since R(x0, t) ≤ c/τ ,

∂t(
√
τf(x0, t)) =

√
τ∂tf(x0, t) −

1

2
√
τ
f(x0, t) ≥ − c

2
√
τ
.

We can integrate the above from τ = 1 to get

f(x0, τ) ≤ c+
f(x0, 1)

τ
≤ C.

Here we have used the fact that f(x0, 1) is bounded, by the standard
short time bounds for G = G(x0, 1;x0, 0). See [Gro] e.g. This proves the
claim. By definition of uk as a scaling of u, we know that uk(x0, s) ≥ b >
0 for s ∈ [1, 4]. Here b is independent of k. Therefore u∞(x0, s) ≥ b > 0.
The maximum principle shows u∞ is positive everywhere.

Let us recall that Perelman’s W entropy for each uk is

Wk(s) = W (gk, uk, s) =

∫

[

s(|∇fk|2 +Rk) + fk − n
]

ukdgk(s)

where fk is determined by the relation

(4πs)−n/2e−fk = uk;

and Rk is the scalar curvature under gk. By the uniform upper bound
for uk in (7.3.2), we know that there exist c0 > 0 such that

fk = − lnuk −
n

2
ln(4πs) ≥ −c0 (7.3.3)

for all k = 1, 2, . . . and s ∈ [1, 3]. Here the choice of this interval for s
is just for convenience. Any finite time interval also works.

Since M is noncompact, one needs to justify the integral in Wk(s)
is finite. For fixed k, uk has a generic Gaussian upper and lower bound
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with coefficients depending on τk and curvature tensor and their deriva-
tives, as shown in [Gro]. The manifold has nonnegative Ricci curvature
and bounded curvature. So the term fkuk which is essentially −uk lnuk
is integrable. The term |∇fk|2uk = |∇uk|2/uk is also integrable. A proof
is outlined as follows. First one proves the result at one fixed time level
using an inequality similar to the one in Theorem 6.5.1. The result for
the rest of time is done by using inequality (6.3.33) and the maximum
principle. It is left as an exercise. One can also consult the paper [CTY]
and the book [Cetc] for a proof. These together imply that Wk(s) is
well defined.

Since
∫

M
ukdgk = 1, by (7.3.3) we know that

Wk(s) ≥ −c0 − n (7.3.4)

for all k = 1, 2 . . . and s ∈ [1, 3].
There is an alternative proof of the lower bound for Wk. Actually

Wk(s) is uniformly bounded from below if uk is replaced by any v ∈
W 1,2 such that ‖v‖2 = 1. This can be seen since (M, gk(s), yk), s ∈
[1, 3] has uniformly bounded curvature operator and are κ noncollapsed.
Therefore, a uniform Sobolev inequality holds, which implies the lower
bound of Wk(s). The later is nothing but a lower bound on the best
constants of log Sobolev inequalities.

By scaling it is easy to see that

Wk(s) = W (g, u, sτk),

where u = u(x, l) = G(x, l, x0, 0). According to [P1],

dWk(s)

ds
= −2s

∫

|Ricgk
+Hessgk

fk −
1

2s
gk|2ukdgk(s) ≤ 0. (7.3.5)

Note that the integral on the right-hand side is finite by a similar argu-
ment as in the case of Wk(s). So, for a fixed s, Wk(s) = W (g, u, sτk) is
a nonincreasing function of k. Using the lower bound on Wk(s) (7.3.4),
we can find a function W∞(s) such that

lim
k→∞

Wk(s) = lim
k→∞

W (g, u, sτk) = W∞(s).

Now we pick s0 ∈ [1, 2]. Clearly we can find a subsequence {τnk
},

tending to infinity, such that

W (g, u, s0τnk
) ≥W (g, u, (s0 + 1)τnk

) ≥W (g, u, s0τnk+1
).
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Since

lim
k→∞

W (g, u, s0τnk
) = lim

k→∞
W (g, u, s0τnk+1

) = W∞(s0),

we know that

lim
k→∞

[W (g, u, s0τnk
) −W (g, u, (s0 + 1)τnk

)] = 0.

That is
lim
k→∞

[Wnk
(s0) −Wnk

(s0 + 1)] = 0.

Integrating (7.3.5) from s0 to s0 +1, we use the above to conclude that

lim
k→∞

∫ s0+1

s0

∫

s|Ricgnk
+Hessgnk

fnk
− 1

2s
gnk

|2unk
dgnk

(s)ds = 0.

Therefore

Ric∞ +Hess∞f∞ − 1

2s
g∞ = 0.

So the backward limit is a gradient shrinking Ricci soliton.
Finally we need to show the soliton is nonflat. We can assume the

original ancient κ solution is not a gradient shrinking soliton. Otherwise
there is nothing to prove. Hence, we know that

Wk(s) < Wk(0) = W0 = 0

where W0 is the Euclidean W entropy with respect to the standard
Gaussian. By the upper bound of uk, i.e. (7.3.2), we know that the
integrand in Wk(s), s ∈ [1, 3], is bounded from below by a negative
constant. By replacing the constant −n in the definition of Wk(s) by a
sufficiently large constant a0, we can make the integrand nonnegative.
This allows us to use Fatou’s lemma. Applying Fatou’s lemma on a
sequence of exhausting domains, we find that

W (g∞, u∞, s) ≤Wk(s) < W0 = 0. (7.3.6)

If the gradient shrinking soliton g∞ is flat, it has to be R3. See [MT]
e.g. Indeed, if g∞ is flat then

Hess∞f∞ =
1

2s
g∞

The universal cover of (M∞, g∞) is isometric to R3. The lifting of f
to the universal cover, called f̃ , then satisfies ∂i∂j f̃ = 1

2sδij . Here all
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derivatives are Euclidean ones in a standard orthonormal system of R3.
Therefore f̃ − 1

4s |x|2 is an affine linear function. Since f̃ has a unique
minimal point, it is not invariant under any free action of a nontrivial
group. Recall that a group G acts on a set X freely if g(x) = x for
some x ∈ X and g ∈ G, then g = e. Hence R3, as the trivial universal
cover, is just M∞.

Note
∫

M∞
u∞ ≤ 1 by Fatou’s lemma again. It is known that

W∞(s) ≥ 0 on the Euclidean space for such a u∞. Indeed, let û =
u∞/‖u∞‖1. In the Euclidean space, the best constant of the log Sobolev
inequality is achieved by the Gaussian. This means that the W entropy
associated with a Gaussian is 0. Therefore the W entropy associated
with û is nonnegative. Namely

W (g∞, û, s) =

∫

[s
|∇û|2
û

− û ln û− n

2
(ln 4πs)û− nû]dx ≥ 0.

Now, u∞ = ‖u∞‖1 û and

W (g∞, u∞, s) =

∫

[s
|∇u∞|2
u∞

− u∞ lnu∞ − n

2
(ln 4πs)u∞ − nu∞]dx.

Then

W (g∞, u∞, s) = ‖u∞‖1W (g∞, û, s) − ‖u∞‖1 ln ‖u∞‖1 ≥ 0.

We have reached a contradiction with (7.3.6), which implies g∞ is not
flat. �

Remark 7.3.1 Case 4 with positive curvature tensor can also be dealt
with by the method in [CL]. There Chow and Lu actually constructed
an embedded region of the flow, which is close to S2×R. They even do
not need to assume the soliton is κ noncollapsed on all scales.

7.4 Qualitative properties of κ solutions

In this section we present a number of structural properties on κ so-
lutions, culminating in the canonical neighborhood theorem. All these
results were proven by Perelman in [P1] and [P2]. Many proofs below
follow the presentation in [Tao], which is based on [MT] Chapter 9.

The first result says that the volume of large balls in a κ solution
grows slower than the Euclidean ones. In other words, the asymptotic
volume ratio is 0.
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Proposition 7.4.1 Let (M, g(t)) be a 3-dimensional κ solution. Then
for any time t and p ∈ M,

lim
r→∞

|B(p, r, t)|t
r3

= 0.

Proof. By Perelman’s classification result Proposition 5.4.2, all 3-
dimensional gradient shrinking solitons satisfy the stated property. Us-
ing Theorem 7.3.1, for any ǫ > 0, we can find arbitrarily negative times
tk, points xk and radii rk such that |B(xk, rk, tk)|/r3k ≤ ǫ. Note the
ratio is scaling invariant. According to the classical volume compari-
son Theorem 3.5.1, this ratio is a nonincreasing function of the radii.
Therefore

lim
r→∞

|B(xk, r, tk)|tk/r3 ≤ ǫ,

which implies, via the triangle inequality

lim
r→∞

|B(p, r, tk)|tk/r3 ≤ ǫ.

Fixing a time t, we pick one tk such that tk < t. By Proposition
5.1.5 and the fact that sectional curvatures are bounded between 0 and
a positive constants, we know that

d(p, x, tk) − c|t− tk| ≤ d(p, x, t) ≤ d(p, x, tk).

Hence B(p, r, t) ⊂ B(p, r + c|t− tk|, tk). This shows

|B(p, r, t)|t ≤ |B(p, r + c|t− tk|, tk)|t ≤ |B(p, r + c|t− tk|, tk)|tk .

Here we have used the property that the volume element is decreasing
in time, due to the positivity of scalar curvature (Proposition 5.1.1,
(2)). Therefore

lim
r→∞

|B(p, r, t)|t
r3

≤ ǫ.

The proposition follows since ǫ is arbitrary. �

The next proposition claims that the scalar curvature decays slower
than inverse square of the distance near infinity.

Proposition 7.4.2 Let (M, g(t)) be a 3-dimensional, noncompact κ
solution. Then for any time t and p ∈ M,

lim sup
d(x,p,t)→∞

R(x, t)d2(p, x, t) = ∞.
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Proof. Suppose for the sake of contradiction that the result is not
true. Then there exists p and t such that R(x, t) ≤ c/d(p, x, t)2 for
all x ∈ M and some c > 0. Since ∂tR(x, t) ≥ 0, due to Hamilton’s
trace Harnack inequality for the scalar curvature, it holds R(x, s) ≤
c/d(p, x, t)2 for all previous time s. From the κ noncollapsing property,
we know that |B(x, d(p, x, t), t)| ≥ cκd(p, x, t)3. This contradicts with
the previous proposition when x is far from p. �

The last two propositions induce the next result, which is a sort of
converse of the κ noncollapsing property.

Proposition 7.4.3 (volume noncollapsing implies curvature bound)
Let (M, g(t)) be a 3-dimensional κ solution. Suppose for a positive con-
stant b > 0, it holds |B(x0, r, t)|t ≥ br3. Then for every A > 0, there
exists a positive constant C = C(b,A), depending only on b,A such that

R(x, t) ≤ C(b,A)r−2, x ∈ B(x0, Ar, t).

Proof. We take, without loss of generality t = 0. Note that
B(x0, r, 0) ⊂ B(x, (A + 1)r, 0) for each x ∈ B(x0, r, 0), and hence
|B(x, (A+1)r, 0)|0 ≥ br3. Thus we can just work on the ball B(x, (A+
1)r, 0) from the very beginning. Therefore, without loss of generality we
can just take A = 1 and prove the bound when x = x0 in the statement
of the proposition.

If the proposition were not true, then there exists a sequence of
marked κ solutions (Mk, gk(t), xk) and rk → ∞ such that

r2kRk(xk, 0) → ∞, |B(xk, rk, gk(0))|gk(0) ≥ cbr3k. (7.4.1)

Here c is a positive, generic constant. The notation B(xk, l, gk(0))
stands for the ball of radius l in the manifold Mk, under the met-
ric gk(0). Here l = rk or another positive number. The κ solutions are
allowed to have different noncollapsing constants.

Without loss of generality, we assume that B(xk, 5rk, gk(0)) is a
proper subset of Mk. By the point picking Lemma 7.1.1, there exist
yk ∈ B(xk, 5rk, gk(0)) and ρ > 0, depending on k, such that

ρ2R(yk, 0) ≥ r2kR(xk, 0) → ∞;

R(z, 0) ≤ 2R(yk, 0), ∀z ∈ B(yk, ρ, gk(0)) ⊂ B(xk, 5rk, gk(0)).
(7.4.2)
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Since B(yk, ρ, gk(0)) ⊂ B(xk, 5rk, gk(0)) ⊂ B(yk, 8rk, gk(0)) and the
sectional curvature is nonnegative, the classical volume comparison the-
orem shows

|B(yk, ρ, gk(0))|gk(0) ≥
(

ρ

8rk

)3

|B(yk, 8rk, gk(0))|gk(0)

≥
(

ρ

8rk

)3

|B(xk, rk, gk(0))|gk(0).

From this the assumption (7.4.1) implies

|B(yk, ρ, gk(0))|gk(0) ≥ cbρ3. (7.4.3)

Now we introduce the scaled metric g̃k = R(yk, 0)gk. Then the ball
B(yk, ρ, gk(0)) under g̃k becomes B(yk, ρk, g̃k(0)) where, by the choice
of ρ and rk in (7.4.2),

ρk = R(yk, 0)
1/2ρ→ ∞, k → ∞.

Let R̃k be the scalar curvature under g̃k. Then by (7.4.2) and (7.4.3)
we have

R̃k(x, 0) ≤ 2, z ∈ B(yk, ρk, g̃k(0));

|B(yk, ρk, g̃k(0))|g̃k(0)

ρ3
k

=
|B(yk, ρ, gk(0))|gk(0)

ρ3
≥ cb.

The same scalar curvature bound holds if we replace time 0 by
a previous time s in view of the monotonicity ∂tRk ≥ 0, a result of
Hamilton’s trace Harnack inequality. Therefore we can apply Hamil-
ton’s compactness Theorem 5.3.5 to conclude that a subsequence
of (Mk, g̃k(t), yk) converge in C∞

loc topology to a nonflat κ solution
(M∞, g̃∞(t), y∞). But the asymptotic volume ratio for the limiting
manifold at time 0 is positive, which contradicts Proposition 7.4.1. �

Remark 7.4.1 It is important to notice that the constant C(b,A) does
not depend on the noncollapsing constant κ. This fact will be useful later
in the section when we prove the universal noncollapsing of nonround
κ solutions.

The following result shows that the scalar curvature is bounded at
bounded distance. It can also be viewed as a Harnack inequality for the
scalar curvature.
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Proposition 7.4.4 (bounded curvature at bounded distance) Let
(M, g(t)) be a 3-dimensional κ solution. Then for every A > 0 and
x0 ∈ M, there exists a positive constant C = C(κ,A), depending only
on κ,A such that

R(x, t) ≤ C(κ,A)R(x0, t), x ∈ B(x0, AR(x0, t)
−1/2, t).

Proof. Without loss of generality we take t = 0 again. Suppose the
proposition were not true. Then there exists A0 > 0 and a sequence of
marked κ solutions (Mk, gk(t), xk) and yk ∈ B(xk, ρk, gk(0)) such that

Rk(yk, 0)/Rk(xk, 0) → ∞. (7.4.4)

Here and later in the proof, we take

ρk ≡ A0Rk(xk, 0)
−1/2. (7.4.5)

Then Proposition 7.4.3 tells us that

|B(xk, ρk, gk(0))|gk(0)/ρ
3
k → 0, k → ∞.

Recall
lim
ρ→0

|B(xk, ρ, gk(0))|gk(0)/ρ
3 = w3 = 4π/3

which is the volume of the unit ball in R3. We can find rk = o(ρk) such
that

|B(xk, rk, gk(0))|gk(0)/r
3
k = w3/2. (7.4.6)

After rescaling, we may take rk = 1. For simplicity we still use gk to
denote the scaled metric and Rk to denote the scaled scalar curvature.
We claim that

Rk(xk, 0) → 0, k → ∞.

Suppose the claim is not true; there is a subsequence, still denoted by
{Rk(xk, 0)} and a positive constant c such that, for all large k,

Rk(xk, 0) ≥ c.

Then (7.4.5) shows that ρk is bounded. By Proposition 7.4.3 again,
for any A > 0, we have Rk(x, 0) ≤ C(A) for x ∈ B(xk, A, gk(0)).
This implies Rk(yk, 0) is bounded since d(yk, xk, 0) < ρk ≤ A for some
large and fixed A. Hence Rk(yk, 0)/Rk(xk, 0) is also bounded, which
contradicts with (7.4.4). Hence the claim is true.

Since Rk(xk, 0) → 0 when k → ∞, by Hamilton’s compactness
Theorem 5.3.5 again, we can find a limiting solution (M∞, g∞(t), x∞)
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with R∞(x∞, 0) = 0. Hamilton’s strong maximum principle implies
that M∞ is flat. Since M∞ is κ noncollapsed on all scales, it must be
R3. A proof of this well-known fact can be found on p301 of [Pet] e.g.
Therefore Bg∞(x∞, 1, 0) = w3, which contradicts with (7.4.6). �

An immediate consequence of this proposition is

Theorem 7.4.1 (compactness of κ solutions) For any fixed κ > 0,
the set of nonflat 3 dimensional ancient κ solutions is compact modulo
scaling in the following sense: for any sequence of such solutions and
marking points in space time (xk, 0) with R(xk, 0) = 1, one can extract
a C∞

loc converging subsequence whose limit is also an ancient κ solution.

Corollary 7.4.1 Let (M, g(t)), −∞ < t ≤ 0 be a 3 dimensional an-
cient κ solution for a fixed κ > 0. Then there exist positive increasing
function w : [0,∞) → [0,∞) and a positive constant η, depending on κ
such that

(i) For every x, y ∈ M and t ∈ (−∞, 0], there holds

R(x, t) ≤ R(y, t)w(R(y, t)d2(x, y, t));

(ii) For all x ∈ M and t ∈ (−∞, 0], there hold

|∇R(x, t)| ≤ ηR3/2(x, t), |∂tR(x, t)| ≤ ηR2(x, t).

(iii) Suppose for some (y, t0) in space time and a constant ζ > 0
there holds

|B(y,R(y, t0)
−1/2, t0)|t0

R(y, t0)−3/2
≥ ζ.

Then there exist a positive function Z depending only on ζ such that,
for all x ∈ M,

R(x, t0) ≤ R(y, t0)Z(R(y, t0)d
2(x, y, t0)).

Proof. Statement (i) is just a reincarnation of Proposition 7.4.4. One
just needs to choose A = d(x0, x, t)R(x0, t)

1/2 and shifting the time t.
Statement (ii) follows from a combination of (i), Hamilton’s trace

Harnack inequality Corollary 5.3.1 and Shi’s local derivative estimates
Theorem 5.3.2.

Part (iii) is just Proposition 7.4.3 with r = R(y, t0)
−1/2 and A =

R(y, t0)d
2(x, y, t0). �
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Remark 7.4.2 Parts (i) and (ii) of the corollary depend on the non-
collapsing constant of the κ solution. Interestingly, κ solutions have a
universal noncollapsing constant unless it is the metric quotients of the
round S3. This result will be stated and proven in Propositions 7.4.6 and
7.4.8 below. If M is round S3 or its metric quotients, then statements
(i) and (ii) obviously hold for a universal function w and constant η.
Therefore, the function w and constant η are universal for all ancient
κ solutions.

Now we would like to describe the global topological structures of
κ solutions.

Proposition 7.4.5 (structure of noncompact κ solutions) Let (M, g(t))
be a noncompact 3-dimensional κ solution for some κ > 0.

Case 1. If the sectional curvature is zero somewhere, then M =
S2 × R or one of its Z2 quotients: RP 2 × R or the twisted product of
S2 × R where Z2 flips both S2 and R;

Case 2. If the sectional curvature is positive everywhere, then for
any ǫ > 0, there exists a constant C = C(ǫ) depending only on ǫ and
subset Mǫ with the following properties:

(i). Every point outside of Mǫ is a center of an ǫ neck and no point
inside Mǫ is a center of an ǫ neck.

(ii). Mǫ is compact; there exists a point x0 ∈ ∂Mǫ such that

diam(Mǫ, g(t)) ≤ CR(x0, t)
−1/2, C−1 ≤ R(x, 0)/R(x0, t) ≤ C

for all x ∈Mǫ.
(iii). The ball B(x0, CR(x0, 0)

−1/2), which contains Mǫ, is diffeo-
morphic to a Euclidean 3 ball.

Proof. Case 1. If the curvature operator has zero eigenvalue some-
where, then the universal cover of M, called M̃, splits into the product
of a two dimensional κ solution and R. This again is a consequence of
Hamilton’s strong maximum principle Theorem 5.2.1. Theorem 7.1.3
tells us that M̃ = S2 × R. Thus M = S2 × R/Γ, a metric quotient of
the round cylinder. Note such M is noncompact automatically with no
assumption needed, because if the metric quotient is compact, then it
would not be κ noncollapsed when t is very negative. The reason is the
following. When t is sufficiently negative, the scalar curvature is O( 1

|t|),

the diameter and the volume of M is O(
√

|t|) and O(|t|) respectively.
Therefore M is noncompact.
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Hence M = S2 ×R or one of its Z2 quotients, as proven in Propo-
sition 5.4.2.

Case 2. Now we assume the curvature operator is positive every-
where. We can just prove the result for t = 0. Observe that Mǫ is
nonempty. Otherwise M, which would be covered entirely by ǫ necks,
can not be diffeomorphic to R3, contradicting the Soul theorem. Next
we prove Mǫ is compact. Suppose for contradiction there exists a se-
quence {zk} going to infinity with respect to g(0) such that zk are not
centers of an ǫ neck. Pick a point z0 ∈ M. According to Corollary
7.4.1 (i), there exists a positive increasing function w : [0,∞) → (0,∞)
depending on κ such that

0 < R(z0, 0) ≤ R(zk, 0)w(R(zk , 0)d
2(z0, zk, 0)).

But this implies

lim
k→∞

R(zk, 0)d
2(z0, zk, 0) = ∞.

Because, otherwise a subsequence of {R(zk, 0)} tends to 0. This would
force R(z0, 0) to be zero. Therefore we can apply Proposition 7.1.1 and
Theorem 7.1.3 to conclude that zk, with k large, has a neighborhood
Uk which, after scaling, is ǫ close to the round cylinder S2× [−ǫ−1, ǫ−1]
or one of its Z2 quotients: RP 2 × R. Since M has positive sectional
curvature, the Soul theorem claims that M is diffeomorphic to R3 and
hence M does not contain an embedded RP 2 with trivial normal bun-
dle. Consequently Uk is ǫ close to the round cylinder S2 × [−ǫ−1, ǫ−1],
i.e. zk is a center of an ǫ neck. This contradicts the assumption on zk.
Thus Mǫ is compact. This also implies that M −Mǫ is nonempty.

Pick a point x0 ∈ ∂Mǫ, we need to show that

R(x0, 0)
1/2diamMǫ ≤ C = C(ǫ) (7.4.7)

which depends only on ǫ. Suppose the claim is false. There exists a
sequence of κ solutions (Mk, gk(t)) with the following property: let Mk

ǫ

be the set of points in Mk, which is not a center of an ǫ neck. There
exist xk,0 ∈ ∂Mk

ǫ such that

Rk(xk,0, 0)
1/2diamMk

ǫ → ∞, k → ∞. (7.4.8)

Note we are not assuming Mk has the same noncollapsing constant.
So it is not possible to use the above compactness theorem to extract
a convergent subsequence. To get around this obstacle, we notice that
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xk,0 ∈ ∂Mk
ǫ . Therefore there exists a point, arbitrarily close to xk,0,

which is a center of an ǫ neck. Hence xk,0 is a center of a 2ǫ neck. This
shows that there exists a universal constant ζ > 0, determined by the
noncollapsing constant of S2 × R such that

|Bgk
(xk,0, Rk(xk,0, 0)

−1/2, 0)|gk(0) ≥ ζRk(xk,0, 0)
−3/2. (7.4.9)

Now we can apply Corollary 7.4.1 (iii) to find a universal positive func-
tion Z depending only on ζ such that, for all x ∈ Mk,

Rk(x, 0) ≤ Rk(xk,0, 0)Z(Rk(xk,0, 0)d
2
k(xk,0, x, 0)). (7.4.10)

The bounds in (7.4.9) and (7.4.10) permit us to use Hamilton’s com-
pactness Theorem 5.3.5. Thus we can extract a subsequence of the
marked manifolds (Mk, Rk(xk,0, 0)gk, xk,0), which converges in C∞

loc

topology to manifold (M∞, g∞, x∞). By (7.4.8), the limit manifold
M∞ contains a geodesic line. According to Toponogov splitting the-
orem (Theorem 7.1.1, part 1), M∞ = N × R. Since M∞ is orientable
and N is a two dimensional κ solution, we conclude as earlier in the
proof that N = S2. This contradicts with the assumption that xk,0 is
not the center of an ǫ neck. The bound in (7.4.7) is proven. Finally, the
bounds for the ratio of scalar curvatures in (ii) follow from Corollary
7.4.1 (iii) and the diameter bound.

Statement (iii) of the proposition follows from the Soul theorem
7.1.2, which says that M is diffeomorphic to R3. �

Remark 7.4.3 The above proof is modeled on Section 3.2 of the paper
of Chen and Zhu [ChZ1], where a certain more general 4-dimensional
result is proven. The difference between this proof and the original one
by Perelman is that the current proof does not use universal noncol-
lapsing of noncompact κ solutions. In fact the latter is a byproduct of
the proposition.

Let us state the result.

Proposition 7.4.6 (universal noncollapsing of noncompact κ solu-
tions) There exists a positive constant κ0 such that every nonflat, 3
dimensional, noncompact ancient κ solution for some κ > 0 is κ0 non-
collapsed on all scales.

Proof. Without loss of generality we take t = 0. Let r > 0 and x ∈ M.
Assume R ≤ 1/r2 in B(x, r, 0), we need to prove that

|B(x, r, 0)|g(0) ≥ κ0r
3
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where κ0 is some universal positive constant.
The proof uses the previous Proposition 7.4.5 in an essential way.

For a fixed small ǫ > 0, let Mǫ be as in Proposition 7.4.5 and ρ be the
diameter of Mǫ. Pick x ∈ Mǫ. Since the sectional curvature is nonneg-
ative, we can use the classical volume comparison theorem (Theorem
3.5.1) to conclude that

|B(x, ρ, 0)| ≥ b|B(x, 4ρ, 0)|. (7.4.11)

Here b is a universal positive constant and the volume is measured by
g(0). By the triangle inequality, we can find a point y ∈ B(x, 4ρ, 0)
such that

B(y, ρ, 0) ⊂ B(x, 4ρ, 0) ∩N (7.4.12)

where N is the ǫ neck adjacent to Mǫ. According to Proposition
7.4.5, there exists a constant c depending only on ǫ such that c−1 ≤
R(z, 0)ρ2 ≤ c for all z ∈ Mǫ. Since N lies adjacent to Mǫ, we can find
c1 depending only on ǫ such that

c−1
1 ≤ R(z, 0)ρ2 ≤ c1

for all z ∈ Mǫ ∪N . Hence the ball B(y, ρ, 0), as a subset of the ǫ neck
N , satisfies

|B(y, ρ, 0)| ≥ c2ρ
3

where c2 is a positive universal constant determined by the noncollaps-
ing constant of S2 × R. Combining this inequality with (7.4.11) and
(7.4.12), we have

|B(x, ρ, 0)| ≥ bc2ρ
3,

which shows, by Theorem 3.5.1 again

|B(x, r, 0)| ≥ c3r
3, 0 < r ≤ ρ. (7.4.13)

Here c3 is a universal positive constant.
Now let r > 0 and x ∈ M be such that R(y, 0) ≤ 1/r2 when

y ∈ B(x, r, 0). We need to find a suitable lower bound for |B(x, r, 0)|.
If x ∈ Mǫ, then c−1 ≤ R(x, 0)ρ2 ≤ c and R(x, 0) ≤ 1/r2. Here c

depends only on ǫ as stated in Proposition 7.4.5. Thus r ≤ √
cρ. If

r ∈ [ρ,
√
cρ], then

|B(x, r, 0)| ≥ |B(x, ρ, 0)| ≥ c3ρ
3 ≥ c3/c

3/2 r3.
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If r ≤ ρ, then (7.4.13) holds. Anyway, there is a universal positive
constant κ0 such that

|B(x, r, 0)| ≥ κ0r
3.

If x ∈ M−Mǫ then x is at the center of one ǫ neck. Therefore there
exists a universal positive constant c4 such that

|B(x,R(x, 0)−1/2, 0)| ≥ c4R(x, 0)−3/2.

The assumed inequality R(x, 0) ≤ 1/r2 implies that r ≤ R(x, 0)−1/2.
The classical volume comparison Theorem 3.5.1 again shows that

|B(x, r, 0)|
r3

≥ |B(x,R(x, 0)−1/2, 0)|
R(x, 0)−3/2

≥ κ0

for a universal positive constant κ0 > 0. This proves the proposition
for noncompact κ solutions. �

Mirroring the noncompact case, we can state and prove a structure
result for certain compact κ solutions.

Proposition 7.4.7 (structure of compact κ solutions containing an ǫ
neck) Let (M, g(t)) be a compact 3-dimensional κ solution for some
κ > 0. For any fixed ǫ > 0 and fixed t, suppose (M, g(t)) contains an ǫ
neck. Then there exists a constant C = C(ǫ) depending only on ǫ and
a subset Mǫ ⊂ M with the following properties:

(i) Every point outside of Mǫ is a center of an ǫ neck and no point
inside Mǫ is a center of an ǫ neck.

(ii) Mǫ = M1 ∪M2, a disjoint union of two compact regions M1

and M2; there exists a point xi ∈ ∂Mi such that

diam(Mi, g(t)) ≤ CR(xi, t)
−1/2, C−1 ≤ R(x, t)/R(xi, t) ≤ C

for all x ∈Mi, i = 1, 2.
(iii) Mi, i = 1, 2, is diffeomorphic to the unit ball B3 in R3 or the

punctured RP 3, i.e. RP 3 − B̄3.

(i)

Proof. As usual we can take t = 0. Just like the noncompact case,
we denote by Mǫ the set of points in M, which are not centers of
an ǫ neck. First we show that Mǫ is not empty. Suppose not. Then
every point in M is at the center of an ǫ neck. Since M is compact,
it is a S2 fibration over S1, which has infinite fundamental group. If
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the sectional curvature of M is 0 somewhere, by Case 2 of the proof
of Theorem 7.3.1, M would be the quotients of the flat R3 or that
of S2 × R. Since M is nonflat, it can not be the quotient of R3. As
explained in the proof of Proposition 7.4.5 Case 1, compact quotients
of S2 × R can not be κ noncollapsed at scale

√

|t| when |t| is large.
Hence M must have positive sectional curvature. Meyer’s theorem says
that the fundamental group is finite. This contradiction shows that Mǫ

is not empty. By the assumption that M contains an ǫ neck, we can
write Mǫ = M1 ∪M2, a disjoint union separated by a union of ǫ necks.
(ii) We just need to prove the proposition for, say, M2. Pick a point
x0 ∈ ∂M2, we need to show that

R(x0, 0)
1/2diamM2 ≤ C = C(ǫ) (7.4.14)

which depends only on ǫ. Suppose the claim is false. There exists a se-
quence of compact κ solutions (Mk, gk(t)) with the following property:

let Mk
ǫ be the set of points in Mk, which are not centers of an ǫ

neck and Mk
ǫ = Mk

1 ∪ Mk
2 which is a disjoint union separated by a

union of ǫ necks. There exist xk,0 ∈ ∂Mk
2 such that

Rk(xk,0, 0)
1/2diamMk

2 → ∞, k → ∞. (7.4.15)

As in the noncompact case, the fact that xk,0 ∈ ∂Mk
2 implies the ex-

istence of a point, arbitrarily close to xk,0, which is a center of an ǫ
neck. Hence xk,0 is a center of a 2ǫ neck. This shows that there exists
a universal constant ζ > 0, determined by the noncollapsing constant
of S2 × R such that

|Bgk
(xk,0, Rk(xk,0, 0)

−1/2, 0)|gk(0) ≥ ζRk(xk,0, 0)
−3/2. (7.4.16)

Now we can apply Corollary 7.4.1 (iii) to find a universal positive func-
tion Z depending only on ζ such that, for all x ∈ Mk,

Rk(x, 0) ≤ Rk(xk,0, 0)Z(Rk(xk,0, 0)d
2
k(xk,0, x, 0)). (7.4.17)

The bounds in (7.4.16) and (7.4.17) permit us to use Hamilton’s com-
pactness Theorem 5.3.5. Thus we can find a subsequence of the marked
manifolds (Mk, Rk(xk,0, 0)gk, xk,0), which converges in C∞

loc topology to
a noncompact κ solution (M∞, g∞, x∞).

There are a number of cases we have to handle.
Case 1: The limit manifold M∞ contains a geodesic line, i.e. a dis-

tance minimizing geodesic without ends, which has infinite length.
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According to Toponogov splitting theorem (Theorem 7.1.1, part 1),
M∞ = N × R. Since M∞ is orientable and N is a two dimensional
κ solution, we conclude as earlier in the proof that N = S2. This
contradicts with the assumption that xk,0 is not the center of an ǫ
neck.

Case 2: M∞ does not contain a geodesic line and x∞ is a center of
ǫ/2 neck.

Then when k is sufficiently large, the point xk,0 is a center of ǫ neck,
which contradicts with the assumption on xk,0 ∈ ∂Mk

2 .
Case 3: M∞ does not contain a geodesic line and x∞ is not a center

of ǫ/2 neck.
Since M∞ is noncompact, Proposition 7.4.5 shows that there ex-

ists a constant C depending only on ǫ/2 such that every point out-
side the ball B(x∞, C) under g∞(0) is a center of ǫ/2 neck. Therefore,
for sufficiently large k, every point in B(xk,0, 3C) − B(xk,0, 2C) under
Rk(xk,0, 0)gk(0) is a center of a ǫ neck. Therefore the set Mk

2 has a
uniformly finite diameter under the metric Rk(xk,0, 0)gk(0). Since ǫ is
fixed, this contradicts with (7.4.15).

The bound in (7.4.14) is proven since a contradiction is reached in
all possible cases. Finally, the bounds for the ratio of scalar curvatures
in (ii) follow from Corollary 7.4.1 (iii) and the diameter bound.

Finally the proof of statement (iii) is left as an exercise. �

Exercise 7.4.1 Prove statement (iii) of the proposition.

Proposition 7.4.8 (universal noncollapsing of nonround compact κ
solutions) There exists a positive constant κ0 such that every nonflat,
3 dimensional, compact ancient κ solution for some κ > 0 is κ0 non-
collapsed on all scales unless it is a metric quotient of the round 3
sphere.

Proof. Since we assume M is not round, the backward limit in time
is a noncompact gradient soliton, which is either a cylinder S2 × R or
one of its Z2 quotients: RP 2 × R or the twisted product S2×̃R (c.f.
Proposition 5.4.2). The reason is that Hamilton’s rounding Theorem
5.2.7 would imply that M is round if the backward limit is compact,
which must be round by Proposition 5.4.2. If the backward limit is
S2 × R, then clearly for any small ǫ > 0 and sufficiently negative t,
(M, g(t)) contains a point x which is a center of an ǫ neck. If the
backward limit is S2×̃R, then for any small ǫ > 0 and sufficiently
negative t, (M, g(t)) also contains a point x which is a center of an ǫ
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neck. The reason is that S2×̃R, regarded as a half-line crossed S2 with
an RP 2 attached at an end, contains the asymptotic soliton S2 × R
when rescaling about points whose distances, after rescaling, from the
endRP 2×{0}, tend to infinity. We thank Bennett Chow for explanation
on this. If the backward limit is RP 2 ×R, (M, g(t)) contains a region,
which after scaling, is ǫ close toRP 2×[−ǫ−1, ǫ−1]. The later case is ruled
out by topological considerations as follows (See [Tao] Section 17 e.g.).
As shown at the beginning of the proof of the previous proposition,
M has positive curvature. Theorem 5.2.7 shows M is diffeomorphic to
a spherical space form that has finite fundamental group. However, a
compact manifold with embedded RP 2 with trivial normal bundle has
infinite fundamental group. The reason is that an embedded RP 2 with
trivial normal bundle can not separate M since the Euler characteristic
is 1. So a closed loop in M can have a nontrivial intersection number
with such a projective plane, leading to a nontrivial homomorphism
from π1(M) to Z. (The detail is left as an exercise.) Anyway, we have
shown for sufficiently negative t, (M,g(t)) contains a point x which is
a center of an ǫ neck.

By the last proposition, under the metric g(t), we can write

M = M1 ∪M2 ∪N.

Here M1 ∪M2 = Mǫ is again the set of points which are not centers of
an ǫ neck, and every point in N is a center of an ǫ neck. First we prove
that (M, g(t)) is also universal noncollapsed for sufficiently negative
t. Then we show that (M, g(s)) is universal noncollapsed for all time
s ∈ [t, 0].

Choose ǫ sufficiently small. We claim that there are universal pos-
itive constant A so that the following Sobolev inequality holds for all
smooth functions v on (M, g(t)):

(∫

M

v6dµ(g(t))

)1/3

≤ A

∫

M

(4|∇v|2 +Rv2)dµ(g(t)). (7.4.18)

The idea of the proof for this inequality is the same as Proposition 8.2.1
where we show that a capped ǫ horn satisfies the same inequality. We
only present part of the proof which differs from that proposition.

Pick a point xi ∈ Mi, i = 1, 2. According to the last proposition,
there is a universal constant C0 = C0(ǫ) such that the diameter of
(Mi, R(xi, t)g(t)) is bounded from above by C0 and that the corre-
sponding scalar curvature Ri is bounded between C−1

1 and C1, another
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universal constant depending only on ǫ. Moreover the sectional curva-
ture is positive and the scaled volume |B(xi, C0)| ≥ ζ for some universal
positive constant ζ. This is a result of the classical volume comparison
theorem applied on the adjacent ǫ neck. This shows that the injectiv-
ity radius of Mi is bounded below by a universal constant (Theorem
3.6.2). By [Heb1] (See also [Au]), there exist universal positive constant
A1 and B1 such that

(∫

Mi

v6dµ(gi(t))

)1/3

≤ A1

∫

Mi

|∇v|2dµ(gi(t)) +B1

∫

Mi

v2dµ(gi(t))

for all v ∈ C∞
0 (Mi), i = 1, 2. Here gi(t) = R(xi, t)g(t). Therefore

(∫

Mi

v6dµ(gi(t))

)1/3

≤ A1

∫

Mi

4|∇v|2dµ(gi(t))

+B1C1

∫

Mi

Riv
2dµ(gi(t))

for all v ∈ C∞
0 (Mi), i = 1, 2. Here Ri is the scalar curvature of

(Mi, gi), which is bounded between C−1
1 and C1. Recovering the orig-

inal metric g(t), we see that (7.4.18) holds for all v ∈ C∞
0 (Mi) with

A = max{A1, B1C1}.
In the same manner as in the proof of Proposition 8.2.1, we know

that (7.4.18) holds for all v ∈ C∞(N). Using a simple cut-off function,
we know that (7.4.18) holds for all v ∈ C∞(M), with perhaps a larger
A. Finally, by the last statement of Theorem 6.2.1 part (a), we know
that (7.4.18) holds for all (M, g(s)), s ≥ t, as long as the Ricci flow
is smooth. Applying (7.4.18) together with Theorem 4.1.2 on the balls
in the Definition of κ noncollapsing, we know that the κ solution is
universally noncollapsed at all scales. �

Exercise 7.4.2 Carry out the details of the proof using cut-off func-
tions.

Combining the last propositions, we arrive at

Theorem 7.4.2 (canonical neighborhoods of κ solutions) Let (M, g(t))
be a 3-dimensional κ solution other than the round RP 2×R. Then, for
any ǫ > 0, there exists a positive constant β = β(ǫ) with the following
properties. Given any point (x, t), there exists r ∈ (0, βR(x, t)−1/2) and
an open set B, satisfying B(x, r, t) ⊂ B ⊂ B(x, 2r, t), and falling into
one of the three types.
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(i). B is an evolving ǫ neck, i.e. after scaling by factor R(x, t) and
shifting time t to zero, the region in space time

{(y, s) | y ∈ B, s ∈ [t− ǫ−2R(x, t)−1, t]}

is ǫ close to the subset the evolving standard round cylinder S2 × R,
which at time zero, is S2 × [−ǫ−1, ǫ−1] the with scalar curvature 1.

(ii) B is an evolving ǫ cap, i.e. B is an evolving ǫ neck outside some
suitable compact set which is diffeomorphic to the standard three ball
in R3 or the punctured RP 3.

(iii) B and therefore M, is a compact manifold of positive sectional
curvature.

Moreover, there exists a positive constant C = C(ǫ) such that for
any y ∈ B, it holds

C−1R(x, t) ≤ R(y, t) ≤ CR(x, t);

and the volume of B in cases (i) and (ii) satisfies (CR(x, t))−3/2 ≤
|B|g(t) ≤ ǫr3.

(iv) The gradient bounds are valid for x ∈ B and a universal con-
stant η > 0:

|∇R(x, t)| ≤ ηR3/2(x, t), |∂tR(x, t)| ≤ ηR2(x, t).

7.5 Singularity analysis of 3-dimensional Ricci

flow

The main result of this section is the next theorem which says that a
space time cube in a 3 dimensional Ricci flow resembles a κ solution
provided that the scalar curvature at one point of the cube is sufficiently
large. Intuitively, using Perelman’s local noncollapsing Theorem 6.1.2,
this result would follow easily by scaling the high curvature cube by the
scalar curvature at the vertex of the cube and using Hamilton’s com-
pactness theorem. Indeed this is the case if the scalar curvature at the
vertex of the cube is comparable with the maximum scalar curvature
on the whole manifold at and before the moment. However, such sim-
ple scaling does not work if this extra assumption fails, i.e. the scalar
curvature at the vertex of the cube could be very high but still much
smaller than the scalar curvature at some other points in the cube.
Thus the scaled curvature could still be unbounded, preventing the use
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of the compactness theorem. To overcome this difficulty, Perelman in-
troduced an ingenious induction method which goes from regions of
highest scalar curvature downward to all regions with sufficiently high
scalar curvature.

Before stating the theorem, we introduce some notations to be used
through out the proof. Let (x, t) be a space time point in a Ricci flow
(M, g(t)) and r > 0, we write

P (x, t, r) = {(y, s) | d(x, y, g(t)) < r, t− r2 ≤ s ≤ t}.
During the proof, we will frequently switch metrics. Let h be a metric,
we will use the notation B(x, r, h), etc., to denote the ball centered at
x, with radius r under the metric h, etc. Similarly d(x, y, h) denotes
the distance between x and y under the metric h.

Theorem 7.5.1 [P1] (singularity structure theorem or canonical
neighborhood property) Let (M, g(t)), t ∈ [0, T0), T0 > 1 be a Ricci flow
on a three dimensional compact, orientable manifold M with normal-
ized initial metric. For any ǫ > 0, there exists some r0 = r0(ǫ, T0) > 0
with the following property. Suppose Q ≡ R(x0, t0) ≥ r−2

0 at some ar-
bitrary point (x0, t0) where x0 ∈ M and t0 ∈ (1, T0). Then the flow in
the region

{(x, t) | d2(x0, x, g(t0)) < ǫ−2Q−1, t0 − ǫ−2Q−1 ≤ t ≤ t0}
is, after scaling by the factor Q, ǫ close to the corresponding region of
some orientable κ solution in the C [ǫ−1] topology.

Proof. The proof is divided into several steps.
Step 1. Induction setup.
Suppose the theorem is false. Then for some ǫ > 0, there exists

a sequence of Ricci flows (Mk, gk(t)) with normalized initial condition,
defined on the time interval [0, Tk) for some Tk ∈ (1, T0), which satisfies
the following conditions.

(1) There exist sequences of positive numbers rk → 0, points xk ∈
Mk, and times tk ∈ [1, Tk) such that

Qk ≡ Rk(xk, tk) ≥ r−2
k ;

where Rk is the scalar curvature with respect to gk;
(2) For each (Mk, gk(t)) and a constant a(ǫ) ∈ (0, ǫ2], the parabolic

region

P (xk, tk, [a(ǫ)Qk]
−1/2) ≡{(x, t) ∈ [0, Tk) | d2(xk, x, gk(tk))

< (a(ǫ)Qk)
−1, tk − (a(ǫ)Qk)

−1 ≤ t ≤ tk}
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is not, after scaling by the factor Qk, ǫ close to the corresponding subset
of any orientable κ solution.

(3) The conclusion of the theorem holds for any (x, t) ∈Mk × [tk −
hkQ

−1
k , tk] if Rk(x, t) ≥ 2Qk. Here

hk = 1/(2rk)
2.

Only condition (3) needs a proof, which is by induction again. Fix-
ing k, suppose a point (x0,k, t0,k), together with the scalar curvature
Q0,k = Rk(x0,k, t0,k), has been found to satisfy conditions (1), (2) but
violate condition (3). Here by conditions (1)–(3), we mean to replace
(xk, tk) and Qk by (x0,k, t0,k) and Q0,k respectively. Then there exists
a point

(x1,k, t1,k) ∈Mk × [t0,k − hkQ
−1
0,k, t0,k],

which satisfies the inequality

Q1,k = Rk(x1,k, t1,k) ≥ 2Q0,k.

However the flow (Mk, gk) in the cube P (x1,k, t1,k, [a(ǫ)Q1,k]
−1/2) is not,

after scaling by the factor Q1,k, ǫ close to the corresponding subset of
any orientable κ solution.

Notice that conditions (1)–(2) corresponding to the point (x1,k, t1,k)
are also satisfied. If the point (x1,k, t1,k) satisfies condition (3) with tk
replaced by t1,k and Qk replaced by Q1,k, then it is our choice for
(xk, tk). Otherwise we rerun the induction. After each cycle of the in-
duction we have picked a point in space time whose scalar curvature at
least doubled the scalar curvature of the previous point. Since Mk is
compact, this induction must terminate in finite cycles when the scalar
curvature of the chosen point, say Qm,k = Rk(xm,k, tm,k), is at least a
quarter of the maximum of the scalar curvature in Mk × [0, t1,k]. Note
t1,k ≥ t2,k ≥ . . .. Hence Qm,k is at least a quarter of the maximum
of the scalar curvature of (Mk, gk(t)), t ≤ tm,k. Now, an easy scaling
argument described at the beginning of the section tells us that condi-
tion (3) is satisfied by (xm,k, tm,k), provided that Qm,k ≥ r−2

k with rk
sufficiently small. We take this point as the desired (xk, tk).

Having selected (xk, tk) satisfying the induction conditions (1)–(3),
let (Mk, g̃k(t), xk, 0) be the scaled marked Ricci flow where

g̃k(t) = Qkgk(tQ
−1
k + tk).

For simplicity we still use t to denote the scaled time. The goal is to
prove that a subsequence of the rescaled Ricci flows converges in C∞

loc
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topology to an orientable κ solution, which will lead to a contradiction
with the induction condition (2) for large k.

Before moving to the next step, we verify two claims on g̃k.
Claim 1. g̃k(t), t ≤ 0 has a uniform κ noncollapsing constant and

its noncollapsing scale tends to ∞ as k → ∞.
The reason for this is that gk has normalized initial metric gk(0).

Perelman’s local noncollapsing theorem then shows that gk has a uni-
form κ noncollapsing constant and scales depending only on T0. But the
noncollapsing constant κ is scaling invariant. The noncollapsing scale
for g̃k is

√
Qk times that of gk. This proves Claim 1.

Claim 2. The negative sectional curvatures associated with g̃k at
(xk, 0) tends to 0 when k → ∞.

By Hamilton-Ivey pinching Theorem 5.2.4, since Qk = Rk(xk, tk) →
∞ when k → ∞, the size of negative sectional curvatures associated
with gk at (xk, tk) is o(Qk). After scaling by Qk, Claim 2 follows.

Step 2. Extension of curvature bound from one point to a neighbor-
hood.

In this step, it is shown that if the scalar curvature Rk is bounded at
one point in space time, then this bound can be extended to a parabolic
cube with vertex as the given point.

Proposition 7.5.1 For each (y, s) ∈ Mk × [tk − (4r2kQk)
−1, tk] with

Qk = Rk(xk, tk), there exists a universal constant c0 > 0 such that

Rk(x, t) ≤ 4Q̄k, (x, t) ∈ P (y, s, (c0Q̄
−1
k )1/2)

where Q̄k = Qk +Rk(y, s).

Proof. (detail according to [KL] Section 70) Let (x, t) ∈
P (y, s, (c0Q̄

−1
k )1/2). If Rk(x, t) ≤ 2Qk, then the proof is done. So we

assume Rk(x, t) > 2Qk. We connect (x, t) with (y, s) by a curve L in
space time: L connects (x, t) with (x, s) by a straight line and connects
(x, s) with (y, s) be a minimizing geodesic with respect to gk(s). Let
(y0, s0) be the point on L which is the closest one to (x, t), at which
the scalar curvature is 2Qk. If such a point does not exist, we take
(y0, s0) = (y, s). Denote by L1 the segment of the curve L, which joins
(y0, s0) with (x, t). The scalar curvature along L1 is at least 2Qk. By
the induction hypotheses (3), when co is sufficiently small, the segment
L1 is contained in the union of parabolic cubes which, after scaling
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are ǫ close to portions of κ solution. By the canonical neighborhood
Theorem 7.4.2, we have the gradient bounds along L1:

|∇R−1/2
k | ≤ η, |∂tR−1

k | ≤ η.

Here η is a universal constant and the inequalities are scaling invariant.
The proposition is proven by integrating the gradient bounds along
L1. �

Note the proposition shows that Rk(x, t) ≤ 8Rk(xk, tk) if (x, t) ∈
P (xk, tk, (coQ

−1
k )1/2). Hence the scalar curvature R̃k of the rescaled

solution (Mk, g̃k, xk) are uniformly bounded in a neighborhood around
the center, which has a fixed diameter. In the next step we will show
that this diameter can be arbitrarily large.

Step 3. Bounded curvature at bounded distance from the center.
From now on we just work on the rescaled metric g̃k. So the time

t = 0 for g̃k corresponds to the time tk for gk. All geometric quantities
are relative to g̃k unless stated otherwise. For example R̃k will denote
the scalar curvature with respect to g̃k.

For all ρ > 0, define

J(ρ) = sup{R̃k(x, 0) | k ≥ 1, x ∈ B(xk, ρ, g̃k(0))},
ρ0 = sup{ρ | J(ρ) <∞}.

By Step 2, we know that ρ0 > 0. The aim is to show that ρ0 = ∞.
Suppose ρ0 < ∞. Then we know, after passing to a subsequence

when necessary, there exists yk ∈ Mk such that d(xk, yk, g̃k(0)) → ρ0

and R̃k(yk, 0) → ∞. Let αk be a minimizing geodesic from xk to yk.
Since R̃k(xk, 0) = 1, there exists a point zk ∈ αk such that R̃k(zk, 0) = 2
and that zk is the closest such point to yk. We use βk to denote the
segment of αk that connects zk and yk. Then the scalar curvature
R̃k ≥ 2 along βk. By Step 2, the length of βk is uniformly bounded
away from zero. Hamilton-Ivey pinching Theorem 5.2.4 tells us that
the curvature tensor is bounded from below. Therefore, for each fixed
ρ < ρ0, the curvature tensor of Mk is uniformly bounded on the
balls B(xk, ρ, g̃k(0)). The injectivity radii are also uniformly bounded
away from zero due to Perelman’s local noncollapsing theorem. Hence
Hamilton’s compactness theorem shows that the marked (sub)sequence
(B(xk, ρ0, g̃k(0)), g̃k(0), xk) converges in the C∞

0 topology to a marked
incomplete manifold (B∞, g̃∞, x∞). The geodesic segment αk converges
to a geodesic segment α∞ ⊂ B∞ and βk to β∞. The shared end point
of α∞ and β∞ is denoted by y∞.
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Observe that the scalar curvature R̃∞ along β∞ is at least 2. By
the induction hypotheses (3), for any q0 ∈ β∞, g̃∞ in i.e. the ball

D∞(q0) ≡ {q ∈ B∞ | d2(q0, q, g̃∞) < ǫ−2[R̃∞(q0)]
−1}

is 2ǫ close to the corresponding subset of some κ solution. By Theorem
7.4.2, these corresponding subsets are either 2ǫ necks, 2ǫ caps or com-
pact manifolds without boundary. As R̃∞ becomes unbounded when
the curve α∞ approaches the end point y∞, the region D∞(q0) is not
close to a compact manifold. Since α∞ is distance minimizing, we know
that D∞(q0) can not be close to a 2ǫ cap either. The reason is that any
long geodesic going through the center of a cap can not be distance
minimizing. So the only possibility is D∞(q0) is close to a 2ǫ neck.

Therefore the limit manifold (B∞, g̃∞, x∞), as a union of 2ǫ necks,
is diffeomorphic to S2 × (0, 1). The sectional curvature is nonnegative
due to Hamilton-Ivey pinching Theorem 5.2.4 and the scalar curvature
tends to infinity when a point in B∞ tends to the end point y∞.

Now we can cite a basic result in metric geometry, which claims that
there exists a three dimensional tangent cone at y∞ which is a metric
cone. Intuitively, if one magnifies the metric g̃∞ near y∞ suitably, then
it looks increasingly like the metric of a cone.

Proposition 7.5.2 Let {λj} be any sequence of positive numbers
tending to infinity. There exists a sequence {yj} ⊂ B∞ such that

d(yj , y∞, g̃∞) = λ
−1/2
j and that the marked manifold (B∞, λj g̃∞, yj)

converges in C∞
loc topology to an open cone.

One can see Chapter 10 of [BBI] and Chapter 10 of [MT] for a
detailed proof.

Let’s use J(x∞) to denote the cone in the proposition and gJ the
metric. Let V be the tangent vector field of a minimizing (radial)
geodesic γ ending at the vertex y∞. Then Ric(V, V )|gJ

= 0 as a prop-
erty of the cone. On the other hand, for a fixed point p ∈ γ other than
y∞, there exists a constant c > 0 such that (B(p, c, gJ ), gJ ) can be re-
garded as a time slice of an incomplete Ricci flow, which is the scaling
limit of certain balls B(zk, ck, g̃k(t)) ⊂Mk over some time interval. We
observe that there are actually two limits involved. One is g̃∞ as a limit
of g̃k and the other is gJ as a scaled limit of g̃∞ near the vertex. But it
is not hard to show that the limit of limit is a limit of a subsequence
of the original sequence for C∞

loc convergence.
Applying Hamilton’s strong maximum principle, we know that

(B(p, c, gJ ), gJ ) splits locally as a product metric along the radial di-
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rection. But this is impossible for a nonflat cone. The contradiction
shows that ρ0 = ∞, i.e. (Mk, g̃k(0), xk) has uniformly bounded scalar
curvatures R̃k in the ball B(xk, A, g̃k(0)) for any A > 0. Let B(A) de-
note the above scalar curvature bound. By Proposition 7.5.1 in Step
2, there exists some fixed number δ > 0, depending only on B(A),
such that the scalar curvature R̃k are uniformly bounded in the space
time region B(xk, A, g̃k(0)) × [−δ, 0]. By Shi’s local derivative bounds
(Theorem 5.3.2), the derivatives of the curvatures of (Mk, g̃k) in smaller
regions are also bounded.

Recall that g̃k(t), t ≥ 0, are uniformly κ noncollapsed (Claim 1
at the end of step 1). Therefore we can use Hamilton’s compactness
Theorem 5.3.5 to obtain a C∞

loc limit (M∞, g̃∞, x∞). This is a Ricci
flow existing on an open subset of M∞ × (−∞, 0], which contains the
time slice M∞×{0}. At this stage, the life span for the flow at a point
in M∞ may tend to zero as the point tends to infinity. Nevertheless, we
know that the following two nice properties hold for (M∞, g̃∞(0), x∞):

Property (i) It is κ noncollapsed at all scales;
Property (ii) It has nonnegative sectional curvature.
(i) Holds because g̃k is a blow up of gk, i.e. a big constant multiple

of gk. This process also blows up the noncollapsing scales of gk (Claim
1 at the end of Step 1).

(ii) Is a result of Hamilton-Ivey pinching Theorem 5.2.4. Let
νk(x, 0), ν̃k(x, 0) be a negative sectional curvature under gk(0), g̃k(0) re-
spectively, at the space time point (x, 0). Fixing x, we just proved that
R̃k(x, 0) ≤ C, a constant depending on x. Hence for the unscaled metric
gk, we have Rk(x, tk) ≤ CRk(xk, tk) → ∞ when k → ∞. There are two
cases to deal with. If Rk(x, tk) = O(Rk(xk, tk)), then Hamilton-Ivey
pinching tells us |νk(x, tk)| = o(Rk(x, tk)) and hence |ν̃k(x, 0)| = o(1).
If Rk(x, tk) = o(Rk(xk, tk)), then Hamilton-Ivey pinching also tells us
|νk(x, tk)| ≤ c+Rk(x, tk). So after scaling by Qk = Rk(xk, tk), we have
ν̃k(x, 0) → 0, proving Property (ii).

Our next task is to show that the life span of the limit flow at each
point is bounded away from zero and the above properties (i) and (ii)
hold during the life span. This is achieved by showing that the scalar

curvature of M∞ under g̃
(0)
∞ is bounded at all points and then applying

Proposition 7.5.1.

Step 4. Bounded curvature at all points for (M∞, g̃∞(0), x∞).
Now that we know the sectional curvature is nonnegative, we just

need to prove R̃∞, the scalar curvature is bounded. The idea is to show
that M∞ would contain an ǫ neck of arbitrarily small radius if the
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scalar curvature becomes unbounded. This would contradict Proposi-
tion 7.1.2.

Suppose R̃∞ is unbounded, then by a point picking result similar to
Lemma 7.1.1, there exists a sequence of points {pj} ⊂ M∞, diverging
to ∞ such that

R̃∞(pj, 0) → ∞, R̃∞(x, 0) ≤ 4R̃∞(pj, 0),

d(x, pj , g̃∞(0)) ≤ j[R̃∞(pj, 0)]
−1/2.

(7.5.1)

By κ noncollapsing and compactness theorem, a subsequence of the
scaled marked manifolds (Mk, R̃∞(pj , 0)g̃∞(0), pj) converges in the C∞

loc

topology to a smooth nonflat manifold. According to Proposition 7.1.1,
this limit manifold is isometric to a metric product N ×R where N is
a 2 dimensional manifold.

On the other hand, for a sufficiently large j, R̃∞(pj , 0) ≥ 4. This
means that for a sufficiently large k, there is a point yk ∈ Mk such
that the unscaled scalar curvature Rk(yk, tk) ≥ 2Qk. So the induction
condition (3) in Step 1 shows that the point yk has a canonical neigh-
borhood which is either an ǫ neck, an ǫ cap or a compact manifold with-
out boundary. By the definition of (M∞, g̃∞), for any r > 0, the balls
B(yk, r/Qk, gk(tk)), after scaling by Qk, converges to B(pj, r, g̃∞(0))
in C∞

loc sense. Hence point pj has a canonical neighborhood which is
either a 2ǫ neck, a 2ǫ cap or a compact manifold without boundary.
By the last step, the canonical neighborhood must be a 2ǫ neck of
radius [R∞(pj, 0)]

−1/2. The later converges to 0 when j → ∞. This
contradiction with Proposition 7.1.2 shows that R̃∞(·, 0) is bounded.

Step 5. Bounded curvature at all points (M∞, g̃∞(t), x∞), t ≤ 0.
Using Proposition 7.5.1 again, we know that (M∞, g̃∞(t), x∞) is

defined and that R̃∞(·, t) is bounded in the time interval (−a, 0] for
some a > 0. We need to extend a to ∞.

Suppose for contradiction that (−a, 0] is the maximum time interval
when the limiting solution is defined. Then Proposition 7.5.1 shows that
the maximum of the scalar curvature R̃∞(·, t) must go to infinity as t→
−a. However the infimum of the scalar curvature, being nondecreasing
in time, must remain bounded when t → −a. We will use the method
in the previous steps to show that this bound on the infimum can be
extended to every point, leading to a contradiction.

Hamilton’s trace Harnack inequality (Corollary 5.3.1): ∂tR̃∞ +
(R̃∞/(t+ a)) ≥ 0 shows

R̃∞(x, t) ≤ Qa/(t+ a)
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where Q is the maximum of R̃∞(·, 0).
By Proposition 5.1.5 (ii) with r0 = [Qa/(t + a)]−1/2, and the non-

negativity of sectional curvature, we have, for a constant c > 0,

−c
√

Qa/(t+ a) ≤ ∂td(x, y, g̃∞(t)) ≤ 0.

Here and until the end of the proof, the distance d(x, y, g̃∞(t)) is with
respect to g̃∞(t). After integration, we arrive at

d(x, y, g̃∞(0)) ≤ d(x, y, g̃∞(t)) ≤ d(x, y, g̃∞(0)) + ca
√

Q (7.5.2)

for all x, y ∈M∞ and t ∈ (−a, 0].
Since R̃∞(x∞, 0) = 1 by construction, we know, for any fixed h > 0,

there exists a point y∞ (depending on h) such that

R̃∞(y∞,−a+ h) ≤ 1. (7.5.3)

Otherwise the infimum of R̃∞ at time −a + h would be no smaller
than 1, contradicting with the fact that the infimum of scalar curva-
ture is increasing unless the manifold is Ricci flat. The later claim is
a consequence of the maximum principle which can be applied since
the curvature at each time slice is bounded. In order to extend g̃∞ be-
fore the time −a, we go back to (Mk, g̃k), the sequence which defines
(M∞, g̃∞) as the limit and which are defined before −a.

From (7.5.3), when k is sufficiently large, there exists yk ∈Mk such
that

R̃k(yk,−a+ h) ≤ 2.

We fix h ≤ c0/2, the constant in Proposition 7.5.1. When k is suffi-
ciently large, the time −a + h falls into the range where Proposition
7.5.1 is in force. Hence

R̃k(yk, t) ≤ 12, t ∈ [−a− h,−a+ h].

By repeating Step 3, we know that for any A > 0 and one small δ0 ∈
(0, h], there exists a positive constant C(A, δ0) such that

R̃k(x,−a+ δ0) ≤ C(A, δ0), d(x, yk, g̃k(−a+ δ0)) ≤ A.

By Proposition 7.5.1, it holds

R̃k(x,−a+ δ) ≤ 2C(A, δ0), d(x, yk, g̃k(−a+ δ0)) ≤ A

for all δ ∈ [0, δ0]. Taking the limit k → ∞, we obtain, for all δ ∈ (0, δ0],

R̃∞(x,−a+ δ) ≤ 2C(A, δ0), d(x, y∞, g̃∞(−a+ δ0)) ≤ A.
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Since d(y∞, x∞, g̃∞(−a + h)) is fixed, by (7.5.2) we can find another
positive constant c = c(a,Q) such that

R̃∞(x,−a+ δ) ≤ cC(A, δ0), d(x, x∞, g̃∞(0)) ≤ A.

Hence, there holds, for a fixed δ ≤ δ0, and sufficiently large k,

R̃k(x,−a+ δ) ≤ 2cC(A, δ0), d(x, xk, g̃k(0)) ≤ A.

Choosing δ << cC(A, δ0), by Proposition 7.5.1 again, there exists c1 >
0 such that

R̃k(x, t) ≤ 8cC(A, δ0), d(x, xk, g̃k(0)) ≤ A, t ∈ [−a−c1C(A, δ0)
−1, 0].

Here we have used the fact that R̃k are uniformly bounded in a fixed
compact set after the time −a+ δ0, because the limiting metric would
have to blow up at this moment otherwise.

Consequently, we know that a subsequence of {(Mk, g̃k(t), xk)}
converges, in C∞

loc sense, to (M∞, g̃∞(t), x∞) in an open subset of
M∞ × (−∞, 0], which contains M∞ × [−a, 0]. Repeating Step 4 we
know that R̃∞ is bounded on M∞ × [−a, 0], which contradicts the as-
sumption on a. Hence (M∞, g̃∞(t), x∞) is a κ solution. Therefore, when
k is large, the flow (Mk, gk) in the region P (xk, tk, [a(ǫ)Qk]

−1/2) is, after
scaling by the factor Qk, ǫ close to the corresponding region of some
orientable κ solution in the C [ǫ−1] topology. This statement contradicts
the induction hypotheses (2) in Step 1. This proves the theorem. �

Exercise 7.5.1 Prove (7.5.1).

Definition 7.5.1 The number r in the above Theorem 7.5.1 is called
the parameter of the canonical neighborhood property and ǫ is called the
accuracy of the canonical neighborhood property.

With the understanding of the singularity structure in a 3-
dimensional Ricci flow, we can move to the next phase: Ricci flow with
surgeries.



Chapter 8

Sobolev inequality and the

Ricci flow, the case with

surgeries

8.1 A brief description of the surgery process

At certain times, a Ricci flow may develop singularity at some parts
of the manifold but stay smooth in other parts. In order to prolong
the Ricci flow beyond this time, one needs to cut off certain regions
with high curvature, which are replaced by cap shaped manifold. The
resulting manifold serves as the initial data for a new Ricci flow. This
process is called a surgery. Due to the canonical neighborhood Theorem
7.5.1, for 3 dimensional Ricci flows, regions with higher curvature have
simple topological and geometrical structures. The most essential ones
are ǫ horns where surgeries take place. During a surgery, the singular
part of an ǫ horn is cut off along a central 2 sphere, which is then pasted
to a surgery cap that is diffeomorphic to the Euclidean three ball.

Here we collect some basic facts concerning Ricci flow with surgery.
Materials in the section are taken from Perelman’s paper [P2], Hamil-
ton’s paper [Ha7], [CZ], [KL] and [MT], where more details can be
found. All Ricci flows in this chapter have dimension 3, unless other-
wise stated.

In the next definition we recall or introduce a few geometric objects
which we have to deal with in doing surgeries.

Definition 8.1.1 (ǫ neck, ǫ horn, double ǫ horn, ǫ tube, ǫ cap, and
capped ǫ horn) An ǫ neck (of radius r) is an open set with a metric
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which is, after scaling the metric with factor r−2, ǫ close, in the C [ǫ−1]

topology, to the standard neck S2 × (−ǫ−1, ǫ−1).
Let I be an open interval in R. An ǫ horn (of radius r) is S2 × I

with a metric with the following properties: each point is contained in
some ǫ neck; one end is contained in an ǫ neck of radius r; the scalar
curvature tends to infinity at the other end.

An ǫ tube is S2 × I with a metric such that each point is contained
in some ǫ neck and the scalar curvature stays bounded on both ends.

A double ǫ horn is S2 × I with a metric such that each point is
contained in some ǫ neck and the scalar curvature tends to infinity at
both ends.

An ǫ cap is the three ball B3 or RP 3 − B̄3 equipped with a smooth
(incomplete) metric, which is an ǫ neck outside a compact set.

A capped ǫ horn is the union of an ǫ cap and a ǫ horn, joined
smoothly at the common boundary, which is a 2 sphere in an ǫ neck.

Definition 8.1.2 (surgery) ( (r, δ) surgery with cut off radius h) Let
(M,g(t)), t ∈ [T0, T ), be a smooth Ricci flow which becomes singular at
time T . Suppose the flow satisfies the canonical neighborhood property
with parameter r and accuracy ǫ (c.f. Definition 7.5.1). Given δ ∈ (0, ǫ),
a (r, δ) surgery with radish at time T is a process of modifying the
manifold and the metric at a δ neck described as follows.

Let N be a δ neck of radius h, which is a part of an ǫ horn whose
one end has bounded curvature at time T . Recall that (N, h−2g) is δ
close in the C [δ−1] topology to the standard round neck S2×(−δ−1, δ−1)
of scalar curvature 1. Let Π be the diffeomorphism from the standard
round neck to N in the definition of δ closeness. Denote by z for a
number in (−δ−1, δ−1). For θ ∈ S2, (θ, z) is a parametrization of N
via the diffeomorphism Π. We can identify the metric on N with its
pull back on the round neck by Π in this manner.

The metric g̃ = g̃(T ) right after the surgery is given by

g̃ =























ḡ, z ≤ 0,

e−2f ḡ, z ∈ [0, 2],

φe−2f ḡ + (1 − φ)e−2fh2g0, z ∈ [2, 3],

e−2fh2g0, z ∈ [3, 4].

(8.1.1)

Here ḡ is the nonsingular part of the limt→T− g(t); g0 is the standard
product metric on the round neck S2 × R with scalar curvature 1; and
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f = f(z) is a smooth function given by

f(z) = 0, z ≤ 0;

f(z) = q0e
−p0/z, z ∈ (0, 3];

f ′′(z) > 0, z ∈ [3, 3.9];

f(z) = −1

2
ln(16 − z2), z ∈ [3.9, 4].

(8.1.2)

Here q0 > 0 and p0 > 0 are constants. φ is a smooth cut-off function
with φ = 1 for z ≤ 2 and φ = 0 for z ≥ 3.

Remark 8.1.1 There are three parameters associated with a (r, δ)
surgery. One is the accuracy parameter δ. Another one, r, is the param-
eter in the canonical neighborhood property, i.e. if the scalar curvature
at a point is greater than 1/r2, then the point has a neighborhood which
is ǫ close to a corresponding region in a κ solution. It can be regarded
as the largest cross section radius of the ǫ horn inside which a cut is
made. The third, called cut off radius h, is the radius of the δ neck
(imbedded in a δ horn) where the cut takes place. In Proposition 8.1.1
below, it is shown that any ǫ horn with sufficiently small ǫ contains a
δ neck which is “strong” when δ is sufficiently small.

The definition is modeled on that on p424 of [CZ], which is based
on [Ha7].

Definition 8.1.3 (standard capped infinite cylinders) A standard
capped infinite cylinder is R3 equipped with a rotationally symmetric
metric with nonnegative sectional curvature and positive scalar curva-
ture such that outside a compact set it is a semi-infinite standard round
cylinder S2 × (−∞, 0) whose scalar curvature is 1.

Let g0 be the standard product metric of scalar curvature 1 on the
semi-infinite cylinder N0 ≡ S2 × (−∞, 4). Then N0 equipped with the
following metric gs is called the standard capped infinite cylinder.

gs =

{

g0, z ≤ 0,

e−2fg0, z ∈ (0, 4].

Here z and f are the same as those in Definition 8.1.2.

Definition 8.1.4 (standard solutions) The noncompact Ricci flow
with a standard capped cylinder as the initial value, and with bounded
curvature at each time slice, is called a standard solution.
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The noncompact Ricci flow with the standard capped cylinder as the
initial value, and with bounded curvature at each time slice, is called
the standard solution.

Remark 8.1.2 By Shi’s Theorem 5.1.2, a standard solution exists in
a finite time interval and is complete at each time level. See Lemma
8.1.3 below.

Next we show by computation that the Hamilton-Ivey pinching
Theorem 5.2.4 is preserved by the surgery provided that the parame-
ters q0 and p0 are chosen correctly. This is important in understanding
the singularity structure for the restarted Ricci flow. Recall that much
of the understanding of singularities of 3-d Ricci flow relies on this fact:
ancient solutions obtained by blowing up singularities have nonnegative
sectional curvature, a consequence of Hamilton-Ivey pinching.

To simplify the computation, we need to use the following property
for 3 manifolds:

Lemma 8.1.1 At each point of a 3 manifold, there is an orthonormal
frame {e1, e2, e3} such that the curvature operator Rm is diagonal in
the frame {e1 ∧ e2, e3 ∧ e1, e2 ∧ e3}. The corresponding eigenvalues are
given, under the notations of Definition 3.2.2, by

λ = 2 < Rm(e1, e2)e2, e1 >= 2R1221,

µ = 2 < Rm(e3, e1)e1, e3 >= 2R3113,

ν = 2 < Rm(e2, e3)e3, e2 >= 2R2332.

The proof of this lemma is left as

Exercise 8.1.1 Give a proof of Lemma 8.1.1.

Lemma 8.1.2 (Hamilton-Ivey pinching under surgeries) There are
universal positive constants δ0, q0, p0 with the following properties. Sup-
pose, at time T , a (r, δ) surgery with cut off radius h has taken place
(at a δ neck of radius h). Here δ ≤ δ0, h

2 ≤ 1/(2e2 ln(1 + T )) and q0,
p0 are the numbers chosen in (8.1.2) to define the surgery. Then the
following conclusions hold.

(i) Let R̃ be the scalar curvature of the metric g̃ and ν̃ be the least
eigenvalues of the curvature operator. Then

R̃ ≥ (−ν̃)[ln(−ν̃) + ln(1 + T ) − 3]

when ν̃ < 0.
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(ii) After scaling with h−2, any metric ball B(p, δ−1/2h, g̃), centered

in the surgery cap is δ close, in the C [δ−1/2] topology, to the correspond-
ing ball of the standard capped infinite cylinder.

Proof. (i) The proof is by direct computation along the surgery cap.
Step 1. We compute R̃ijkl (the curvature tensor of the metric g̃ =

e−2f ḡ) in the case 0 ≤ z ≤ 2.
Let {e1, e2, e3} be an orthonormal basis for ḡ, centered at a point

x. By direct computation using (3.2.4) and (3.1.3), we have

R̃abcd = e−2f
[

R̄abcd − |∇̄f |2(ḡadḡbc − ḡacḡbd) − (fac + fafc)ḡbd

− (fbd + fbfd)ḡac + (fad + fafd)ḡbc + (fbc + fbfc)ḡad
]

.
(8.1.3)

Here ∇̄f is the gradient of f with respect to ḡ; fa, . . . are the compo-
nents of df , and fac, . . . are the components of Hessian of f under the
local basis.

Note that
{êa ≡ efea, a = 1, 2, 3}

is an orthonormal frame for g̃. Then

R̂abcd = R̃klmne
4f δkaδ

l
bδ
m
c δ

n
d ,

are the components of the curvature tensor under {êa, a = 1, 2, 3}.
By (8.1.3), the following formulas hold at x:

R̂abcd = e2f
[

R̄abcd − |∇̄f |2(δadδbc − δacδbd) − (fac + fafc)δbd

− (fbd + fbfd)δac + (fad + fafd)δbc + (fbc + fbfc)δad
]

,
(8.1.4)

R̃ = e2f (R̄ + 4∆̄f − 2|∇̄f |2). (8.1.5)

Here ∆̄ is the Laplacian under ḡ.
By definition of δ necks, we know that the scaled metric h−2ḡ can

be regarded as a metric defined on a segment of the cylinder S2 × R.
At a point x in such a segment, let {e1, e2, e3} be an orthonormal basis
with respect to ḡ, such that {e1 ∧ e2, e3 ∧ e1, e2 ∧ e3} diagonalizes the
curvature operator R̄m, as specified by Lemma 8.1.1. We use λ̄, µ̄ and
ν̄ to denote the eigenvalues of R̄m under this basis, which are arranged
in decreasing order.

Under the standard metric g0 on S2 × R, the curvature operator
has eigenvalues 1/2, 0, 0. Since h−2ḡ is δ close to g0 in C [δ−1] topology,
we have

|R̄3113| + |R̄2332| = O(δ)h−2, |R̄1221 −
1

2h2
| = O(δ)h−2. (8.1.6)
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We recall that the z direction is the axis of the cylinder S2 ×R. So the
δ closeness also allows us to arrange ei, i = 1, 2, 3 in such a way that

|e3 − h−1 ∂

∂z
|g0 = O(δ)h−1, |∇̄3z − h−1| = O(δ)h−1,

|∇̄1z| + |∇̄2z| = O(δ)h−1, |∇̄2
a,bz| = O(δ)h−2, a, b = 1, 2, 3.

Here ∇̄az means the covariant derivative ∇̄eaz, and ∇̄2
a,bz means the

Hessian ∇̄2
ea,eb

, as specified in Definition 3.2.1. Note that

∇̄af(z) = f ′(z)∇̄az, ∇̄2
a,bf(z) = f ′(z)∇̄2

a,bz + f ′′(z)∇̄az∇̄bz.

Observe also

f ′(z) = q0e
−p0/zp0z

−2, f ′′(z) = q0e
−p0/z(p2

0z
−4 − 2p0z

−3).

Hence for any small θ > 0, we can choose q0 > 0 sufficiently small and
p0 > 0 sufficiently large such that

|e2f(z) − 1| + |f ′(z)| + |f ′(z)|2 < θf ′′(z), f ′′(z) < θ, z ∈ [0, 3].
(8.1.7)

This shows

|∇̄af(z)| ≤ 2θh−1f ′′(z), a = 1, 2, 3,

|∇̄2
a,bf(z)| = O(δ)h−2f ′′(z), unless a = b = 3

|∇̄2
3,3f(z) − h−2f ′′(z)| = O(δ)h−2f ′′(z).

(8.1.8)

Combining (8.1.4), (8.1.5), (8.1.6) with (8.1.8), we arrive at the
estimate: for sufficiently small θ, δ > 0,

R̂1221 = R̄1221 − (O(θ) +O(δ))h−2f ′′(z),

R̂3113 = R̄3113 − (O(θ) +O(δ))h−2f ′′(z) + h−2f ′′(z),

R̂2332 = R̄2332 − (O(θ) +O(δ))h−2f ′′(z) + h−2f ′′(z),

R̂abcd = (O(θ) +O(δ))h−2f ′′(z), the rest of indices abcd
(8.1.9)

Let λ̃, µ̃ and ν̃ be the eigenvalues of R̃m, listed in decreasing order.
Since {êa, a = 1, 2, 3} is an orthonormal frame for g̃, we know from
Remark 3.2.5 that

R̃ = 2[R̂1221 + R̂3113 + R̂2332].

Hence
R̃ ≥ R̄+ [4 − (O(θ) +O(δ))]h−2f ′′(z) ≥ R̄,
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ν̃ ≥ ν̄ + [2 − (O(θ) +O(δ))]h−2f ′′(z) ≥ ν̄.

If ν̃ ≥ −e2, then the assumption that h−2 ≥ 2e2 ln(1 + t) implies

R̃ ≥ R̄ ≥ 1

2
h−2 ≥ e2 ln(1 + t)

≥ (−ν̃)[ln(−ν̃) + ln(1 + t) − 3].

Here we have used the property that the scalar curvature of S2 ×R is
1 and R̄h2 is a perturbation of 1.

If ν̃ < −e2, then the pinching property on R̄ shows

R̃ ≥ R̄ ≥ (−ν̄)[ln(−ν̄) + ln(1 + t) − 3]

≥ (−ν̃)[ln(−ν̃) + ln(1 + t) − 3].

Here we have used the fact that the function x lnx is increasing when
x > e and that −ν̃ ≤ −ν̄. This shows the desired pinching holds in the
zone 0 ≤ z ≤ 2.

Step 2. The case 2 ≤ z ≤ 4.
Since h−2ḡ is δ close, in C [δ−1] topology, to g0, we can write

g̃ = e−2fh2g0 + φh2e−2fO(δ).

In this case f ′′(z) is bounded from below by a positive constant. When
q0 is sufficiently small and p0 is sufficiently large, we know the cur-
vature operator of the metric e−2fg0 is positive definite. This can be
confirmed by direct calculation in the similar manner as in the pre-
vious step, which we leave as Exercise 8.1.2 below. Hence, when δ is
sufficiently small, the curvature operator R̃m is also positive definite,
and the pinching property holds automatically.

The last statement of the lemma is obvious from the definition of
surgeries. �

Exercise 8.1.2 Carry out the calculation in Step 2 above, i.e. show
that the curvature of e−2fg0 is positive definite when z ∈ [2, 4], q0 is
sufficiently small and p0 is sufficiently large.

The following lemma tells us that the life span of any standard so-
lution is [0, 1) and the scalar curvature at every point tends to infinity
when time approaches 1. Note that the life span for all standard so-
lutions are the same even though their initial values are different in a
compact set.
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Lemma 8.1.3 A standard solution g = g(t) satisfies the following
properties.

(i) The curvature operator is nonnegative and the scalar curvature
is positive everywhere during the time of existence.

(ii) The life span of the solution is the time interval [0, 1).
(iii) The scalar curvature is bounded at each time slice and satisfies

the lower bound:
R(x, t) ≥ C/(1 − t)

for some constant C depending only on the initial value.

Proof. (i) This is an immediate consequence of the strong maximum
principle for Ricci flow Theorem 5.2.2, which is applicable since the
curvature is uniformly bounded in each time slice.

(ii) Let [0, Ts) be the life span of a standard solution. First we show
that Ts ≤ 1.

Suppose Ts > 1. Pick a sequence of points xi ∈ M , i = 1, 2, . . .,
which tends to infinity in the time zero slice. Then by Hamilton’s
compactness Theorem5.3.5, there exists a subsequence of the marked
manifold (M,xi, g(t)), t ∈ [0, 1), which converges, in C∞

loc, topology, to
some marked Ricci flow (M∞, x∞, g∞(t)). The required injectivity ra-
dius lower bound in the cited theorem is the consequence of finite time
κ noncollapsing property of standard solutions. This property holds as
in the case of compact Ricci flows since the curvature is bounded at
each time slice.

Observe that g∞(0) is the standard metric on S2×R. So the unique-
ness of standard solutions ( [ChZ2], [LT]) implies that (M∞, x∞, g∞(t))
is the standard Ricci flow on S2 × R, i.e. the shrinking cylinder. The
later has life span [0, 1) and the curvature blows up as t→ 1 uniformly.
Hence there exists xi and ti → 1 such that the curvature of (M,g) at
(xi, ti) is arbitrarily large. This shows Ts ≤ 1.

Suppose Ts < 1. Then there exists a sequence {xi} ⊂M and ti → Ts
such that limi→∞R(xi, ti) = ∞. We observe that d(xi, x1, 0) is uni-
formly bounded. Otherwise, argue as in the previous paragraph, there
exists a subsequence, still denoted by {xi}, such that the marked mani-
fold (M∞, x∞, g∞(t)) converges to the shrinking cylinder in C∞

loc topol-
ogy. But the later does not blow up until t = 1 and the corresponding
curvature is bounded by C/(1 − Ts). Hence the curvature of (M,g) at
(xi, ti) is bounded by 2C/(1 − Ts) when i is large. This is not possible
by the choice of xi. Therefore {xi} is contained in a compact region
measured by the initial metric. Whence we can apply the singularity
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structure Theorem 7.5.1. Note this theorem was stated only for com-
pact Ricci flows. However as a local result, it obviously covers compact
regions in a noncompact Ricci flow. Thus there exist ǫi → 0 and i→ ∞
such that the region

{(x, t) | d2(xi, x, ti) < ǫ−2
i Q−1

i , t0− ǫ−2
i Q−1

i ≤ t ≤ t0}, Qi = R(xi, ti),

is, after scaling by the factor Qi, ǫi close to the corresponding region of
some orientable κ solution in the C [ǫ−1

i ] topology. By Proposition 7.4.1,
the asymptotic volume ratio of the κ solution is 0. Hence, for any small
δ > 0, there exists A > 1 such that

|B(xi, (
√

Qi)
−1A, ti)|g(ti) [(

√

Qi)
−1A]−3 < δ.

Since the curvature is nonnegative, the classical volume comparison
Theorem 3.5.1 shows, for any r > (

√
Qi)

−1A, it holds

|B(xi, r, ti)|g(ti) r−3 < δ.

Since Qi → ∞, this implies, for any fixed r > 0,

lim
i→∞

|B(xi, r, ti)|g(ti) r−3 = 0.

Pick a fixed large r and a point y such that d(x1, y, 0) = r and

xi ∈ B(y, r, 0).

Then we would have, by the classical volume comparison theorem,

lim
i→∞

|B(y, r/2, ti)|g(ti) r−3 = 0.

This contradicts the finite time κ noncollapsing property of standard
solutions. This property is proven in exactly the same way as Theorem
6.1.2 in the compact case, since the curvature is bounded in each time
slice. This contradiction shows Ts = 1. The proof of (ii) is done.

(iii) We claim that limt→1− R(x, t) = ∞ for any x ∈ M . Suppose
not. Then there exist {xi} ⊂ M and ti → 1− such that R(xi, ti) ≤
C0 < ∞, i = 1, 2, 3, . . .. First we point out that {xi} must stay in
D, a compact set under g(0). For otherwise there is a subsequence,
still called {xi}, going to ∞, such that R(xi, ti) ≤ C0. From the proof
of (ii), for any δ > 0 and A > 0, when i is sufficiently large, the
standard solution in B(xi, A, 0)× [0, 1− δ] is close to the corresponding
region of the standard shrinking cylinder. The scalar curvature of the
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shrinking cylinder at time t is a/(1−t) for some a > 0. Hence R(xi, ti) >
2a/(1 − ti), which contradicts with the assumption R(xi, ti) ≤ C0.
Therefore {xi} must stay in some compact set D. Thus there exists a
point z and a subsequence of {ti}, still called {ti} such that R(z, ti) ≤
C0, i = 1, 2, . . .. But the principle of bounded curvature at bounded
distance (established in Step 3 of the proof of Theorem 7.5.1) would
mean that R(y, ti) is bounded if d(z, y, ti) is bounded. Following Step
4 of the same theorem, we know that R(x, 1) is actually bounded for
all x ∈M . So the standard solution would live beyond t = 1. This is a
contradiction to part (ii). Therefore the claim is true.

As explained in the proof of (ii), the singularity structure Theorem
7.5.1 holds for standard solutions. So high curvature regions of the
standard solution are sufficiently close to a portion of the κ solution.
By this proximity and Theorem 7.4.2 (iv), the gradient bounds hold
for the standard solution. Let x ∈ M, t ∈ [0, 1). Suppose R(x, t) is
sufficiently large, then there exists constant η > 0 such that

|∂tR(x, t)| ≤ ηR2.

Since limt→1− R(x, t) = ∞, we can integrate the above to deduce
R(x, t) > c/(1 − t). �

The above proof is adopted from Section 61 of [KL]. One can also
consult Section 7.4 in [CZ], and Chapter 12 of [MT] for very detailed
proof.

Lemma 8.1.4 The standard solution (R3, g(t)) enjoys a canonical
neighborhood property in the following sense.

For any sufficiently small ǫ > 0, there is a positive constant C(ǫ)
such that each point (x, t) ∈ R3 × [0, 1) has an open neighborhood B,
with B(x, r, t) ⊂ B ⊂ B(x, 2r, t), r ∈ (0, C(ǫ)R(x, t)−1/2), which is
one of the following two types:

(i). B is an ǫ cap, or
(ii). B is an ǫ neck.
Moreover, B in case (ii) is the time t slice of the parabolic neigh-

borhood

B(x, ǫ−1R(x, t)−1/2, t) × [t−min{R(x, t)−1, t}, t].

The later is, after scaling by R(x, t) and shifting time t to zero, ǫ close in
the C [ǫ−1] topology, to the corresponding subset of the evolving standard
cylinder S2 × R over the time interval [−min{tR(x, t), 1}, 0].
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Proof. The proof is similar to that of Theorem 7.5.1. See [CZ] p427
e.g. �

Exercise 8.1.3 Prove Lemma 8.1.4.

Now we define precisely the surgery process for a 3 dimensional
Ricci flow.

Let (M,g(t)) be a Ricci flow on a compact manifold M , which is
smooth on the time interval [S, T ), but which becomes singular at time
T . We write

Ω = {x ∈ M | lim sup
t→T−

R(x, t) <∞}.

By Shi’s local derivative estimate (Theorem 5.3.2), we know that
limt→T− R(x, t) exists when x ∈ Ω. Let r be the parameter in the
canonical neighborhood property for g(t), t ∈ [S, T ). For some ρ < r,
we write

Ωρ = {x ∈ Ω | lim
t→T−

R(x, t) ≤ 1/ρ2}.

Definition 8.1.5 (surgery procedures) The surgery at the singular
time T is consisted of the following procedures.

(i) Perform (r, δ) surgery for all ǫ horns connected with Ωρ.
(ii) Discard every compact component (without boundary) having

positive sectional curvature.
(iii) Discard all capped horns and double horns lying in Ω − Ωρ.
(iv) Discard all compact components (without boundary) lying in

Ω − Ωρ.

Remark 8.1.3 The topology of the discarded parts are all well under-
stood. The discarded components in procedure (ii) are diffeomorphic to
S3 or its metric quotient by the pioneering work of Hamilton [Ha1].
Since ρ < r, by the canonical neighborhood property, shortly before the
singular time, those discarded items in (iv) are covered by canonical
neighborhoods. If they are compact with positive sectional curvature,
then they are thrown away by procedure (ii). Otherwise, they are cov-
ered entirely by ǫ necks or caps.

Let N be one of these components. If N contains a cap, then either
there is a cap or a neck adjacent to it. In the former case, N is diffeo-
morphic to S3, RP 3 or the connected sum of two copies of RP 3. In the
latter case, there is either a cap or a neck adjacent to the neck. This
process must stop with the appearance of a cap eventually. Therefore N
again is diffeomorphic to S3, RP 3 or the connected sum of two copies of
RP 3. Recall we are looking at a time shortly before the singular time T .
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If N does not contain a cap, then it is covered entirely by necks. Since
N is smooth, compact and orientable, the necks must repeat. Thus N
is diffeomorphic to S2 × S1.

Next we introduce certain a priori conditions (also called a priori
assumptions) on a Ricci flow (M,g) with surgeries, which is hoped
persist for a long time.

Definition 8.1.6 (a priori assumption of accuracy ǫ for Ricci flow
with surgeries)

1. Pinching assumption. The eigenvalues λ ≥ µ ≥ ν of the curvature
operator and the scalar curvature R at each space time point satisfy, if
ν < 0,

R ≥ −ν[ln(−ν) + ln(1 + t) − 3].

2. Strong canonical neighborhood property (assumptions) with pa-
rameter:(scale) r and accuracy ǫ.

For any fixed and sufficiently small ǫ > 0, there exists a posi-
tive nonincreasing function of time r = r(t) such that at each space
time point (x, t) with R(x, t) ≥ r−2(t) has a neighborhood B, sat-
isfying B(x, σ, t) ⊂ B ⊂ B(x, 2σ, t) for some σ ∈ (0, cR−1/2(x, t)),
c = c(ǫ) > 0, and which falls into one of the three types.

(i) B is a strong (evolving) ǫ neck, i.e. after scaling by factor R(x, t)
and shifting time t to zero, the region in space time

{(y, s) | y ∈ B, s ∈ [t−R(x, t)−1, t]}

is ǫ close, in C
[ǫ−1]
loc topology, to the subset of the evolving standard round

cylinder S2 × R over the time interval [−1, 0], which at time zero, is
S2 × [−ǫ−1, ǫ−1] with scalar curvature 1.

(ii) B is an evolving ǫ cap, i.e. B is an evolving ǫ neck outside some
suitable compact set that is diffeomorphic to the standard three ball or
the punctured RP 3.

(iii) B and therefore M , is a compact manifold of positive sectional
curvature.

(iv) Moreover, there exists a positive constant C = C(ǫ) such that
for any y ∈ B, it holds

C−1R(x, t) ≤ R(y, t) ≤ CR(x, t);

and the volume of B in cases (i) and (ii) satisfies (CR(x, t))−3/2 ≤
|B|g(t) ≤ ǫσ3.



8.1. A brief description of the surgery process 353

(v) Finally, the gradient bounds are valid for x ∈ B and a universal
constant η > 0:

|∇R(x, t)| ≤ ηR3/2, |∂tR(x, t)| ≤ ηR2.

Remark 8.1.4 Note that an evolving ǫ cap is not required to have 1 as
the scaled life span. The life span can be smaller. In contrast, a strong
ǫ neck has a scaled life span 1. So there can not be a surgery that is
“too close” to the vertex (x, t) of the neck in the time direction. This
property is desirable when one tries to rule out infinitely many surgeries
in finite time.

Perelman proved that any small ǫ horn contains a strong δ neck
when δ is also sufficiently small.

Proposition 8.1.1 (Lemma 4.3 [P2]) Let (M,g) be a Ricci flow with
surgery, starting with a normalized initial metric, satisfying the a priori
assumption with accuracy ǫ, defined on the time interval [0, T ), going
singular at time T . Let r(T ) be the scale in the strong canonical neigh-
borhood property. Pick δ ∈ (0, 1) and write ρ = δr(T ). Suppose (x, T )
lies in an ǫ horn whose boundary is contained in Ωρ. Here ǫ < ǫ0 which
is sufficiently small. Then there exists h ∈ (0, δρ) depending only on δ,
ǫ0, r(T ) such that the following holds:

Suppose R(x, T ) ≥ h−2. Then the parabolic region

P (x, T, δ−1R(x, T )−1/2, T −R(x, t)−1, T )

≡ {(y, s) | d(x, y, s) < δ−1R(x, T )−1/2, s ∈ (T −R(x, t)−1, T )}

is a strong δ neck.

Proof. The proof is by scaling and contradiction, which is similar to
Steps 3–5 of Theorem 7.5.1. One can see Lemma 7.3.2 [CZ], Lemma
71.1 of [KL] and Theorem 11.29 [MT] for the same proof.

Suppose the proposition is not true. Then, for a fixed δ ∈ (0, ǫ),
there exists a sequence of Ricci flow with surgery {(Mk, gk)}, k =
1, 2, . . ., satisfying the conditions of the proposition, and points xk ∈
Mk, lying inside an ǫ horn on Mk, and numbers h(xk) → 0+, such that
the parabolic regions

P k(xk, T, δ−1h(xk), T − h2(xk), T ), k = 1, 2, . . .

are not strong δ necks. Here h2(xk) is the reciprocal of scalar curvature
at (xk, T ).
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Consider the rescaled flow

g̃k(·, s) = h−2(xk)gk(·, h2(xk)s+ T ).

Since h(xk) → 0, each xk lying deep in the ǫ horn has a strong ǫ
neck as its canonical neighborhood. This statement is a result of the
a priori assumption. Therefore, for each A > 0 and large k, the ball
B(xk, A, g̃k(·, 0)) is unscathed by surgery in a uniform time interval
[−s0(A), 0]. Here the uniformity means s0(A) is independent of k. This
observation tells us there is large enough region under the scaled met-
rics, where surgeries do not interfere.

Now we are in a situation where we can apply the argument in
Step 3 of the proof of Theorem 7.5.1 (bounded curvature at bounded
distance). Thus there exists J(A) > 0 such that

|Rmg̃k(y, 0)| ≤ J(A), y ∈ B(xk, A, g̃k(·, 0)).

Hence, a subsequence of g̃k converges, in C∞
0 topology, to a limit Ricci

flow (M∞, g̃∞(·, s)). This limit flow exists in a relatively open domain
of M∞ × (−∞, 0], which contains the time slice M∞ × {0}.

The pinching assumption, as part of the a priori assumptions, shows
that the limit flow has nonnegative curvature. Since xk is contained in
a strong ǫ neck, we know the limit manifold has two ends. The To-
ponogov splitting theorem (Theorem 7.1.1, part 1) implies that the
limit manifold is M∞ = N × R where N is compact 2 manifold with
positive curvature. Observe that N is diffeomorphic to S2 because a
segment of M∞ is the limit of ǫ necks. Using the a priori assumptions,
the limit flow (M∞, g̃∞), as limit of scaled strong ǫ necks, exists in
the time interval [−1, 0]. Now we can just follow step 5 in the proof of
Theorem 7.5.1 to conclude that (M∞, g̃∞) exists in the time interval
(−∞, 0] and is a κ solution. Thus (N, g∞|N ) is a 2 dimensional κ solu-
tion. Here g∞|N is the restriction of g∞ to N . Since N is diffeomorphic
to S2, Theorem 7.1.3 shows M∞ = S2 × R.

Hence the region P k(xk, T, δ−1h(xk), T − h2(xk), T ) is a strong δ
neck when k is large. This contradiction proves the proposition. �

8.2 W entropy, Sobolev inequalities, little loop

conjecture with surgeries

A crucial step in Perelman’s work on Poincaré and Geometrization
conjectures is the κ noncollapsing result for Ricci flow with or with-
out surgeries [P1] and [P2]. The proof of this result in the surgery
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case requires truly complicated calculation using such new concepts as
reduced distance, admissible curve, barely admissible curve, gradient
estimate of scalar curvature etc. This is elucidated in great length by
Cao and Zhu [CZ], Kleiner and Lott [KL], Morgan and Tian [MT] and
Tao [Tao].

In this section we present a result in [Z4]. There we prove a uniform
Sobolev inequality for Ricci flow, which is independent of the number
of surgeries. It is well known that uniform Sobolev inequalities are es-
sential in that they encode rich analytical and geometrical information
on the manifold. These include noncollapsing, isoperimetric inequali-
ties, etc. As a consequence, a strong noncollapsing result is obtained.
It includes Perelman’s κ noncollapsing with surgery as a special case.
The result also requires less assumptions. For instance we do not need
the canonical neighborhood property for the whole manifold (see Re-
mark 8.2.1 below). In the proof, we use only Perelman’s W entropy and
some analysis of the minimizer equation of the W entropy on horn like
manifolds. Hence it is shorter and seems more accessible. It also gives
a proof of Hamilton’s little loop conjecture in the surgery case, which
was still open. The nonsurgery case was proved by Perelman as a result
of his κ noncollapsing theorem. See Remark 8.2.3 after the statement
of the theorem in this section.

Let M be a compact Riemann manifold of dimension n ≥ 3 and g
be the metric. Then a Sobolev inequality of the following form holds:
there exist positive constants A,B such that, for all v ∈W 1,2(M, g),

(
∫

v2n/(n−2)dµ(g)

)(n−2)/n

≤ A

∫

|∇v|2dµ(g)+B

∫

v2dµ(g). (8.2.1)

This inequality was proven by Aubin [Au] for A = K2(n) + ǫ with
ǫ > 0 and B depending on bounds on the injectivity radius, sectional
curvatures and ǫ. Here K(n) is the best constant in the Sobolev imbed-
ding for Rn. Hebey [Heb1] showed that B can be chosen to depend only
on ǫ, the injectivity radius and the lower bound of the Ricci curvature.
Hebey and Vaugon [HV] proved that one can even take ǫ = 0. However
the constant B will also depend on the derivatives of the curvature ten-
sor. Hence, the controlling geometric quantities for B as stated above
are not invariant under the Ricci flow in general. Theorem 8.2.1 be-
low states that a Sobolev inequality of the above type holds uniformly
under 3 dimensional Ricci flow in finite time, even in the presence of
indefinite number of surgeries.

In order to state the theorem, we first introduce and recall some no-
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tations. We use (M, g(t)) to denote Hamilton’s Ricci flow, dgdt = −2Ric.
If a surgery occurs at time t, then (M, g(t−)) denotes the pre surgery
manifold (the one right before the surgery); and (M, g(t+)) denotes
the post surgery manifold (the one right after the surgery). As usual,
the ball of radius r with respect to the metric g(t), centered at x, is
denoted by B(x, r, t). The scalar curvature is denoted by R = R(x, t)
and R−

0 = supR−(x, 0). Rm denotes the full curvature tensor. dµ(g(t))
denotes the volume element. vol(M(g(t)) or |M(g(t))| is the total vol-
ume of M under g(t). For a point (x0, t0) in space time and r > 0, we
define the parabolic ball

P (x0, t0, r,−r2) = {(x, t) | d(x0, x, t) < r, t ∈ (t0 − r2, t0)}.

Definition 8.2.1 (scathed region) We say that a region in space time
is scathed if a surgery cuts off some points of the region. Otherwise we
say a region is unscathed.

We recall the following definition of κ noncollapsing by Perelman
[P2], as elucidated in Definition 77.9 of [KL].

Definition 8.2.2 ((weak) κ noncollapsing with surgeries).
Let (M, g(t)) be a 3 dimensional Ricci flow with surgery defined

on the time interval [a, b]. Suppose that x0 ∈ M, t0 ∈ [a, b] and r >
0 are such that t0 − r2 ≥ a, B(x0, r, t0) ⊂ M is a proper ball and
the parabolic ball P (x0, t0, r,−r2) is unscathed. Then M is (weak) κ
noncollapsed or (weak) κ noncollapsing at (x0, t0) at scale r if |Rm| ≤
r−2 on P (x0, t0, r,−r2) and |B(x0, r, t0)| ≥ κr3.

Here we introduce

Definition 8.2.3 (strong κ noncollapsing) Let M be a 3 dimensional
Ricci flow with surgery defined on the time interval [a, b]. Suppose that
x0 ∈ M, t0 ∈ [a, b] and r > 0 are such that B(x0, r, t0) ⊂ M is a proper
ball. Then M is strong κ noncollapsed or strong κ noncollapsing at
(x0, t0) at scale r if the scalar curvature satisfies R ≤ r−2 on B(x0, r, t0)
and |B(x0, r, t0)| ≥ κr3.

This strong κ noncollapsing improves the κ noncollapsing on two
aspects. One is that only information on the metric balls on one time
level is needed. Thus it bypasses the complicated issue that a parabolic
ball may be cut by a surgery. The other is that it only requires scalar
curvature upper bound.

The main result of the section is
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Theorem 8.2.1 Given real numbers T1 < T2, let (M, g(t)) be a n = 3
dimensional Ricci flow with normalized initial metric defined on the
time interval containing [T1, T2]. Suppose the following conditions are
met.

(a) There are finitely many (r, δ) surgeries in [T1, T2], occurring in
ǫ horns of radii r. Here r ≤ r0 and ǫ ≤ ǫ0, with r0 and ǫ0 being fixed
sufficiently small positive numbers less than 1. The surgery radii are
h ≤ δ2r, i.e. the surgeries occur in δ necks of radius h ≤ δ2r. Here
0 < δ ≤ δ0 where δ0 = δ0(r0, ǫ0) > 0 is sufficiently small. Outside of
the ǫ horns, the Ricci flow is smooth.

(b) For a constant c > 0 and any point x in all the above ǫ horns, the
following holds: There is a region U , satisfying, B(x, cǫ−1R−1/2(x)) ⊂
U ⊂ B(x, 2cǫ−1R−1/2(x)), such that, after scaling by a factor R(x), it
is ǫ close in the C [ǫ−1] topology to S2 × (−ǫ−1, ǫ−1).

Also for any x in the modified part of the ǫ horn immediately after a
surgery, the following holds: the ball B(x, ǫ−1R−1/2(x)), is, after scaling
by a factor R(x), ǫ close in the C [ǫ−1] topology to the corresponding ball
of the standard capped infinite cylinder.

(c) For A1 > 0, the Sobolev imbedding for n = 3

(
∫

v2n/(n−2)dµ(g(T1))

)(n−2)/n

≤ A1

∫

(4|∇v|2 +Rv2)dµ(g(T1))

+A1

∫

v2dµ(g(T1))

holds for all v ∈W 1,2(M, g(T1)).
Then for all t ∈ (T1, T2], the Sobolev imbedding below holds for all

v ∈W 1,2(M, g(t)).

(∫

v2n/(n−2)dµ(g(t))

)(n−2)/n

≤ A2

∫

(4|∇v|2 +Rv2)dµ(g(t))

+A2

∫

v2dµ(g(t)).

Here

A2 = C(A1, supR−(x, 0), T2, T1, sup
t∈[T1,T2]

V ol(M(g(t))) )

is independent of the number of surgeries or r.
Moreover, the Ricci flow is strong κ noncollapsed in the whole in-

terval [T1, T2] under scale 1 where κ depends only on A2.
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Finally, the surgery radius h can be chosen as any h ≤ z0r
p where

p is any number greater than one and z0 = z0(ǫ, p) > 0 is sufficiently
small.

By the work of Hebey [Heb1], at any given time, a Sobolev imbed-
ding always holds with constants depending on lower bound of Ricci
curvature and injectivity radius. So one can replace assumption (c) by
the assumption that (M, g(T1)) is κ noncollapsed and that the canon-
ical neighborhood assumption (with a fixed radius r0 > 0 and ǫ0 > 0)
at T1 holds. It is easy to see that these together imply the Sobolev
imbedding at time T1.

We assume as usual that, at a surgery, we throw away all compact
components with positive sectional curvature, and also capped horns,
double horns and all compact components lying in the region where
R > r−2. In the extra assumption that the Ricci flow is smooth outside
of the ǫ horns, we have excluded these deleted items. It is known that
vol(M(g(t)) ≤ C(1+t3/2). If one can choose the initial scalar curvature
to be nonnegative everywhere, then A2 can be chosen as a constant
independent of the life span of Ricci flow. This is due to the fact that
the volume does not increase with time and that the Sobolev constant
is uniformly bounded in this case (c.f. Theorem 6.2.1).

Remark 8.2.1 With the exception of using the monotonicity of Perel-
man’s W entropy, the proof of Theorem 8.2.1 uses only long es-
tablished results. Under (r, δ) surgery, assumption (b) is clearly im-
plied by, but much weaker than the canonical neighborhood prop-
erty on the whole manifold M, which was used in all the papers
so far. In particular there is no need for the gradient estimate on
the scalar curvature, which is difficult to prove by itself. Also the
surgery does not have to fall on a strong δ neck for the theorem
to hold.

However, in proving long time existence of Ricci flow with surgery,
one has to show that the canonical neighborhood property holds, by a
delicate contradiction argument. (See [P2], [CZ], [KL], [MT], [Tao]
and the next chapter of the book). In this argument one supposes the
canonical neighborhood property with a fixed accuracy first breaks down
at certain time. Then it can be shown that the canonical neighborhood
property with a worse accuracy holds at this time. Using this one can
prove the weak κ noncollapsing property which in term will lead to a



8.2. Sobolev inequality, little loop conjecture with surgeries 359

contradiction through a blow-up argument. During this process the gra-
dient estimate for the scalar curvature is still required. Also this proof
of noncollapsing with surgeries via Theorem 8.2.1 seems to work only
in the case of Poincaré conjecture. For the full geometrization conjec-
ture, so far one has to use Perelman’s argument via reduced distance
and volume to derive a localized κ noncollapsing result.

Remark 8.2.2 In [Z2], it was shown that under a Ricci flow with finite
number of surgeries in finite time, a uniform Sobolev imbedding holds.
Recently, in the preprint, The logarithmic Sobolev inequality along the
Ricci flow, by Ye, Rugang, arXiv: 0707.2424v4, 2007, a similar result
depending on the number of surgeries was stated without proof.

Remark 8.2.3 The strong noncollapsing result clearly implies Hamil-
ton’s little loop conjecture with surgeries [Ha7] Section 15, i.e. if the
scalar curvature in a geodesic ball of radius W is bounded from above
by const./W 2, then the injectivity radius at the center of the ball is
bounded from below by const.W .

The conjecture was proved by Perelman [P1] only in the case without
surgery. In the case with surgery, using the method of reduced distance
etc., Perelman [P2] proved the lower bound of the injectivity radius un-
der the more restrictive assumption that the curvature tensor is bounded
in a parabolic cube that is also unscathed by surgeries. However, a pri-
ori, there is no knowledge on whether a surgery takes place.

Let us outline the proof of the theorem. Recall Perelman’s W en-
tropy and its monotonicity. They are in fact the monotonicity of the
best constants of the Log Sobolev inequality with certain parameters.
If a Ricci flow is smooth over a finite time interval, then the best con-
stants of the Log Sobolev inequality with a changing parameter does
not decrease. If a Ricci flow undergoes a (r, δ) surgery with δ sufficiently
small, then the best constant only decreases by at most a constant times
the change in volume. This proves the essential monotonicity of the
infimum of the W entropy under surgeries (see (8.2.36) and (8.2.37)
below). Due to its potential independent interest, we single out this
result as a separate theorem here.

At a given time t in a Ricci flow (M, g(t)) and for σ > 0, let us
define

λσ2(g(t)) = inf{
∫

[σ2(4|∇v|2 +Rv2)

− v2 ln v2]dµ(g(t)) − n lnσ | v ∈ C∞(M), ‖v‖2 = 1}.
(8.2.2)
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The number
λσ2 − n

2
ln(4π)

can be regarded as the infimum of the W entropy with parameter σ2

by defining u = v2. Note that λσ2(g(t)) can also be thought as the best
Log Sobolev constant with parameter σ2. If t is a surgery time, then
λσ2(g(t+)) stands for the best Log Sobolev constant with parameter σ2

for the manifold right after surgery; and

λσ2(g(t−)) ≡ lim
s→t−

λσ2(g(s)).

The main work in proving Theorem 8.2.1 is to prove the following

Theorem 8.2.2 Suppose a Ricci flow (M, g) satisfies conditions (a)
and (b) of the previous theorem. Suppose a (r, δ) surgery occurs at time
T and σ ∈ (0, 1]. There exist positive constants Λ0 and h0, independent
of T or σ such that the following holds: if λσ2(g(T+)) ≤ −Λ0 and the
surgery radius is smaller than h0, then

λσ2(g(T−)) ≤ λσ2(g(T+)) + c|vol(M(T−)) − vol(M(T+))|.

Here vol(M(T−)) is the volume of the pre-surgery manifold at T and
vol(M(T+)) is the volume of the post-surgery manifold at T , and c is
a positive constant.

The proof is achieved by a weighted estimate of Agmon type for
the minimizing equation of the W entropy. The method is motivated
by those at the end of [P2] and [KL] where the change of eigenvalues
of the linear operator 4∆ −R was studied. Since our case is nonlinear
and contains an extra parameter, the more analysis and estimates are
needed. In the end we prove, in finite time, the best constant of the
log Sobolev inequality (c.f. L. Gross [Gro]) with certain parameters is
uniformly bounded from below by a negative constant, regardless of
the number of surgeries. This uniform log Sobolev inequality is then
converted by known method to the desired uniform Sobolev inequal-
ity which in turn yields strong noncollapsing. The estimate about the
change of the best constant of the log Sobolev inequality under one
surgery seems to have independent interest in addition to Ricci flow.

We will need three lemmas before carrying out the proof of the
theorem. Much of the analysis is focused on the ǫ horn where a surgery
takes place. So we will fix some notations and basic facts concerning
the ǫ horn and the surgery cap. Also we will use c with or without
index to denote generic positive constants.
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Recall that a (r, δ) surgery occurs deep inside an ǫ horn of radius
r. The horn is cut open at the place where the radius is h ≤ δ2r. Then
a cap is attached and a smooth metric is constructed by interpolating
between the metric on the horn and the metric on the cap. The resulting
manifold right after the surgery is denoted by M+ and the ǫ horn thus
modified by the surgery is called a capped ǫ horn with radius r.

Let D be a capped ǫ horn. By assumption, a region N around the
boundary ∂D equipped with the scaled metric cr−2g is ǫ close, in the
C [ǫ−1] topology, to the standard round neck S2 × (−ǫ−1, ǫ−1). Here c is
a generic positive constant such that cr−2 equals the scalar curvature
at a point on ∂D. For this reason we will often take c = 1.

Let Π be the diffeomorphism from the standard round neck to N in
the definition of ǫ closeness. Denote by z for a number in (−ǫ−1, ǫ−1).
For θ ∈ S2, (θ, z) is a parametrization of N via the diffeomorphism Π.
We can identify the metric on N with its pull back on the round neck
by Π in this manner. We normalize the parameters so that the capped
ǫ horn lies in the region where z ≥ 0.

Next we define

Y (D) = inf{
∫

(4|∇v|2 +Rv2)dµ(g)
(∫

v2n/(n−2)dµ(g)
)(n−2)/n

| v ∈ C∞
0 (D ∪ N), v > 0}.

(8.2.3)

Proposition 8.2.1 For sufficiently small ǫ > 0, there exists positive
constants C1, C2 such that

C1 ≤ Y (D) ≤ C2. (8.2.4)

Proof. Since R is positive in D∪N, Y(D) is bounded from above and
below by constant multiples of the Yamabe constant

Y0(D) = inf{
∫

(4n−1
n−2 |∇v|2 +Rv2)dµ(g)

(∫

v2n/(n−2)dµ(g)
)(n−2)/n

| v ∈ C∞
0 (D ∪ N), v > 0}.

So it suffices to prove that the Yamabe constant is bounded between
two positive constants.

Let g = g(x) be the metric on D ∪ N then Y0(D) stays the same
under the metric g1(x) = R(x)g(x).

Consider the manifold (D ∪ N, g1). By assumption and the (r, δ)
surgery procedure, there is a fixed r0 > 0 such that for any x ∈ D∪N,
the ball B(x, r0) under g2(y) = R(x)g(y), y ∈ B(x, r0) is ǫ close (in
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C [ǫ−1] topology) to a part of the standard capped infinite cylinder.
Therefore, for y in the same geodesic ball, the scaled scalar curvature

R−1(x)R(y)

is ǫ close under Cǫ
−1−2 norm, to a positive function. This positive func-

tion is the scalar curvature in the standard capped cylinder, which is
both uniformly bounded away from 0 and bounded from above. Actu-
ally

R(y) = R(x)(h(y) + ξ(y, ǫ))

where h(y) = 1 when y is away from the surgery cap and h(y) is the
scalar curvature of the surgery cap otherwise. The C [ǫ−1−2] norm of ξ
is less than const.ǫ.

Hence, for y away from the surgery cap and under the metric
g1(y) = R(y)g(y), the same geodesic ball, is ǫ close (in C [ǫ−1−2] topol-
ogy) to a part of the standard capped infinite cylinder. For y in the
surgery cap, since h = h(y) has boundedC2 norm, the curvatures under
g1(y) = R(y)g(y) are uniformly bounded.

Since ǫ is sufficiently small, we know that the injectivity radius of
(D∪N, g1) is bounded from below by a positive constant; and its Ricci
curvature is bounded from below. Actually it is easy to see that these
hold for a much larger domain containing (D ∪N, g1). By Proposition
6 in [Heb1], we can find a positive constant C such that

(
∫

v2n/(n−2)dµ(g1)

)(n−2)/n

≤ C

∫

|∇1v|2dµ(g1) + C

∫

v2dµ(g1)

for all v ∈ C∞
0 (D ∪ N). Recall the scalar curvature of (D ∪ N, g1) is

bounded between two positive constants outside of the surgery cap.
Inside the surgery cap the scalar curvature is bounded from below by
an absolute negative constant. Therefore for a constant still named C,

(∫

v2n/(n−2)dµ(g1)

)(n−2)/n

≤ C

∫

(4
n− 1

n− 2
|∇1v|2 +R1v

2)dµ(g1)

+ C

∫

v2α2dµ(g1)

for all v ∈ C∞
0 (D ∪ N). Here α is a nonnegative, smooth function

supported in a neighborhood of the surgery cap, which is bounded
from above by an absolute constant. Also ∇1 and R1 are the gradient
and scalar curvature under g1 respectively. Note R1 may not be positive
inside the surgery cap.
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Now we scale back to the metric g = R−1(y)g1(y). By conformal in-
variance of all but the last term, it is easy to check that, after renaming
R(n−2)/4v by v,

(∫

v2n/(n−2)dµ(g)

)(n−2)/n

≤ C

∫

(4
n− 1

n− 2
|∇v|2 +Rv2)dµ(g)

+ C

∫

v2(x)R(x)α2(x)dµ(g)

for all v ∈ C∞
0 (D∪N). Now the scalar curvature is positive everywhere.

Hence we see that Y0(D) is bounded from below by a positive con-
stant when ǫ is sufficiently small. It is also bounded from above by the
Yamabe constant of Sn. Since Y0(D) and Y (D) are comparable, we
have shown that

0 < Const1 ≤ Y (D) ≤ Const2 (8.2.5)

when ǫ is sufficiently small.
This proves the proposition. �

Next we present

Lemma 8.2.1 Let (M+, g) be a manifold right after a (r, δ) surgery.
Let D ⊂ M+ be a capped ǫ horn of radius r. Here ǫ is a sufficiently
small positive number.

Suppose u with ‖u‖L2(M+) = 1 is a positive solution to the equation

σ2(4∆u−Ru) + 2u ln u+ Λu+ n(lnσ)u = 0. (8.2.6)

Here σ > 0 and Λ ≤ 0.
Then there exists a positive constant C depending only on Y (D), n

but not on the smallness of ǫ such that

sup
D
u2 ≤ Cmax(r−n, σ−n).

Proof. After taking the scaling

g1 = σ−2g, R1 = σ2R, u1 = σn/2u

we see that u1 satisfies

4∆1u1 −R1u1 + 2u1 lnu1 + Λu1 = 0.

Since the result in the lemma is independent of the above scaling, we
can just prove it for σ = 1.
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So let u be a positive solution to the equation

4∆u−Ru+ 2u ln u+ Λu = 0

in M+ such that its L2 norm is 1. Given any p ≥ 1, it is easy to see
that

−4∆up + pRup ≤ 2pup lnu. (8.2.7)

We select a smooth cut off function φ which is one in D and 0
outside of D ∪ N. Writing w = up and using wφ2 as a test function in
(8.2.7), we deduce

4

∫

∇(wφ2)∇w + p

∫

R(wφ)2 ≤ 2p

∫

(wφ)2 lnu.

Here in this lemma and next, we will ignore the volume element in
integrations because the metric is fixed. Since the scalar curvature R
is positive in the support of φ and p ≥ 1, this shows

4

∫

∇(wφ2)∇w +

∫

R(wφ)2 ≤ p

∫

(wφ)2 lnu2.

Using integration by parts, we have

4

∫

|∇(wφ)|2 +

∫

R(wφ)2 ≤ 4

∫

|∇φ|2w2 + p

∫

(wφ)2 lnu2. (8.2.8)

We need to dominate the last term in (8.2.8) by the left-hand side
of (8.2.8). For one positive number a to be chosen later, it is clear that

lnu2 ≤ u2a + c(a).

Hence for any fixed q > n/2, the Hölder inequality implies

p

∫

(wφ)2 lnu2 ≤ p

∫

(wφ)2u2a + pc(a)

∫

(wφ)2

≤ p

(∫

u2aq

)1/q (∫

(wφ)2q/(q−1)

)(q−1)/q

+ pc(a)

∫

(wφ)2.

We take a = 1/q so that 2aq = 2. Since the L2 norm of u is 1 by
assumption, the above implies

p

∫

(wφ)2 lnu2 ≤ p

(∫

(wφ)2q/(q−1)

)(q−1)/q

+ pc(a)

∫

(wφ)2.
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By interpolation inequality (see p84 [HL] e.g.), it holds, for any b > 0,

(
∫

(wφ)2q/(q−1)

)(q−1)/q

≤ b

(
∫

(wφ)2n/(n−2)

)(n−2)/n

+ c(n, q)b−n/(2q−n)

∫

(wφ)2.

Therefore

p

∫

(wφ)2 lnu2 ≤pb
(∫

(wφ)2n/(n−2)

)(n−2)/n

+ c(n, q)pb−n/(2q−n)

∫

(wφ)2 + pc(a)

∫

(wφ)2.

(8.2.9)
By the definition of Y (D) in (8.2.3), we see that (8.2.8) gives

Y (D)

(∫

(wφ)2n/(n−2)

)(n−2)/n

≤ 4

∫

|∇φ|2w2 + p

∫

(wφ)2 lnu2.

(8.2.10)
Substituting (8.2.9) to the right-hand side of (8.2.10), we arrive at

Y (D)

(
∫

w2n/(n−2)

)(n−2)/n

≤ 4

∫

|∇φ|2w2

+ pb

(
∫

(wφ)2n/(n−2)

)(n−2)/n

+ c(n, q)pb−n/(2q−n)

∫

(wφ)2

+ pc(a)

∫

(wφ)2.

Take b so that pb = Y (D)/2. It is clear there exist positive constant
c = c(Y (D), n, q) and α = α(n, q) such that

(
∫

(wφ)2n/(n−2)

)(n−2)/n

≤ c(p+ 1)α
∫

(|∇φ|2 + 1)w2. (8.2.11)

From here one can use Moser’s iteration to prove the desired bound.
Let z be the longitudinal parameter for D described before the lemma.
For z2 and z1 such that −1 ≤ z2 < z1 < 0, we construct a smooth
function of z, called ξ such that ξ(z) = 1 when z ≥ z1; ξ(z) = 0
when z < z2 and ξ(z) ∈ (0, 1) for the rest of z. Set the test function
φ = ξ(z) = ξ(z(x)). Then it is clear that

|∇φ| ≤ c

r(z1 − z2)
. (8.2.12)
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Write
Di = {x ∈ M+ | z(x) > zi}, i = 1, 2.

By (8.2.11) and (8.2.12)

(∫

D1

w2n/(n−2)

)(n−2)/n

≤ cmax{ 1

[(z1 − z2)r]2
, 1}(p + 1)α

∫

D2

w2.

(8.2.13)
Recall that w = up. We iterate (8.2.13) with p = (n/(n − 2))i,

i = 0, 1, 2, . . . in conjunction with choosing

z1 = −(1/2 + 1/2i+2), z2 = −(1/2 + 1/2i+1).

Following Moser, we will get

sup
D
u2 ≤ Cmax(r−n, 1)

∫

u2.

�

Remark 8.2.4 One can avoid using (8.2.5) but work on each ǫ neck
and the surgery cap directly as above. Then one can show that u2(x) ≤
Cmax{Rn/2(x), σ−n}. This weaker bound is sufficient for proving the
main result. This will be clear in the proof below.

The next lemma is a nonlinear version of the result in [P2] and
Lemma 92.10 in [KL]. This estimate has its origin in the weighted
Agmon type estimate of eigenfunctions of the Laplacian.

Lemma 8.2.2 Let (M, g) be any compact manifold without boundary.
Suppose u is a positive solution to the inequality

4∆u−Ru+ 2u ln u+ Λu ≥ 0 (8.2.14)

with Λ ≤ 0.
Given a nonnegative function φ ∈ C∞(M), φ ≤ 1, suppose there

is a smooth function f such that R ≥ 0 in the support of φ and that

4|∇f |2 ≤ R− 2 ln+ u+
|Λ|
2

also in the support of φ. Then

|Λ|
2
‖efφu‖2 ≤ 8

[

sup
x∈supp∇φ

ef
√

R− 2 ln+ u+
|Λ|
2

+ ‖ef∇φ‖∞
]

‖u‖2.
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Proof. The main point of the lemma is that the right-hand side de-
pends only on information in the support of ∇φ.

Using integration by parts,
∫

efφu
(

−4∆ +R− 2 lnu− Λ − 4|∇f |2
)

(efφu)

= 4

∫

|∇(efφu)|2 +

∫

(efφu)2(R− 2 ln u− Λ − 4|∇f |2).

By assumption

R− 2 lnu− Λ − 4|∇f |2 ≥ |Λ|/2.

Hence
∫

efφu
(

−4∆ +R− 2 ln u− Λ − 4|∇f |2
)

(efφu) ≥ |Λ|
2

∫

(efφu)2.

(8.2.15)
By straightforward calculation,

left side of (8.2.15) =

∫

(efφ)2u (−4∆u+Ru− 2u ln u− Λu)

−
∫

efφu
[

8∇(efφ)∇u+ 4∆(efφ)u
]

− 4

∫

(efφu)2|∇f |2

≤ −
∫

efφu
[

8∇(efφ)∇u+ 4∆(efφ)u
]

− 4

∫

(efφu)2|∇f |2.

The last step is due to (8.2.14). This together with (8.2.15) yield

|Λ|
2

∫

(efφu)2 ≤ −
∫

efφu
[

8∇(efφ)∇u+ 4∆(efφ)u
]

−4

∫

(efφu)2|∇f |2.

Performing integration by parts on the term containing ∆, we deduce

|Λ|
2

∫

(efφu)2 ≤ −8

∫

efφu∇(efφ)∇u+

∫

4∇(efφ)∇(efφu2)

− 4

∫

(efφu)2|∇f |2.

This shows

|Λ|
2

∫

(efφu)2 ≤ 4

∫

|∇(efφ)|2u2 − 4

∫

(efφu)2|∇f |2.
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Hence

|Λ|
2

∫

(efφu)2 ≤ 4

∫

[

(efφ)|2|∇f |2 + 2e2f (∇f∇φ)φ+ e2f |∇φ|2
]

u2

− 4

∫

(efφu)2|∇f |2.

The first and the last term on the right-hand side cancel to give

|Λ|
2

∫

(efφu)2 ≤ 8

∫

e2f (∇f∇φ)φu2 + 4

∫

e2f |∇φ|2u2.

Note that the integrations on the right side only take place in the
support of ∇φ. Thus it shows, by assumption on |∇f |2,

|Λ|
2

∫

(efφu)2 ≤ 4

∫

supp∇φ
e2f |∇f |2φ2u2 + 8

∫

e2f |∇φ|2u2

≤
∫

supp∇φ
e2f (R− 2 ln+ u+

|Λ|
2

)φ2u2 + 8

∫

e2f |∇φ|2u2.

So finally

|Λ|
2

∫

(efφu)2 ≤ sup
x∈supp∇φ

e2f (R− 2 ln+ u+
|Λ|
2

)

∫

u2

+ 8 sup e2f |∇φ|2
∫

u2. �

Lemma 8.2.3 Let (M, g) be any compact manifold without boundary
and X be a domain in M. Define

λX = inf{
∫

(4|∇v|2 +Rv2 − v2 ln v2) | v ∈ C∞
0 (X), ‖v‖2 = 1},

(8.2.16)

λM = inf{
∫

(4|∇v|2 +Rv2 − v2 ln v2) | v ∈ C∞(M), ‖v‖2 = 1},
(8.2.17)

Let u(> 0) be a minimizer for λM . For any smooth cut-off function
η ∈ C∞

0 (X), 0 ≤ η ≤ 1, it holds

λX ≤ λM + 4

∫

u2|∇η|2
∫

(uη)2
−
∫

(uη)2 ln η2

∫

(uη)2
.
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Proof. Since ηu/‖ηu‖2 ∈ C∞
0 (X) and its L2 norm is 1, we have, by

definition,

λX ≤
∫
[

4
|∇(ηu)|2
‖ηu‖2

2

+R
(ηu)2

‖ηu‖2
2

− (ηu)2

‖ηu‖2
2

ln
(ηu)2

‖ηu‖2
2

]

.

This implies

λX‖ηu‖2
2 ≤

∫

[

4|∇(ηu)|2 +R(ηu)2 − (ηu)2 ln(ηu)2
]

+ ‖ηu‖2
2 ln ‖ηu‖2

2.

(8.2.18)
On the other hand, u is a smooth positive solution (cf [Ro]) of the

equation
4∆u−Ru+ 2u ln u+ λMu = 0.

Using η2u as a test function for the equation, we deduce

λM

∫

(ηu)2 = −4

∫

(∆u)η2u+

∫

R(ηu)2 − 2

∫

(ηu)2 lnu.

By direct calculation

−4

∫

(∆u)η2u = 4

∫

|∇(ηu)|2 − 4

∫

u2|∇η|2.

Hence

λM

∫

(ηu)2 = 4

∫

|∇(ηu)|2 − 4

∫

u2|∇η|2 +

∫

R(ηu)2 − 2

∫

(ηu)2 lnu.

(8.2.19)
Comparing (8.2.19) with (8.2.18) and noting that ‖ηu‖2 < 1, we obtain

λX‖ηu‖2
2 ≤ λM‖ηu‖2

2 + 4

∫

|∇η|2u2 −
∫

(ηu)2 ln η2.

�

Now we are ready to give a

Proof of Theorem 8.2.1.
First we note that the proof of Theorem 8.2.2 is included here.
At a given time t in a Ricci flow (M, g(t)) and for σ > 0, let us

recall, from (8.2.2),

λσ2(g(t)) = inf{
∫

[σ2(4|∇v|2 +Rv2)

− v2 ln v2]dµ(g(t)) − n lnσ | v ∈ C∞(M), ‖v‖2 = 1}.
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The main aim is to find a uniform lower bound for λσ2(g(t)),
t ∈ [T1, T2], σ ∈ (0, 1]. So without loss of generality, we assume it
is negative.

The rest of the proof is divided into 5 steps.

Step 1. We estimate the change of λσ2(t), the best constant of the
log Sobolev inequality, after one (r, δ) surgery.

It will be clear that the proof below is independent of the number
of cut offs occurring in one surgery time T . Therefore we just assume
there is one ǫ horn and one cut off at T .

Let (M, g(T+)) be the manifold right after the surgery and

Λ ≡ λσ2(g(T+))

be the best constant for this post surgery manifold, defined in (8.2.2).
By [Ro], there is a smooth positive function u that reaches the

infimum in (8.2.2) and u solves

σ2(4∆u−Ru) + 2u lnu+ Λu+ n(lnσ)u = 0. (8.2.20)

After taking the scaling

g1 = σ−2g(T+), R1 = σ2R, d1 = σ−1d, u1 = σn/2u

we see that u1 satisfies

4∆1u1 −R1u1 + 2u1 lnu1 + Λu1 = 0 (8.2.21)

and

Λ = inf{
∫

((4|∇g1v|2+R1v
2−v2 ln v2)dµ(g1) | v ∈ C∞(M+), ‖v‖2 = 1}.

(8.2.22)
Denote by U the σ−1h neighborhood of the surgery cap C under

g1, i.e.

U = {x ∈ (M, g1(T
+)) | d1(x,C) < σ−1h} = {x ∈M+ | d(x,C) < h}.

Note that U−C is part of the ǫ tube which is unaffected by the surgery.
Therefore, U − C is ǫ close to a portion of the standard round neck
under the scaled metric σ2h−2g1. Actually it is even δ(< ǫ) close if it
is part of the strong δ neck. But we do not need this fact. Following
the description at the beginning of the section, there is a longitudinal
parametrization of U − C, called z which maps U − C to (−1, 0) ⊂
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(−ǫ−1, ǫ−1). Let ζ : [−1, 0] → [0, 1] be a smooth decreasing function
such that ζ(−1) = 1 and ζ(0) = 0. Then η ≡ ζ(z(x)) maps U − C to
(0, 1). We then extend η to be a cut off function on the whole manifold
by setting η = 1 in M+ − U and η = 0 in C.

Define

ΛX = inf{
∫

((4|∇g1v|2 +R1v
2 − v2 ln v2)dµ(g1) |v ∈ C∞

0 (M+ − C),

‖v‖2 = 1}.
(8.2.23)

Then it is clear that
λσ2(g(T−)) ≤ ΛX .

By Lemma 8.2.3,

ΛX ≤ Λ + 4

∫

u2
1|∇g1η|2dµ(g1)
∫

(u1η)2dµ(g1)
−
∫

(u1η)
2 ln η2dµ(g1)

∫

(u1η)2dµ(g1)
.

Observe that the supports of ∇g1η and η ln η are in U − C. Moreover

|∇g1η| ≤
cσ

h
, −η2 ln η2 ≤ c.

Therefore the above shows

λσ2(g(T−)) ≤ ΛX ≤ Λ +
4cσ2

h2

∫

U u
2
1dµ(g1)

1 −
∫

U u
2
1dµ(g1)

+ c

∫

U u
2
1dµ(g1)

1 −
∫

U u
2
1dµ(g1)

.

(8.2.24)
Recall that Λ = λσ2(g(T+)). So, in order to bound it below, we need

to show that
∫

U u
2
1dµ(g1) is small. This is where we will use Lemma

8.2.1 and 8.2.2.
Under the metric g1 = σ−2g, the capped ǫ horn D of radius r

under g(T+) is just a capped ǫ horn of radius r1 = σ−1r. Using the
longitudinal parametrization z of D as described at the beginning the
section, we can construct a cut-off function φ = φ(z(x)) for x ∈ M+,
which satisfies the following property.

i) {x ∈ M | z(x) = 0} is the boundary of D.
ii) If z ≤ 0, then φ(z) = 0; and if z ≥ 1, then φ(z) = 1.
iii) 0 ≤ φ ≤ 1; |∇g1φ| ≤ c

r1
.

iv) φ is set to be zero outside of D and is set to be 1 to the right of
the set

{x ∈ M+ | z(x) = 1}.
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Notice that the support of ∇φ is in the set where z is between 0
and 1. Applying Lemma 8.2.1 on u1, which satisfies (8.2.21), we know
that

u1(x) ≤ cmax{ 1

r
n/2
1

, 1}, x ∈ D.

Hence, for a negative number Λ0 with |Λ0| being sufficiently large,











R1(x) − 2 ln+ u1(x) + |Λ0|
2 ≤ cr−2

1 + |Λ0|
2 , x ∈ supp∇g1φ;

R1(x) − 2 ln+ u1(x) + |Λ0|
2

≥ R1(x)
2 + cr−2

1 − c1 ln+ max{ 1
r1
, 1} + |Λ0|

2 ≥ R1(x)
2 + |Λ0|

4 , x ∈ D.

(8.2.25)
We stress that Λ0 is independent of the size of r1 = σ−1r, which could
be large or small due to the scaling factor σ.

Recall that we aim to find a uniform lower bound for Λ. If Λ =
λσ2(g(T+)) ≥ Λ0, then we are in good shape. So we assume throughout
that Λ ≤ Λ0. Then, by (8.2.21), it holds

4∆1u1 −R1u1 + 2u1 lnu1 + Λ0u1 ≥ 0 (8.2.26)

Motivated by the last section of [P2] and Lemma 92.10 in [KL],
we choose a function f = f(x) as the distance between x and the set
z−1(0) under the metric

1

4
(R1(x) − 2 ln+ u1(x) +

|Λ0|
2

)g1(x), x ∈ D.

By the first inequality in (8.2.25), in the support of ∇g1φ,

4|∇g1f |2 ≤ cr−2
1 +

|Λ0|
2

(8.2.27)

and in D,

4|∇g1f |2 ≤ R1(x) − 2 ln+ u1(x) +
|Λ0|
2
. (8.2.28)

Note that the right-hand side of (8.2.28) is positive by the second in-
equality in (8.2.25).

Inequalities (8.2.28) and (8.2.26) allow us to use Lemma 8.2.2 (with
Λ there replaced by Λ0 here) to conclude

|Λ0|
2

‖efφu1‖2 ≤ 8

[

sup
x∈supp∇g1φ

ef
√

R1 − 2 ln+ u1 +
|Λ0|
2

+ ‖ef∇g1φ‖∞
]

× ‖u1‖2.
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Here the underlying metric is g1. By (8.2.25) (first item) this shows

|Λ0|
2

‖efφu1‖2 ≤ c sup
x∈supp∇g1φ

ef

√

(
1

r21
+ |Λ0|) ‖u1‖2. (8.2.29)

From (8.2.29), we will derive a bound for ‖u1‖L2(U) which holds for
all finite σ. Here and later ‖u1‖L2(U) stands for the norm under the
metric g1.

First, we note from (8.2.29)

|Λ0|
2

inf
U
ef‖u1‖L2(U) ≤ c sup

x∈supp∇g1φ
ef
√

(
σ2

r2
+ |Λ0|) ‖u1‖2. (8.2.30)

Let us remember that U lies deep inside the capped ǫ horn D. Going
from ∂D (i.e. z−1(0)) to U , one must traverse a number of disjoint ǫ
necks. The ratio of scalar curvatures between the two ends of an ǫ
neck is bounded by ec2ǫ for some fixed c2 > 0. The ratio of the scalar
curvatures between ∂U and ∂D is c3r

2h−2, which is independent of the
scaling factor σ. Therefore one must traverse at least

K ≡ 1

c2ǫ
ln(c3r

2h−2) (8.2.31)

number of ǫ necks to reach U . Note K is independent of σ.
Let Gi be one of the ǫ necks. The distance between its two ends

under the metric g is comparable to 2ǫ−1R−1/2(xi) where xi is a point
in Gi. So, under the metric,

1

4
(R1(x) − 2 ln+ u1(x) +

|Λ0|
2

)g1(x)

the distance between the two ends is bounded from below by

c4 inf
x∈Gi

√

1

4
(R1(x) − 2 ln+ u1(x) +

|Λ0|
2

)R
−1/2
1 (xi)ǫ

−1 ≥ c5ǫ
−1.

Here the last inequality comes from the second item in (8.2.25). This
means that the function f increases by at least c5ǫ

−1 when traversing
one ǫ neck.

Next we observe that

inf
G2

f ≥ sup
supp∇g1φ

f
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since the support of ∇g1φ is contained in the first ǫ neck G1. Therefore

inf
U
f ≥ c5ǫ

−1(K − 2) + inf
G2

f ≥ c5ǫ
−1(K − 2) + sup

supp∇g1φ
f.

Substituting this to (8.2.30), we deduce

‖u1‖L2(U) ≤ 2c|Λ−1
0 |e−c5ǫ−1(K−2)

√

(
σ2

r2
+ |Λ0|) ‖u1‖2.

Therefore, by the formula for K in (8.2.31),

‖u1‖L2(U) ≤ c6|Λ−1
0 |(r−2h2)c7ǫ

−2

√

(
σ2

r2
+ |Λ0|) ‖u1‖2.

Since r ≤ 1 by assumption, we know that

‖u1‖L2(U) ≤ c8C(Λ0)(σ + 1)r−1(r−2h2)c7ǫ
−2 ‖u‖2

= c8C(Λ0)h
5‖u‖2

h2c7ǫ−2−5

r2c7ǫ−2+1
.

Since h ≤ δ2r ≤ 1, it is easy to see that we can choose δ as a suitable
power of r so that

‖u‖L2(U,dµ(g)) = ‖u1‖L2(U) ≤ c9(σ + 1)h5‖u‖2 (8.2.32)

if ǫ is made sufficiently small, once and for all. For instance, one can
choose δ ≤ r1/2.

Substituting (8.2.32) to (8.2.24), we see that

λσ2(g(T−)) ≤ Λ + c10(σ + 1)3h3 1

1 − c9(σ + 1)h5
.

Hence, given any σ0 > 0, we have, for all σ ∈ (0, σ0), either

λσ2(g(T+)) ≥ Λ0

or

λσ2(g(T−)) ≤ Λ + c11(σ + 1)3h3 = λσ2(g(T+)) + c11(σ + 1)3h3

provided that h ≤ (2(σ0 + 1)c9)
−1/5. This shows, for all σ ∈ (0, σ0],

either λσ2(g(T+)) ≥ Λ0, or

λσ2(g(T−)) ≤ λσ2(g(T+)) + c12|vol(M(T−)) − vol(M(T+))|. (8.2.33)
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Here vol(M(T−)) is the volume of the pre-surgery manifold at T and
vol(M(T+)) is the volume of the post-surgery manifold at T . Note this
proves Theorem 8.2.2.

From the calculation around (8.2.32), when ǫ > 0 is sufficiently
small, the surgery radius h can be chosen as

h = z0r
2 (8.2.34)

where z0 is some constant smaller than 1. Actually the power on r can
also be any number greater than 1.

Step 2. We estimate the change of the best constant in the log
Sobolev inequality in a given time interval without surgery.

Suppose the Ricci flow is smooth from time t1 to t2. Let t ∈ (t1, t2)
and σ > 0. Recall that, for (M, g(t)), Perelman’s W entropy with
parameter τ is

W (g, f, τ) =

∫

M

(

τ(R+ |∇f |2) + f − n
)

ũ dµ(g(t))

where ũ = e−f

(4πτ)n/2 . We are using ũ in this step to distinguish from u

in the last step.
We define

τ = τ(t) = σ2 + t2 − t

so that τ1 = ǫ2 + t2 − t1 and τ2 = σ2 (by taking t = t1 and t = t2
respectively).

Let ũ2 be a minimizer of the entropy W (g(t), f, τ2) for all ũ such
that

∫

ũdµ(g(t2)) = 1.
We solve the conjugate heat equation with the final value chosen as

ũ2 at t = t2. Let ũ1 be the value of the solution of the conjugate heat
equation at t = t1. As usual, we define functions fi with i = 1, 2 by the
relation ũi = e−fi/(4πτi)

n/2, i = 1, 2. Then, by the monotonicity of the
W entropy ([P1])

infR

ũ0dµ(g(t1))=1W (g(t1), f0, τ1) ≤W (g(t1), f1, τ1) ≤W (g(t2), f2, τ2)

= infR

ũdµ(g(t2))=1W (g(t2), f, τ2).

Here f0 and f are given by the formulas

ũ0 = e−f0/(4πτ1)
n/2, ũ = e−f/(4πτ2)

n/2.



376 Chapter 8. Sobolev inequality with surgeries

Using these notations we can rewrite the above as

inf
‖ũ‖1=1

∫

M

(

σ2(R + |∇ ln ũ|2) − ln ũ− ln(4πσ2)n/2
)

ũ dµ(g(t2))

≥ inf
‖ũ0‖1=1

∫

M

(

(σ2 + t2 − t1)(R+ |∇ ln ũ0|2)

− ln ũ0 − ln(4π(σ2 + t2 − t1))
n/2

)

ũ0 dµ(g(t1)).

Denote v =
√
ũ and v0 =

√
ũ0. This inequality is converted to

inf
‖v‖2=1

∫

M

(

σ2(Rv2 + 4|∇v|2) − v2 ln v2
)

dµ(g(t2)) − ln(4πσ2)n/2

≥ inf
‖v0‖2=1

∫

M

(

4(σ2 + t2 − t1)(
1

4
Rv2

0 + |∇v0|2) − v2
0 ln v2

0

)

dµ(g(t1))

− ln(4π(σ2 + t2 − t1))
n/2.

That is
λσ2(g(t2)) ≥ λσ2+t2−t1(g(t1)). (8.2.35)

Step 3. We estimate the change of the best constant in the log
Sobolev inequality in the time interval [T1, T2], with surgeries.

Now, let
T1 ≤ t1 < t2 < . . . < tk ≤ T2

and ti, i = 1, 2, . . . , k be all the surgery times from T1 to T2. Here,
without loss of generality, we assume that T1 and T2 are not surgery
times. Otherwise we can just directly apply step 1 two more times at
T1 and T2. We also fix a

σ0 = T2 − T1 + 1,

where σ0 is the upper bound for the parameter σ in step 1, (8.2.33).
For any σ ∈ (0, 1], by (8.2.35), we have

λσ2(g(T2)) ≥ λσ2+T2−tk(g(t+k )).

By Step 1 (8.2.33), either

λσ2+T2−tk(g(t+k )) ≥ Λ0
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or

λσ2+T2−tk(g(t+k )) ≥ λσ2+T2−tk(g(t−k )) − c12|vol(M(t−k ) − vol(M(t+k ))|.

In the first case, we have

λσ2(g(T2)) ≥ Λ0.

So a uniform lower bound is already found.
In the second case,

λσ2(g(T2)) ≥ λσ2+T2−tk(g(t−k )) − c12|vol(M(t−k ) − vol(M(t+k ))|.

From here we start with λσ2+T2−tk(g(t−k )) and repeat the above process.
We have, from (8.2.35), with σ2 in (8.2.35) replaced by σ2 + T2 − tk,

λσ2+T2−tk(g(t−k )) ≥ λσ2+T2−tk−1
(g(t+k−1)).

Continue like this, until T1, we have either

λσ2(g(T2)) ≥ λσ2+T2−T1
(g(T1)) − c12Σ

k
i=1|vol(M(t−i ) − vol(M(t+i ))|

(8.2.36)
or

λσ2(g(T2)) ≥ Λ0 − c12Σ
k
i=1|vol(M(t−i ) − vol(M(t+i ))|. (8.2.37)

Note that the above process can be carried out since all the parameters
under λ is bounded from above by σ0.

It is known that

Σk
i=1|vol(M(t−i ) − vol(M(t+i ))| ≤ sup

t∈[T1,T2]
vol(M(t)).

Hence, either

λσ2(g(T2)) ≥ λσ2+T2−T1
(g(T1)) − c12 sup

t∈[T1,T2]
vol(M(t)), (8.2.38)

or
λσ2(g(T2)) ≥ Λ0 − c12 sup

t∈[T1,T2]
vol(M(t)). (8.2.39)

In either case, the lower bound is independent of the number of surg-
eries.
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If (8.2.38) holds, then we have to find a lower bound for
λσ2+T2−T1

(g(T1)), which is independent of σ. Remember that it is as-
sumed that (M, g(T1)) satisfies a Sobolev inequality with constant A1.
It is well known that this implies a log Sobolev inequality. Indeed, from
(
∫

v2n/(n−2)dµ(g(T1))

)(n−2)/n

≤ A1

∫

(4|∇v|2 +Rv2)dµ(g(T1))

+A1

∫

v2dµ(g(T1)),

using Hölder inequality and Jensen inequality for ln, we have:
for those v ∈W 1,2(M, g(T1)) such that ‖v‖2 = 1, it holds

∫

v2 ln v2dµ(g(T1)) ≤
n

2
ln

(

A1

∫

(4|∇v|2 +Rv2)dµ(g(T1)) +A1

)

.

(8.2.40)
Recall the elementary inequality: for all z, q > 0,

ln z ≤ qz − ln q − 1.

By (8.2.40), this shows
∫

v2 ln v2dµ(g(T1)) ≤
n

2
q

(

A1

∫

(4|∇v|2 +Rv2)dµ(g(T1)) +A1

)

− n

2
ln q − n

2
.

Take q such that n
2 qA1 = σ2 + T2 − T1. Since σ ≤ 1, this shows, for

some
B = B(A1, T1, T2, n) = c (T2 − T1) + c > 0,

λσ2+T2−T1
(g(T1)) ≡ inf

‖v‖2=1

∫

[ (σ2 + T2 − T1)(4|∇v|2 +Rv2)

− v2 ln v2]dµ(g(T1)) −
n

2
ln(σ2 + T2 − T1)

≥ −B.
Therefore we can conclude from (8.2.38) and (8.2.39) that

λσ2(g(T2)) ≥ min{−B,Λ0} − c12 sup
t∈[T1,T2]

vol(M(t)) ≡ A2

for all σ ∈ (0, 1]. By Definition 8.2.2, this is nothing but a (restricted)
log Sobolev inequality for (M, g(T2)), i.e.
∫

v2 ln v2dµ(g(T2)) ≤ σ2

∫

(4|∇v|2 +Rv2)dµ(g(T2)) −
n

2
lnσ2 −A2

(8.2.41)
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where σ ∈ (0, 1]. Obviously this implies the full log Sobolev inequality:
for all ǫ > 0,

∫

v2 ln v2dµ(g(T2)) ≤ ǫ2
∫

(4|∇v|2+Rv2)dµ(g(T2))−
n

2
ln ǫ2+ǫ2−A2+C

(8.2.42)
where C is a numerical constant.

Step 4. The log Sobolev inequality (8.2.41) or (8.2.42) implies cer-
tain heat kernel estimate.

Let p(x, t, y) be the heat kernel of ∆ − 1
4R in (M, g(T2)) (with the

fixed metric g(T2)). Then (8.2.41) or (8.2.42) implies, for t ∈ (0, 1],

p(x, t, y) ≤ exp(4(T2 + 1) +
n

2
| ln |A2|| + c+R−

0 )
1

(4πt)n/2
≡ Λ

tn/2
.

(8.2.43)
Here R0 = supR−(x, 0) again. This follows from a generalization of
Davies’ argument [Da], as done in Theorem 6.2.1.

Step 5. The heat kernel estimate (8.2.43) implies Sobolev inequality
perturbed with scalar curvature R and strong noncollapsing.

This is more or less routine. By adapting the standard method in
heat kernel estimate in [Da], as demonstrated in the proof of Theorem
6.2.1, it is known that (8.2.43) implies the desired Sobolev imbedding
for g(T2), i.e. for all v ∈W 1,2(M, g(T2)), there is B2 > 0,

(∫

v2n/(n−2)dµ(g(T2))

)(n−2)/n

≤B2

∫

(4|∇v|2 +Rv2)dµ(g(T2))

+B2

∫

v2dµ(g(T2)).

The strong noncollapsing result follows from the work of Carron
[Ca] and Akutagawa [Ak], as described in Chapter 4.

The last statement in the theorem is a result of (8.2.34). �



Chapter 9

Applications to the proof

of Poincaré conjecture

In this chapter we will use the strong noncollapsing result (Theorem
8.2.1) to clarify and simplify another key part of the proof of the
Poincaré conjecture, namely that there are only finitely many surgeries
in finite time.

The main work is to prove a strong canonical neighborhood prop-
erty for Ricci flow with surgeries (Theorem 9.2.1, part (1) below) that
mirrors Theorem 7.5.1, which deals with the case without surgeries. In
this chapter, unless stated otherwise, when we use the term canonical
neighborhood property with or without the prefix “strong”, we mean
the one defined as part of the a priori assumption in Definition 8.1.6.

Our proof seems to simplify and clarify Perelman’s original proof
both logically and technically. Recall Perelman’s proof in [P2] of The-
orem 9.2.1, part (1). One first assumes that such a strong canonical
neighborhood property for Ricci flow with surgeries holds with a worse
accuracy 2ǫ. Then one proves Lemma 9.1.1 below ( [P2], Lemma 4.5),
which describes the evolution of the surgery cap. Using this lemma, one
proves the (weak) κ noncollapsing property. Then one finally proves the
strong canonical neighborhood property with surgeries with accuracy
ǫ, using Lemma 9.1.1, the (weak) κ noncollapsing property and the
method in Theorem 7.5.1. In contrast, we already know that the strong
noncollapsing result holds as long as one performs (r, δ) surgery with
sufficiently small δ. This allows us to prove Lemma 9.1.1 directly with
a different method. The proof of Lemma 9.1.1 outlined in [P2] seems
in need of further justification, as explained in Claim 9.1.1 in Step 2 of
the proof of Lemma 9.1.1 below. A combination of this lemma with the

381
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method in Theorem 7.5.1 leads to the strong canonical neighborhood
property with accuracy ǫ. This method also allows one to bypass the
sophisticated uniqueness theorem of [ChZ2].See Remark 9.1.2 below.

9.1 Evolution of regions near surgery caps

Let us begin with two preliminary results on Ricci flow with surgeries.
One is called bounded curvature at bounded distance. The other is a
surgery version of Hamilton’s compactness theorem.

Proposition 9.1.1 (bounded curvature at bounded distance for Ricci
flow with surgery) (Claim II [P2] 4.2. See also [MT] Theorem 10.2
and [KL] section 70.)

Let (M,g) be a Ricci flow with surgery that satisfies the a priori as-
sumption (Definition 8.1.6) with the canonical neighborhood parameter
r = r(t) and accuracy ǫ.

Assume ǫ is sufficiently small. Then for any A > 0 and t0 > 0,
there exist positive constants K = K(A, ǫ, r(t0)) and E = E(A, ǫ, r(t0))
such that the following statement holds.

If Q ≡ R(x0, t0) ≥ E, and for any x ∈M , the space time segment

{x} × [t0 − (max(Q,R(x, t0)))
−1, t0]

is unscathed by surgery, then

R(x, t0) ≤ K(A, ǫ, r(t0))R(x0, t0), x ∈ B(x0, AQ
−1/2, t0).

Proof. This result is essentially contained in the proof of the singu-
larity structure Theorem 7.5.1, Step 3. One difference is that there are
surgeries here, which may interfere with the limiting process in the
proof. However the existence of a suitable time interval and spatial
domain where the Ricci flow is smooth is guaranteed by the a priori
assumption which entails the strong canonical neighborhood property.
So the previous method still works.

Here are the details of the proof.
Suppose the lemma is not true. Then there exists a sequence of

Ricci flows (Mk, gk) and space time points (xk, t0) with the following
properties:

(i) The scalar curvature Rk(xk, t0) tends to ∞ when k → ∞;
(ii) There exists A > 0 and zk ∈ B(xk, A, gk(t0)) such that

Rk(zk, t0)R
−1
k (xk, t0) → ∞, k → ∞.
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By scaling and time shifting, we will take t0 = 0 and assume that

Qk ≡ Rk(xk, t0) = 1, k = 1, 2, . . . .

By (i), we may also assume that any point with (scaled) scalar curvature
higher than 1 has a strong canonical neighborhood property. For the
rest of the proof, we only deal with the scaled flows without changing
the notations.

For all ρ > 0, define

J(ρ) = sup{Rk(x, 0) |x ∈ B(xk, ρ, gk(0)), k = 1, 2, . . .},
ρ0 =sup{ρ | J(ρ) <∞}.

Integrating the spatial gradient bound in the a priori assumption, as
in step 2 of the proof of Theorem 7.5.1, we deduce that ρ0 > 0.

Since the lemma is assumed false, we know ρ0 < ∞. We will show
that this leads to a contradiction, which proves the lemma. By ρ0 <∞,
after passing to a subsequence when necessary, there exists yk ∈ Mk

such that d(xk, yk, gk(0)) → ρ0 and Rk(yk, 0) → ∞. Let αk be a mini-
mizing geodesic from xk to yk, lying in Mk. Since Rk(xk, 0) = 1, there
exists a point zk ∈ αk such that Rk(zk, 0) = 2 and that zk is the
closest such point to yk. We use βk to denote the segment of αk that
connects zk and yk. Then the scalar curvature Rk ≥ 2 along βk. The
pinching property, as part of the a priori assumption, tells us that
the curvature tensor is bounded from below. Therefore, for each fixed
ρ < ρ0, the curvature tensor of (Mk, gk) is uniformly bounded on the
balls B(xk, ρ, gk(0)). The injectivity radii are also uniformly bounded
away from zero due to the strong noncollapsing theorem. Hence Hamil-
ton’s compactness Theorem 5.3.5 implies the following. The marked
(sub)sequence (B(xk, ρ0, gk(0)), gk(0), xk) converges in the C∞

0 topol-
ogy to a marked incomplete manifold (B∞, g∞(0), x∞). Also the in-
complete Ricci flows (Mk, gk) in the region

Pk ≡ {(x, t) | d(xk , x, gk(0)) < ρ0, −(max(1, Rk(x, 0)))
−1 < t ≤ 0}

with marked space time point (xk, 0), converges, in subsequence, to a
marked incomplete Ricci flow with metric g∞(t) in the region:

P∞ ≡ {(x, t) |x ∈ B∞, −(max(1, R∞(x, 0)))−1 < t ≤ 0.}

Here R∞ is the scalar curvature of g∞. Note that Pk is unscathed by
surgery by assumption. Hence the limit process is meaningful. Notice
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also the geodesic segment αk converges to a geodesic segment α∞ ⊂ B∞
and βk to β∞. The common end point of α∞ and β∞ is denoted by y∞.

Observe that the scalar curvature R∞ along β∞ is at least 2. This
corresponds to high scalar curvature for the flows (Mk, gk), where the
strong canonical neighborhood property with accuracy ǫ holds as part
of the a priori assumption. Hence, for any q0 ∈ β∞, the ball

D∞(q0) ≡ {q ∈ B∞ | d2(q0, q, g∞(0)) < ǫ−2[R∞(q0)]
−1}

is 2ǫ close to either a time slice of strong ǫ necks, ǫ caps or compact
manifolds without boundary. Also R∞ becomes unbounded when the
curve α∞ approaches the end point y∞. This shows D∞(q0) is not close
to a compact manifold. Since α∞ is distance minimizing, we know that
D∞(q0) can not be close to an ǫ cap either. The reason is that any
long geodesic going through the center of a cap can not be distance
minimizing. So the only possibility is D∞(q0) is close to a time slice of
a strong ǫ neck.

Therefore the limit manifold (M∞, g∞(0), x∞), as a union of 3ǫ
necks, is diffeomorphic to S2 × (0, 1). The sectional curvature is non-
negative due to Hamilton-Ivey pinching Theorem 5.2.4 and the scalar
curvature tends to infinity as a point in B∞ tends to the end point x∞.

The rest of the proof is identical to that of step 3 in Theorem 7.5.1.
One scales the limit flow in P∞ to get a metric cone, which has to
split by the maximum principle. This leads to contradiction with the
assumption that ρ0 <∞. �

The next result is a surgery version of the Hamilton compactness
theorem for Ricci flow. The reader can also consult [MT] Theorem 11.1
for its proof.

Proposition 9.1.2 Let (Mα, gα, (xα, tα)) be a sequence of marked 3-
dimensional Ricci flows with surgeries, which satisfy the a priori as-
sumption. Suppose that:

(i) For each yα ∈ Mα and t ≤ tα such that R(yα, t) ≥ 4R(xα, tα),
there exists a strong canonical neighborhood with accuracy ǫ.

(ii) limα→∞Qα = ∞ where Qα = R(xα, tα).
(iii) For each A < ∞, if α is sufficiently large, then the ball

B(xα, AQ
−1/2
α , tα) has a compact closure in Mα.

(iv) For uniform constants κ and r, the flow (Mα, gα) is κ noncol-

lapsed on scales less than r at each point of the ball B(xα, AQ
−1/2
α , tα).
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(v) There is µ > 0 such that for each A > 0, any point yα ∈
B(xα, AQ

−1/2
α , tα) is unscathed by surgery in the time interval [tα −

(max(Qα, R(yα, tα)))−1µ, tα].
Then, after passing to a subsequence and shifting the time tα to 0,

the sequence
(Mα, Qαg

α, (xα, tα))

converges in C∞
loc topology to a complete Ricci flow (M∞, g∞, (x∞, 0)).

The limiting Ricci flow exists in a time interval [−t0, 0] for some t0 > 0.
Moreover the limiting flow has bounded and nonnegative curvature.

Proof. By assumption (v), the space time domain

PαA ≡{(x, t) | d(xα, x, gα(tα))

< AQ−1/2
α , tα − (max(Qα, R(yα, tα)))−1µ ≤ t ≤ tα}

is unscathed by surgery. The previous proposition tells us that there
exists a positive constant K = K(A) such that

R(x, tα) ≤ K(A)Qα, d(xα, x, gα(tα)) < AQ−1/2
α .

By the noncollapsing assumption (iv), we know, from Theorem 5.3.5
again, that after passing to a subsequence and shifting the time tα to
0, the sequence

(Mα, Qαg
α, (xα, tα))

converges in C∞
loc topology to a Ricci flow (M∞, g∞, (x∞, 0)). This Ricci

flow exists in a space time subregion of M∞ × (−∞, 0], which is rela-
tively open and contains the time slice M∞ × {0}.

By step 4 of the proof of Theorem 7.5.1, the scalar curvature of
M∞ under g∞(0) is bounded. Hence assumption (v) implies that the
limit flow actually exists in a fixed time interval [−t0, 0]. The curva-
ture is nonnegative due to Hamilton Ivey pinching. This proves the
proposition. �

Remark 9.1.1 It is convenient and desirable that condition (iv) holds,

i.e. every point in the ball B(xα, AQ
−1/2
α , tα) is κ noncollapsed for a

fixed κ and under a fixed scale. One may think that it suffices to assume
only the point (xα, tα) is κ noncollapsed. Then one uses the classical
volume comparison theorem and a priori curvature upper bound from
the previous proposition to obtain lower bound for the volume of balls
centered elsewhere. However, the constant κ obtained in this manner is
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no longer uniform with respect to A. Moreover there could be compli-
cations when surgeries are present.

The next result ( [P2] Lemma 4.5.) gives a description of the evolu-
tion of surgery caps. It is a key lemma in proving the long time existence
of Ricci flow with surgery. In fact it can be regarded as a warm-up run
for the canonical neighborhood Theorem 9.2.1 below. The proof here
is quite different from the other ones available in the literature. One
reason is the strong noncollapsing property proven in the last chap-
ter. The other is the proof of Claim 9.1.1 below, which seems to need
further justification in the proof outlined in [P2].

In order to present the lemma, we introduce one more notation. Let
(M,g(t)) be a Ricci flow. Given x0 ∈M , r > 0 and two moments t0, t1
in time, we denote

P (x0, t0, r, t0, t1) ≡ {(x, t) | x ∈ B(x0, r, t), t ∈ [t0, t1]}, (9.1.1)

if t1 > t0.

Lemma 9.1.1 (behavior of Ricci flow near a surgery cap) For any
sufficiently small ǫ > 0, any A ≥ 1 and θ ∈ (0, 1), there exists δ0 =
δ0(A, θ, ǫ) > 0 such that the following result is valid.

Let (M,g(t)) be a Ricci flow with compact, orientable initial value
and finitely many (r, δ) surgeries in the time interval [0, T ], which sat-
isfies the following requirements.

(1) The strong canonical neighborhood property with parameter r0
and accuracy ǫ holds in [0, T ] for some r0 > 0.

(2) δ ≤ δ0 for all the (r, δ) surgeries incurred in [0, T ].
(3) One (r, δ) surgery with surgery radius h occurs at time T0 ∈

(0, T ).
(4) x0 is any fixed point in the surgery cap in (3).
Then,
(i) There exists a time T1 ∈ (T0,min(T0 + θh2, T )] such that the

Ricci flow in the space time region

P (x0, T0, Ah, T0, T1) ≡ {(x, t) | x ∈ B(x0, Ah, t), t ∈ [T0, T1]},

is unscathed.
Moreover, after scaling by factor h−2 and shifting time T0 to 0, the

Ricci flow in
P (x0, T0, Ah, T0, T1)
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is A−1 close, in C
[A]
loc topology, to the corresponding portion of the stan-

dard solution which starts at time 0 and which includes the tip of the
cap;

(ii) If T1 < min(T0 +θh2, T ) and T1 is the supremum of those times
such that (i) holds, then the Ricci flow after time T1 is undefined for
all points in B(x0, Ah, T0), i.e. the whole ball is cut off at time T1 by a
surgery.

Proof. The proof is divided into a few steps.
Step 1. Proof of (i).
By Lemma 8.1.2, at the surgery time T0, the metric g(T+

0 ) immedi-
ately after the surgery in the ball B(x0, δ

−1/2h, T0) is, after scaling by
h−2, δ1/2 close to the metric in the corresponding ball of the standard
capped cylinder. Recall that the standard solution is the Ricci flow
whose initial value is the standard capped cylinder. We can choose δ
sufficiently small so that A << δ−1/2. By continuity of Ricci flow in
small time, conclusion (i) of the lemma holds for P (x0, T0, Ah, T0, t1),
for some time t1 ∈ (T0,min(T0 + θh2, T )].

Let Q be the maximum of the scalar curvature of the standard
solution up to time θ. Since ǫ is sufficiently small, we know that

R(x, t) ≤ 2Qh−2, (x, t) ∈ P (x0, T0, Ah, T0, t1).

Step 2. We start the proof of (ii).

Let T1 be the supremum of those t1s in Step 1, i.e. the Ricci flow sat-
isfies the requirements (1)–(4) and conclusion (i) of the lemma. More-
over T1 is the supremum time with these properties.

If T1 = min{T0 + θh2, T}, then we are done with the proof. Thus
we assume T1 < min{T0 + θh2, T}.

The task of this step is to prove the following:

Claim 9.1.1 Suppose 0 < δ ≤ δ0(A, θ, ǫ) which is sufficiently small.
Then there must be a surgery happening at T1, which cuts off at least
some point in the closed ball B̄(x0, Ah, T0).

We caution that before the time T1, many other surgeries could
have occurred elsewhere. But they do not cut off any points in the ball
B(x0, Ah, T0). In step 3, we will show that the whole ball is cut off.

In the proof of the lemma outlined in [P2] page 10, it seems that
this claim is taken for granted with little proof. However, there could
be a case when no surgery appears at T1 or shortly after T1 but the A−1

closeness to a standard solution fails. One may use a limiting method
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outlined in [P2] Lemma 4.5 to rule out the case. It is suggested that
a sequence of flows violating this property will converge to a standard
solution. However there seems to be a need to justify the limiting pro-
cess, due to the possibility of surgery and lack of curvature control at
any given distance from the tip of the cap. Here we present a detailed
proof for the claim. The new ingredient in the proof is to show that if
the scalar curvature is very high at a space time point, then it will not
drop off very quickly. So canonical neighborhood persists over certain
time interval.

We use the method of contradiction. Suppose the claim is false.
Then, for each α = 1, 2, . . ., there exists δ0 = δ0(α)(→ 0), and a marked
Ricci flow

(Mα, gα, xα0 , T0) (9.1.2)

satisfying the requirements (1)–(4) and conclusion (i) of the lemma
in a maximal interval [T0, T1] where T0 = T0(α) and T1 = T1(α).
But there is no surgery at time T1, which scathes the closed ball
B̄(xα0 , Ah(α), T0(α)). Here h(α) is the surgery radius at time T0(α).
By continuity, the following statement is true:

there exists T2(α) > T1(α) such that the ball

B(xα0 , Ah(α), T0(α)) is unscathed in the interval [T0(α), T2(α)].
(9.1.3)

Step 2.1. We prove the following claim

Claim 9.1.2 With the assumption (9.1.3), the balls B(xα0 , δ
−1/2
0 (α)

h(α), T0) are also unscathed for all t ∈ [T0(α), T2(α)], provided that
T2(α) is sufficiently close to T1(α).

To simplify the presentation, we will drop the parameter α in the
next paragraphs, unless stated otherwise. An useful observation is that
we are free to make T2(α)(> T1(α)) as close to T1(α) as we wish.

Suppose for contradiction Claim 9.1.2 at this sub-step is false in this

interval [T0, T2] i.e. the ball B(x0, δ
−1/2
0 h, T0) is scathed by a surgery

at a time t in the above interval. There are only two ways this can
happen. One is that the whole ball is cut off by a surgery. The other
is that a surgery two sphere intersects with the ball. But the first way
is impossible since x0 would be cut off too, contradicting the defini-
tion of T2 in (9.1.3) just before Step 2.1. Therefore, there exists a
first time t3 ∈ [T0, T2], when a surgery two sphere intersects with

B(x0, δ
−1/2
0 h, T0). Consequently

there exists a point x1 ∈ B(x0, δ
−1/2
0 h, T0), (9.1.4)
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which is at the center of a δ neck of radius h3. Here h3 is the surgery
radius of the surgery at time t3. Note h3 is independent of h, the surgery
radius at time T0.

We show that there exists a positive constant C = C(η), depending
only on the coefficient η in the gradient bounds of the strong canonical
neighborhood property, such that

R(x, t) ≥ C(η)h−2, x ∈ B(x0, δ
−1/2
0 h, T0), t ∈ [T0, t3]. (9.1.5)

Here t3 is regarded as the time right before the surgery takes place. To
prove this, we recall from Step 1 first paragraph that, for small δ0,

R(x, T0) >
σ0

2
h−2, x ∈ B(x0, δ

−1/2
0 h, T0).

Here σ0 > 0 is the lowest scalar curvature of the standard solution. By
continuity of Ricci flow, there exists a time t4 ∈ [T0, t3] such that

R(x, t) ≥ σ0

4
h−2, x ∈ B(x0, δ

−1/2
0 h, T0), t ∈ [T0, t4].

Here we recall that the Ricci flow is smooth in the space time region

B(x0, δ
−1/2
0 h, T0)× [T0, t

−
3 ], by definition of t3 as the first surgery time

in the ball.
Since h is much smaller than the canonical neighborhood scale r0,

we see that the point (x, t) specified above satisfies the canonical neigh-
borhood property. In particular the gradient bound holds:

∂tR(x, t) ≥ −ηR2(x, t).

After integration, this implies

R(x, t) ≥ R(x, T0)

1 + η(t− T0)R(x, T0)
, t ∈ [T0, t4].

Since t− T0 ≤ θh2 < h2 and R(x, T0) ≥ σ0
2 h

−2, we deduce

R(x, t) ≥ C(η)h−2, t ∈ [T0, t4].

Note this bound is independent of t4, as long as t4 − T0 < h2. Hence
we can iterate this procedure as many times as necessary to deduce
(9.1.5).

Recall h ≤ δ2r0. Hence R(x, t3) ≥ C(η)h−2 ≥ r−2
0 when δ is small.

Thus every point (x, t3) with x ∈ B(x0, δ
−1/2
0 h, T0) has a canonical
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neighborhood of accuracy ǫ. So the ball B(x0, δ
−1/2
0 h, T0) at time t3

is entirely covered by canonical neighborhoods. By the definition of
surgery procedure, we have thrown away all compact components with
positive scalar curvature. So only ǫ caps and ǫ necks are present. By
definition of T1, the balls B(x0, Ah, T0) at time t ∈ [T0, T1] intersect a
cap. So the ball B(x0, Ah, T0) at t3 also intersects a cap since either
t3 ≤ T1 or it can be chosen close to T1. Therefore, at time t3, the ball

B(x0, δ
−1/2
0 h, T0) is covered by a ǫ cap and ǫ necks.

By (9.1.4), there exists x1 ∈ B(x0, δ
−1/2
0 h, T0), which lies in the

surgery two sphere which is the center of a δ neck. Note δ is smaller
than ǫ. So a center of every δ neck is a part of an ǫ neck. Hence, at
the moment after surgery, the smaller ball B(x0, Ah, T0) at t3 would
lie in a compact manifold without boundary, which has positive scalar
curvature. But this means the ball B(x0, Ah, T0) at t3 would be thrown
out, contradicting (9.1.3). This contradiction proves Claim 9.1.2.

Step 2.2. Thus the Ricci flow (9.1.2), with index α omitted, remains
smooth in the space time region

B(x0, δ
−1/2
0 h, T0) × [T0, T2]

for some T2 > T1. Since we can always choose a slightly smaller T2 if
necessary, we can assume without loss of generality

T2 ≤ min(T1 + (12η)−1Q−1h2, T0 + θh2, T ). (9.1.6)

Here η is the constant in the gradient bound of Definition 8.1.6.
By our assumption on T1, when restricted to B(x0, Ah, T1), the

metric g(T1) is, after scaling by h−2 and shifting time T0 to 0, A−1

close to the metric of the standard solution in the corresponding ball
at time (T1−T0)h

−2. Thus we know that R(x0, T1) ≤ 2Qh−2. We show
that a similar bound can be extended up to time T2, i.e.

R(x0, t) ≤ 3Qh−2, t ∈ [T1, T2]. (9.1.7)

This inequality is a quick consequence of the canonical neighborhood
property. For t specified in (9.1.7), if R(x0, t) ≤ 2Qh−2, then there is
nothing to prove. So we assume R(x0, t) ≥ 2Qh−2. Let

t̄ = inf{l |l ∈ [T0, t], R(x0, l) ≥ 2Qh−2}.

Note h, as the surgery radius, is much smaller than r0, the parameter in
the canonical neighborhood property. Hence we know that each (x0, l),
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l ∈ [t̄, t] has a canonical neighborhood. Therefore the gradient estimate
holds:

∂lR(x0, l) ≤ 2ηR(x0, l)
2.

Integrating this from t̄ to t and noticing R(x0, t̄) = 2Qh−2, we obtain

R(x0, t) ≤
1

0.5Q−1h2 − 2η(t− t̄)
≤ 1

0.5Q−1h2 − 2η(T2 − T1)
.

Therefore, when T2 satisfies (9.1.6), the upper bound (9.1.7) holds, i.e.

R(x0, t) ≤ 3Qh−2, t ∈ [T1, T2].

By the argument in Step 2.1, there is c > 0 such that

R(x0, t) ≥ cQh−2, t ∈ [T0, T2].

If T2 ≤ T0 + (12η)−1Q−1h2, the above argument can be applied in
the space time region

B(x0, δ
−1/2
0 h, T0) × [T0, T2].

Hence, for these T2, it holds

R(x, t) ≤ CQh−2, (x, t) ∈ B(x0, δ
−1/2
0 h, T0) × [T0, T2]. (9.1.8)

If T2 ≥ T0 + (12η)−1Q−1h2, by the upper and lower bound for
R(x0, t), we have the necessary surgery free time interval to apply
Proposition 9.1.1. It tells us that for any fixed D > 0, there exists
K(D, ǫ, r0) > 0, such that the uniform bound

R(x, t) ≤ K(D, ǫ, r0)R(x0, t), on B(x0,Dh, t) × {t}, t ∈ [T0, T2]
(9.1.9)

holds when the (hidden) α is sufficiently large. Here the uniformity is
with respect to the parameter α. We mention that Proposition 9.1.1 is
stated for complete Ricci flow. But both the statement and proof is of
local nature. Hence the result holds for local Ricci flows too. It is the
local version that we are using here.

Step 2.3. Recover the index α and consider the scaled metric

g̃α(s) = h−2(α)gα(T0(α) + h2(α)s)

in the space time region

P̃ (α) ≡{(x, s) | d(x, xα0 , g̃α(0)) < δ
−1/2
0 (α),

s ∈ [0, h−2(α)(T2(α) − T0(α))]}.
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For any fixed D > 0, we want to show that there exists a positive con-
stant K1(D, ǫ, r0) such that the uniform bound on the scalar curvature

R̃α ≤ K1(D, ǫ, r0) (9.1.10)

holds on the compact sets

{(x, s) | d(x, xα0 , g̃α(0)) < D, s ∈ [0, h−2(α)(T2(α) − T0(α))]}.

This bound is a consequence of (9.1.9) and Proposition 5.1.1 (3). Here
is the reason. Let s0 ∈ [0, 1] be a small number close to 0 so that

B(xα0 ,D, g̃
α(0)) ⊂ B(xα0 , 2D, g̃

α(s)), s ∈ [0, s0].

For x ∈ B(xα0 , 2D, g̃
α(s)), s ∈ [0, s0], by Hamilton Ivey pinching, we

know from (9.1.9) that

|Ricg̃α(x, s)| ≤ cK(2D, ǫ, r0)

for some c > 0. Therefore Proposition 5.1.1 (3) implies

∂sd(x, x
α
0 , g̃

α(s)) ≤ cK(2D, ǫ, r0)d(x, x
α
0 , g̃

α(s)).

Since s ≤ 1, we can integrate to get

d(x, xα0 , g̃
α(s)) ≤ d(x, xα0 , g̃

α(0))ecK(2D,ǫ,r0), x ∈ B(xα0 ,D, g̃
α(0)).

Thus, we know

B(xα0 ,D, g̃
α(0)) ⊂ B(xα0 ,De

cK(2D,ǫ,r0), g̃α(s)), s ∈ [0, s0].

This process can be repeated starting from s0 and so on. Hence the
above inclusion holds for all s ∈ [0, 1]. Now (9.1.10) follows from (9.1.9)
by scaling.

By Theorem 8.2.1 in the previous chapter, the flows g̃α are strong κ
noncollapsed under scale h−1(α) in the region P̃ (α). We mention that,
due to the possible presence of surgeries elsewhere before T2, we can
not use Perelman’s κ noncollapsing result with surgeries here. In fact
the proof of that result hinges on this lemma.

There are two cases to deal with.
Case 1 is when lim supα→∞ h−2(α)(T2(α) − T0(α)) = a > 0.
By (9.1.10) and the strong κ noncollapsing property, we can use the

localized version of Proposition 9.1.2 to conclude that a subsequence
of {g̃α(s)} converges, in C∞

loc sense, to a complete Ricci flow g̃∞ in the
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time interval [0, a]. The completeness comes from the assumption that
δ0(α) → 0 and each time slice of the region P̃ (α) is a ball of radius

δ
−1/2
0 (α) under g̃α(0). It is easy to see that g̃∞(0) is the initial metric of

the standard solution. Following the proof of Theorem 7.5.1, Step 4, we
know that the scalar curvature R̃∞ is bounded at each time slice. Note
in doing so we need the κ noncollapsing property again. The uniqueness
theorem of Chen and Zhu (Theorem 5.1.3 here) then tells us that g̃∞(s)
is the standard solution in [0, a].

Remark 9.1.2 Due to the strong κ noncollapsing property from The-
orem 8.2.1, the injectivity radii g̃∞ are bounded away from 0. Hence
the uniqueness actually can be proven easily by following the proof of
the compact case. The main work in Chen and Zhu’s paper [ChZ2] is
to overcome the lack of uniform lower bound of the injectivity radii in
the noncompact case.

Thus, for any D > 1, there exists arbitrarily large α such that g̃α(s)
in

{(x, s) | d(x, xα0 , g̃α(0)) < D, s ∈ [0, h−2(α)(T2(α) − T0(α))]}.

is A−1 close to a portion of the standard solution. For the standard
solution in the time interval [0, θ], θ < 1, the distances are comparable.
Hence for each A ≥ 1, we can find D > 1 such that

{(x, s) | d(x, xα0 , g̃α(s)) < A, s ∈ [0, h−2(α)(T2(α) − T0(α))]}
⊂ {(x, s) | d(x, xα0 , g̃α(0)) < D, s ∈ [0, h−2(α)(T2(α) − T0(α))]}.

Therefore the unscaled flow gα in the region P (x0, T0, Ah, T0, T2) is
A−1 close to the standard solution after scaling. But T2(α) > T1(α),
contradicting the assumption that T1 is the supremum time this can
happen. Hence, in this case, we have proven Claim 9.1.1 made at the
beginning of Step 2.

Case 2 is when lim supα→∞ h−2(α)(T2(α) − T0(α)) = 0.
By (9.1.8), for large α, the scalar curvature R̃α corresponding to

the metric g̃α are uniformly bounded in the region

{(x, s) | d(x, xα0 , g̃α(0)) < δ
−1/2
0 (α), s ∈ [0, h−2(α)(T2(α) − T0(α))]}.

Then we can use Proposition 5.3.1 which is an improved version of Shi’s
local gradient estimate. It tells us that all derivatives of the scalar cur-
vature are bounded uniformly on compact sets even though the time
gap tends to zero. By the strong κ noncollapsing property, we can find
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a subsequence of {g̃α} that converges, in C∞
loc sense, to the initial metric

of the standard solution. Recall that h−2(α)(T2(α)− T0(α))) goes to 0
when α→ ∞. Hence there exists arbitrarily large α such that gα(s), re-
stricted in P (x0, T0, Ah, T0, T2), and after scaling and shifting as before
is A−1 close to a portion of the standard solution. But T2(α) > T1(α),
which again contradicts the assumption that T1(α) is the supremum
time this can happen.

Therefore the Claim 9.1.1 is valid, i.e. a surgery at T1 scathes the
ball B̄(x0, Ah, T0).

Step 3. Let (M,g(t)) be the Ricci flow in the statement of the
lemma. By definition of T1, for any s < T1, (M,g(t)) in the parabolic
region P (x0, T0, Ah, T0, s), after scaling by factor h−2 and shifting time
T0 to 0, is A−1 close to the corresponding portion of the standard so-
lution that includes the tip of the cap.

Therefore, for s close to T1, there exists a point q ∈ B(x0, Ah, T0),
which, as a point in the cap, is far from the center of a δ neck. In fact
the distance is comparable to δ−1h. Note that the distance functions
at times s1, s2 ∈ [0, θ] in a standard solution are comparable. Con-
sequently the diameter of the ball B(x0, Ah, T0) measured by g(s) is
bounded from above by Qδ−1/2h. Hence, at time s, the distance be-
tween every point in this ball B(x0, Ah, T0) and a center of a δ neck is
comparable to δ−1h.

By Step 2 (Claim 9.1.1), there is a point in B̄(x0, Ah, T0) that is
cut off by a surgery at time T1. Recall that the cut in any (r, δ) surgery
happens at the center of a δ neck. By the last paragraph, the center
of the δ neck can not intersect with the ball B(x0, Ah, T0). Thus the
whole ball B(x0, Ah, T0) is cut off. �

9.2 Canonical neighborhood property for Ricci

flow with surgeries

The following theorem states that the strong canonical neighborhood
property with suitable surgeries still holds, with parameters depending
only on the initial manifold and time, but not depending on the number
of surgeries. This is a key fact in proving there are only finitely many
surgeries in finite time. The proof is similar in spirit to that of Theorem
7.5.1, except that surgeries make the matter more complicated. The
theorem is a combination of Proposition 5.1 [P2] and Theorem 8.2.1
here.
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Theorem 9.2.1 (canonical neighborhood property with surgeries) Let
(M, g(0)) be a compact, orientable, normalized 3 manifold. For any
sufficiently small ǫ > 0, there exist nonincreasing, positive numbers δi,
ri and κi, i = 0, 1, 2 . . ., such that the Ricci flow with (M, g(0)) as the
initial value satisfies the following:

(1) On the time interval [iǫ, (i + 1)ǫ], the Ricci flow with finitely
many (ri, δi) surgeries, performed on strong δi necks, satisfies the strong
canonical neighborhood property with accuracy ǫ and parameter ri.

(2) On the time interval [iǫ, (i + 1)ǫ], the Ricci flow is strong κ
noncollapsed with constant κi, under scale 1.

Proof. Once (1) is proven, then (2) follows immediately from Theo-
rem 8.2.1 in the previous chapter. So we just need to give a proof of
(1), which is divided into several steps. Recall that the strong canoni-
cal neighborhood property is defined as part of the a priori assumption
(Definition 8.1.6).

Step 1. Setup of induction process.
The proof is by induction and contradiction. Since the initial man-

ifold is normalized, the Ricci flow is smooth in a fixed amount of time.
Therefore the theorem is true for i = 0 by the theory in smooth case.

Assume for induction that the theorem holds in the time interval
[(i − 1)ǫ, iǫ] for a positive integer i and surgery parameters ri, δi and
surgery radius hi ≤ δ2i ri.

Now suppose for contradiction that part (1) of the theorem is false
in the next time interval [iǫ, (i + 1)ǫ]. Then, there exists a sequence of
Ricci flows {(Mα, gα)} with the following conditions:

(i) Each flow in the sequence satisfies the theorem up to the time
iǫ,

(ii) There exist positive numbers rα → 0, δα → 0, α → ∞, such
that (Mα, gα) undergoes finitely many (rα, δα) surgeries in the time
interval [iǫ, Tα] where iǫ ≤ Tα ≤ (i+ 1)ǫ.

Note rα and δα depend on two indices: α and i. However, if no
confusion arises, we just use one index and ignore the index i which
defines the time interval. We may also ignore both indices all together
if no confusions occur.

(iii) There exist xα ∈ Mα, such that the strong canonical neigh-
borhood property with accuracy ǫ and parameter rα fails at the space
time point (xα, Tα).

(iv) Tα is the smallest time such that (ii) and (iii) happen.

Let (M̃α, g̃α, (x̃α, 0)) be the Ricci flow obtained by scaling (Mα, gα)
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around the space time point (xα, Tα) by the factor Rα(xα, Tα), and by
shifting time by Tα, i.e.

g̃α(t̃) = Qαgα(Tα + t̃(Qα)−1)

where Qα = Rα(xα, Tα) is the scalar curvature under the metric gα. We
will show that a subsequence of {(M̃α, g̃α)} converges to a κ solution,
contradicting the induction assumption (iii), and proving the theorem.

Let us collect some properties of (Mα, gα) and the scaled Ricci flow
(M̃α, g̃α).

Property 1. Since Tα is the first time for (Mα, gα) such that the
canonical neighborhood property with accuracy ǫ breaks down, by con-
tinuity, we know that the strong canonical neighborhood property with
accuracy 2ǫ holds up to Tα.

Property 2. By Theorem 8.2.1, (Mα, gα(t)) is strong κ noncollapsed
in the interval t ∈ [0, Tα] under scale 1 with some constant ki+1 > 0.

Property 3. Denote by R̃α the scalar curvature of (M̃α, g̃α). Then
R̃α(x̃α, 0) = 1 and

r̃α = rα
√

Rα(xα, Tα) ≥ 1,

where r̃α and rα are the canonical neighborhood scale for g̃α and gα re-
spectively. The reason is that the strong canonical neighborhood prop-
erty for (Mα, gα) with scale rα and accuracy ǫ breaks down at (xα, Tα).
This implicitly says that Rα(xα, Tα) ≥ 1/(rα)2 → ∞.

When attempting to take the limit, we face two possibilities.
Case 1. For every A > 0 and b > 0, there exists α sufficiently large,

such that all points in the ball B(x̃α, A, g̃α(0)) are defined on the time
interval [−b, 0], i.e. there is no surgery cutting off any part of the ball.

Case 2. There exist A > 0 and b = b(α) > 0 such that for each large
α, there is a point yα in the ball B(x̃α, A, g̃α(0)), which is not defined
before the time interval [−b, 0], i.e. the point yα is added as a point in
a surgery cap at time −b(α).

Step 2. Case 1 is easy to deal with. Recall that the unscaled
(Mα, gα(t)) is strong κ noncollapsed in the interval t ∈ [0, Tα] under
scale 1 with constant ki+1. Hence (M̃α, g̃α(t̃)) is strong κ noncollapsed
when t̃ ≤ 0 under scale

√

Rα(xα, Tα) with the same constant ki+1. Note
we assumed the strong canonical neighborhood property breaks down
at (xα, Tα). This implicitly says that R(xα, Tα) ≥ 1/(rα)2 → ∞. Thus
the scale under which (M̃α, g̃α(t̃)) is κ noncollapsed tends to ∞ when
α → ∞. Also there is no surgery in the space time region of concern.
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Hence we can just duplicate the proof of Theorem 7.5.1 (singularity
structure theorem) to prove that a subsequence of {(M̃α, g̃α)} con-
verges to a κ solution. Therefore, for sufficiently large α, the unscaled
flow (Mα, gα) at the point (xα, Tα) has a strong canonical neighbor-
hood with accuracy ǫ and parameter rα, reaching a contradiction with
induction condition (iii) in Step 1, proving the theorem.

Step 3. Thus we just need to deal with Case 2 from now on, i.e.
there exist A > 0 and b = b(α) > 0 such that for each large α, there
is a point yα in the ball B(x̃α, A, g̃α(0)), which is not defined before
the time interval [−b(α), 0], i.e. the point yα is added as a point in a
surgery cap at time −b(α).

In this step we follow the approach in [P2] as explained in [CZ], [KL]
and [MT].

Lemma 9.2.1 Suppose for some A > 0 and b = b(α) > 0, there is
a point yα in the ball B(x̃α, A, g̃α(0)), which is added as a point in a
surgery cap at time −b(α). Suppose also the scalar curvature satisfies,
for some constant J > 0,

R̃α(yα, t̃) ≤ J, for all large α, t̃ ∈ [−b(α), 0].

Then for sufficiently large α, the space time point (x̃α, 0) in
(M̃α, g̃α, (x̃α, 0)) has a strong canonical neighborhood with accuracy ǫ.

Proof. (of the lemma) During the proof, all quantities are for the
scaled manifold (M̃α, g̃α).

First we show that there is θ1 = θ1(ǫ,A, J, b(α)) < 1, depending
on the upper bound of b = b(α), but otherwise independent of α, such
that for all large α,

b(α) ≤ (h̃α0 )2θ1. (9.2.1)

Here h̃α0 is the surgery radius of the surgery which added the point yα.
Recall for any (r, δ) surgery, the parameter δ is scaling invariant.

By the induction condition (ii) in Step 1, the parameter δα in the (r, δ)
surgery tends to 0 when α → ∞. Also, for a fixed large α and fixed
θ ∈ (0, 1), if

−b(α) + (h̃α0 )2θ ≤ 0, (9.2.2)

then the space time point (yα,−b(α)+(h̃α0 )2θ) is unscathed by surgery.
Hence we can apply Lemma 9.1.1, which implies that, the flow (M̃α, g̃α)
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in the region

P (yα,−b(α),Ah̃α0 ,−b(α),−b(α) + (h̃α0 )2θ)

= {(z, l) | d(z, yα , g̃α(l)) < Ah̃α0 ,

− b(α) < l < −b(α) + (h̃α0 )2θ}

is, after scaling by (h̃α0 )−2 and time shifting, A−1 close in C
[A]
loc topology,

to a corresponding region of the standard solution. In particular the
scalar curvature satisfies

R̃α(yα,−b(α) + (h̃α0 )2θ) ≥ 1

2
minRs(·, θ)(h̃α0 )−2

where Rs is the scalar curvature of the standard solution. By Lemma
8.1.3 (iii), we have

minRs(·, θ) ≥ C/(1 − θ)

for some C > 0. Therefore, for any fixed θ ∈ (0, 1), when α is sufficiently
large, it holds

R̃α(yα,−b(α) + (h̃α0 )2θ) ≥ C

2(1 − θ)(h̃α0 )2
. (9.2.3)

For any θ1 ∈ (1/2, 1), it holds 0 < 2θ1 − 1 < 1. Hence we can find
such a θ1 so that

R̃α(yα,−b(α) + (2θ1 − 1)(h̃α0 )2) ≥ 4b(α)J(h̃α0 )−2. (9.2.4)

In fact any θ1 ∈ (1/2, 1) satisfying

θ1 ≥ 1 − C

16b(α)J

suffices. Therefore θ1, which depends on the upper bound of b(α), can
be chosen independently of α otherwise.

If b(α) > θ1(h̃
α
0 )2, then θ1 < b(α)(h̃α0 )−2. Thus

R̃α(yα,−b(α) + (2θ1 − 1)(h̃α0 )2) ≤ J ≤ 2θ1J < 2b(α)J(h̃α0 )−2.

This contradicts with the bound for the scalar curvature in (9.2.4). So

b(α) ≤ θ1(h̃
α
0 )2 (9.2.5)
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as long as (9.2.2) holds. Let θ be the one given in (9.2.2). If θ > θ1,
then (9.2.2) and (9.2.5) can not hold at the same time. Therefore θ ≤ θ1
which implies that (9.2.5) always hold, proving (9.2.1) i.e.

0 ≤ −b(α) + (h̃α0 )2θ1.

This allows us to use Lemma 9.1.1 to deduce: For any large A1 > 0,
when α is sufficiently large, the flow (M̃α, g̃α) in

P (yα,−b(α), A1h̃
α
0 ,−b(α), 0)

is, after scaling by (h̃α0 )−2 and shifting time by −b(α), A−1
1 close, in

C
[A1]
loc topology, to the corresponding portion of the standard solution

in the time interval [0, b(α)(h̃α0 )−2].
Since A and ǫ are fixed here, we can choose A1, which is much

larger than A and ǫ−1. As yα at time −b(α) lies in the surgery cap, by
definition of surgery, there exists a universal constant c > 0 such that
the surgery radius h̃α0 satisfies

c−1R̃α(yα,−b(α))−1/2 ≤ h̃α0 ≤ cR̃α(yα,−b(α))−1/2.

From the last paragraph, (h̃α0 )2R̃α(yα, 0) is A−1
1 close to the scalar

curvature at a point in the standard solution at a time θ2, where θ2 ≤ θ1
which is bounded away from 1. Thus, there is a constant C > 0 such
that

(h̃α0 )2R̃α(yα, 0) ≥ C

1 − θ1
.

By the assumed bound of R̃α(yα, 0) ≤ J , we know that h̃α0 is
bounded from below by a positive constant. Therefore the ball
B(yα, A1h̃

α
0 , g̃

α(0)) contains the point x̃α, since d(x̃α, yα, g̃α(0)) < A
and A << A1h̃

α
0 .

By Lemma 8.1.4, there are a few situations to deal with.
Situation 1. (yα, 0) is in the tip of an evolving A−1

1 cap and (x̃α, 0)
is in the tip of an evolving 2A−1

1 cap. Because A1 >> ǫ−1 by choice, the
later cap is a strong canonical neighborhood of accuracy (at least) ǫ.
Recall there is no requirement for the life span of a cap in the definition.
The lemma is proven in this situation.

Situation 2. (yα, 0) is in the tip of an evolving A−1
1 cap and (x̃α, 0)

is a center of evolving strong 2A−1
1 neck. The lemma is also proven

since 2A−1
1 < ǫ.
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Situation 3. (yα, 0) is in the tip of an evolving A−1
1 cap and (x̃α, 0)

is a center of evolving 2A−1
1 neck which is not strong. Then we will deal

with it together with the situation 5.
Situation 4. (yα, 0) is a center of an evolving A−1

1 neck.
Since A−1

1 is much smaller than A−1 or ǫ, and d(x̃α, yα, g̃α(0)) ≤ A,
we know that (x̃α, 0) is a center of evolving 2A−1

1 neck. If the neck is
strong, the lemma is proven. So there is only one situation left, which
also includes Situation 3:

Situation 5. (x̃α, 0) is at the center of an evolving 2A−1
1 neck which

is not strong, i.e. the scaled life span is less than one.
However, we can extend the neck to earlier time to form a strong ǫ

neck by virtue of the following:
Claim(Proposition 15.2 [MT])
There is β ∈ (0, 1/2) such that the following holds for any ǫ ∈ (0, 1):
Let (N1 × [−t1, 0], g1(t)) be an evolving βǫ neck centered at x with

R(x, 0) = 1. Let (N2 × [−t2,−t1], g2(t)) be a strong βǫ/2 neck centered
at (x,−t1). Suppose N1 × {−t1} ⊂ N2 × {−t1}. Then the union

(N2 × [−t2,−t1]) ∪ (N1 × [−t1, 0])

with the induced metric contains a strong ǫ neck centered at (x, 0).
Taking the claim for granted, we proceed to prove the lemma. We

choose A1 so that 2A−1
1 < βǫ where β is in the above claim. Observe

that for sufficiently large α, the space time point (x̃α,−b(α)) lies in the
center of a βǫ/2 neck (actually in a much finer strong δ neck) where a
surgery takes place which added the point yα. Recall yα is defined in
Case 2 at the end of Step 1. Thus the neck must be strong βǫ/2 neck.
The above claim then shows that (x̃α, 0) is at the center of a strong ǫ
neck. Now a contradiction is reached in all situations. This proves the
lemma except for the claim.

For completeness we give a proof of the claim. Suppose the claim
is not true. Then there is a sequence βi → 0+ and sequences of coun-

terexamples: βiǫ necks (N
(i)
1 × [−t(i)1 , 0], g

(i)
1 (t)) and strong βiǫ/2 necks

(N
(i)
2 × [−t(i)2 ,−t(i)1 ], g

(i)
2 (t)), which satisfy the conditions of the claim

but not the conclusion. Consider the unions

U i ≡ N
(i)
2 × [−t(i)2 ,−t(i)1 ] ∪N (i)

1 × [−t(i)1 , 0],

These are incomplete Ricci flows which are glued together at time −ti1.
By the assumption thatN

(i)
1 ×{−t1} ⊂ N

(i)
2 ×{−t1} and the smoothness
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of the necks in their respective time interval, we know, for x in the

interior of N
(i)
1 and k = 0, 1, 2, . . .,

lim
s→(−t(i))−

∂s∇kg
(i)
2 (x, s) = lim

s→(−t(i))+
∂s∇kg

(i)
1 (x, s).

Hence the union U i is still a smooth solution of the Ricci flow in the
interior of the space time domain. Observe that the scalar curvature at
each space time point in U i are uniformly bounded by 1 + o(1). The
reason is that the scalar curvature of a βiǫ neck is essentially nonde-
creasing in time when βi is sufficiently small, and at the largest time
t = 0 the scalar curvature is a perturbation of 1 by assumption. Using
Hamilton’s compactness Theorem 5.3.5, we can pick a subsequence of
{U i, (x, 0)} which converge, in C∞

loc topology, to a limit Ricci flow. Since
βi → 0, the limit flow is a complete portion of the standard shrinking

cylinder: S2 × R × [−D, 0]. Recall that (N
(i)
2 × [−t(i)2 ,−t(i)1 ], g2(t)) are

strong βiǫ necks. Also the scalar curvature is less than or equal to

1 + o(1). Therefore |t(i)2 − t
(i)
1 | ≥ 1 − o(1). Thus D > 1 and hence U i

contains a strong ǫ neck when i is large. This contradiction with the
assumption proves the claim and the lemma. �

Step 4. We prove the following statement:

Claim 9.2.1 For any A > 1, there exists b(A) > 0 such that for all α
sufficiently large, the space time region

B(x̃α, A, g̃α(0)) × [−b(A), 0]

is unscathed by surgery.
The key is that b(A) is independent of α.

Step 4.1. We prove the following lemma.

Lemma 9.2.2 Given any number J ≥ 1, suppose for a point yα ∈
B(x̃α, A, g̃α(0)), it holds

R̃α(yα, 0) ≤ J.

Then for large α, there is no surgery scathing the segment

{yα} × [−cJ−1, 0].

i.e. yα is not added as a point of a surgery cap in the time interval
[cJ−1, 0]. Here c > 0 is a universal constant.
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Proof. We use the method of contradiction again. Suppose the lemma
is false. Then there is a sequence of {αk}, αk → ∞ when k → ∞ and
a sequence of times {−b(αk)} such that:

|b(αk)| ≤ 1/(kJ), R̃αk (yαk , 0) ≤ J (9.2.6)

and the point yαk is added as a point in a surgery cap at time −b(αk).
Therefore, there exists a universal positive constant c1 > 0 such that

R̃αk(yαk ,−b(αk)) ≥ c1/(h̃
αk )2.

Here h̃αk is the scaled surgery radius. We consider two cases.
Case 1. R̃αk(yαk ,−b(αk)) ≥ 4J .
In this case, there exists a time −b1(αk) ∈ (−b(αk), 0), which is the

closest time to 0 such that

R̃αk(yαk ,−b1(αk)) = 4J. (9.2.7)

By continuity, there exists a time −b2(αk) > −b1(αk) such that

R̃αk(yαk , s) ≥ J, s ∈ (−b1(αk),−b2(αk)).

By Property 3 in Step 1, it holds

J ≥ 1 ≥ 1/(r̃αk)2,

where r̃αk is the scaled parameter of the canonical neighborhood prop-
erty with accuracy 2ǫ. Hence the following gradient bound holds for all
the above s:

∂sR̃
αk(yαk , s) ≥ −η[R̃αk(yαk , s)]2.

Integrating from −b1(αk) to −b2(αk) and using (9.2.7), we find

R̃αk(yαk ,−b2(αk)) ≥
4J

1 + η|b1(αk) − b2(αk)|4J
.

Note
|b1(αk) − b2(αk)| ≤ b(αk) ≤ 1/(kJ) ≤ 1/(4ηJ),

when k is large. Hence

R̃αk(yαk ,−b2(αk)) ≥ 2J.

This argument can be repeated as long as −b2(αk) < 0. Therefore we
know that

R̃αk(yαk , 0) ≥ 2J,
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which contradicts with the assumption that R̃αk(yαk , 0) ≤ J in the
lemma. Thus the lemma is proven in this case.

Case 2. R̃αk(yαk ,−b(αk)) < 4J .
Then we can assume that

R̃αk(yαk , s) ≤ 4J, s ∈ [−b(αk), 0]. (9.2.8)

Otherwise there would be a time −b1(αk) ∈ (−b(αk), 0] such that

R̃αk(yαk ,−b1(αk)) = 4J.

Then we are in the same situation as Case 1.
By (9.2.8) and (9.2.6), we can apply Lemma 9.2.1 to make the

following statement:
when k is large, the space time point (xαk , Tαk) in the unscaled flow

(Mαk , gαk ) has a strong canonical neighborhood of accuracy ǫ. This is
a contradiction to the induction assumption (iii) in Step 1 of the proof
of the theorem. So we have finished the proof of Lemma 9.2.2. �

Step 4.2. By Lemma 9.2.2 in Step 4.1, we can apply Proposition
9.1.1 to deduce:

For sufficiently large α, there exists K = K(ǫ,A) > 0 such that

R̃α(zα, 0) ≤ K(ǫ,A), zα ∈ B(x̃α, A, g̃α(0)). (9.2.9)

Here we note that Proposition 9.1.1 does not care about the largeness
of the canonical neighborhood scale, which is not smaller than 1 here.

Lemma 9.2.2 and (9.2.9) then imply Claim 9.2.1 at the beginning
of Step 4, i.e. for some b(A) > 0, independent of large α,

B(x̃α, A, g̃α(0)) × [−b(A), 0]

is unscathed by surgery.

Step 5. Finding a limit flow (M∞, g∞, x∞).
By the result in Step 4 and strong κ noncollapsing, we may apply the

compactness result Proposition 9.1.2. Hence there exists a subsequence
αk such that the flow (M̃αk , x̃αk , g̃αk ) converges, in C∞

loc topology, to
a smooth limit flow (M∞, g∞, x∞) which exists in an open set of the
space time M∞ × (−∞, 0], containing M∞ × {0}. Now we are in the
situation of the canonical neighborhood Theorem 7.5.1 in the smooth
case. By Step 4 of that theorem, we know that the scalar curvature of
(M∞, x∞, g∞(0)) is bounded.
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Step 6. We show the limit flow (M∞, g∞, x∞) exists in a time in-
terval [−B, 0] where B is a positive constant.

Suppose the above statement is false. Then there exists a sequence
{αk}, going to infinity with the following property:

For any small ρ > 0, there exists fixed A > 1 and arbitrarily large
k such that yαk ∈ M̃αk satisfies d(x̃αk , yαk , g̃αk(0)) < A. Moreover yαk

is added during a surgery at time −b(αk) such that b(αk) < ρ.
By Step 5, we can find a positive constant Q which bounds the

scalar curvature of (M∞, g∞(0), x∞). Hence for all large k,

R̃αk(yαk , 0) ≤ 2Q.

By Lemma 9.2.2, there is no surgery scathing {yak} × [−ρ, 0] when
ρ < cQ−1 for a positive constant c. This is a contradiction with the
assumption that yαk is added at time −b(αk) ∈ [−ρ, 0]. Step 6 is com-
plete.

Step 7. We show the limit flow (M∞, g∞, x∞) exists in the time
interval (−∞, 0].

Suppose not. Let B be the maximum number such that the flow
(M∞, g∞, x∞) exists in a time interval [−B, 0]. By Hamilton Ivey
pinching, the curvature operator of the limit flow is nonnegative. By
the trace Harnack inequality Corollary 5.3.1,

R∞(x, t) ≤ B

t+B
Q, t ∈ [−B, 0].

Hence we only need to bound the scalar curvature when t approaches
−B. By the same proof as Step 5 of Theorem 7.5.1, we know that
R∞(x,−B) is finite for each x ∈ M∞. Now we can repeat Step 5 of
this theorem to show that the limit flow (M∞, g∞, x∞) exists in an
open set of the space time M∞ × (−∞, 0], containing M∞ × [−B, 0].
Note the existance of the necessary surgery free region is guaranteed by
lemma 9.2.1. Using Step 6 of the theorem, we know that (M∞, g∞, x∞)
exists in M∞ × [−B − s, 0] for some s > 0. This contradicts with the
definition that −B is the earliest time that the limit flow can exist.

Thus the limiting flow (M∞, g∞, x∞) is a κ solution. This con-
tradicts the induction condition (iii) in Step 1: for large α, the flow
(Mα, gα) at the space time point (xα, Tα) does not have a canoni-
cal neighborhood property of accuracy ǫ. This finally proves the theo-
rem. �
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9.3 Summary and conclusion

Let us close by presenting the flow chart of a simplified proof of the
Poincaré conjecture without reduced distance or volume.

Step 1. W entropy and its monotonicity [P1]. See also [Cetc], [CZ],
[KL], [MT] and Chapter 6 of this book.

Step 2. Local noncollapsing result via Step 1 [P1]. See also [Cetc],
[CZ], [KL], [MT] and Chapter 6 here.

Step 3. Getting ancient κ solutions by blowing up of singularity
using Step 2 and Hamilton’s compactness theorem [P1]. See also [Cetc],
[CZ], [KL], [MT] and Chapter 7 here.

Step 4. (i) Showing the backward limits of ancient κ solutions are
gradient shrinking solitons. Earlier work of Hamilton [Ha2] for type II
case and Chapter 7 of this book for type I case.

(ii) Universal noncollapsing of ancient, nonround κ solutions; non-
compact case in Section 3.2 of [ChZ1]; both noncompact and compact
case in Chapter 7 of the book.

(iii) Curvature and volume estimates for ancient solutions [P1], [P2].
See also [Cetc], [CZ], [KL], [MT] and Chapter 7 here.

Step 5. Classification of gradient shrinking solitons [P1], [P2]. See
also [Cetc], [CZ], [KL], [MT] and Section 5.4 here.

Step 6. Canonical neighborhood property [P1]. That is: regions of
high scalar curvature resemble the ancient κ solution after appropriate
scaling.

See also [Cetc], [CZ], [KL], [MT] and Chapter 7 here.
Step 7. Surgery procedure, including properties of the standard so-

lution [P2]. See also [CZ], [KL], [MT] and Chapter 8 here.
Step 8. Finite time strong κ noncollapsing with surgeries [Z4] or

Chapter 8 here.
Step 9. Canonical neighborhood property with surgeries [P2]. See

also [CZ], [KL], [MT] and this chapter.
Step 10. Existence of Ricci flow with surgeries, i.e. proving there are

finitely many surgeries within finite time: this chapter. See also [P2],
[CZ], [KL], [MT].

Theorem 9.3.1 (existence of Ricci flow with surgeries) Let (M, g(0))
be a compact, orientable, normalized 3 manifold. For any sufficiently
small ǫ > 0, there exist nonincreasing, positive functions δ = δ(t),
r = r(t) and κ = κ(t) on R+ such that the Ricci flow with (M, g(0))
as the initial value satisfies the following properties.
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(i) The Ricci flow is smooth on the time interval [0, t1) for some
t1 > 0, and (M, g(t)) with t ∈ [0, t1), satisfies the strong canonical
neighborhood condition with accuracy ǫ and parameter r(t).

(ii) Finitely many surgeries are done at t1, with parameters
(r(t1), δ(t1)), performed on strong δ1 necks. With the post surgery man-
ifold as the initial value at t1, the Ricci flow is smooth on the time in-
terval [t1, t2) for some t2 > t1. Also (M, g(t)) with t ∈ [t1, t2), satisfies
the canonical neighborhood condition with accuracy ǫ and parameter
r(t).

(iii) The Ricci flow can be extended in the above manner to a
maximal time T0 with surgeries at discrete times {ti} with parame-
ters (r(ti), δ(ti)), i = 1, 2, . . .. The number of surgeries in a finite time
interval is finite.

(iv) At any existence time t, the Ricci flow is strong κ noncollapsed
with constant κ(t), under scale 1.

(v) If T0 is finite, the initial manifold is diffeomorphic to a connected
sum of a finite copies of S2×S1 and metric quotients of the round three
sphere S3.

Proof. Finally, only the last statement of (iii) and (v) remain to be
proven. Let [0, T ] be a finite time interval when the Ricci flow with
surgery exists.

By the maximum principle and the equation

∆R− ∂tR+ 2|Ric|2 = 0,

when the Ricci flow is smooth, it holds

inf
x∈M

R(x, t) ≥ −3/[2(t + (3/2)].

Here we also used the assumption that the initial metric is normalized.
Since a surgery is performed at a high scalar curvature region, this
inequality survives surgeries. Let V = V (t) be the volume of (M, g(t))
at a nonsurgery time. Using the formula

d

dt
V (t) = −

∫

Rdµ(g(t))

and the fact that surgery does not increase volume, we have

V (t) ≤ C(1 + t)3/2.

Here C > 0 is a constant. Let h(T ) be the infimum of surgery
radii over the time period [0, T ]. We have shown in Theorem 9.2.1
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that the canonical neighborhood parameter (radius) r(T ) depends only
on T , ǫ and the initial metric. Therefore we can choose h(T ) > 0,
which is independent of the number of surgeries. After each surgery,
the manifold loses at least ch(T )3 in volume. Hence, there are only
finitely many surgeries in the interval [0, T ]. This proves (iii).

Now we prove (v). Suppose the Ricci flow becomes extinct at time
T0. Then after finitely many surgeries the manifold is entirely covered
by canonical neighborhoods. Hence the initial manifold is diffeomorphic
to the connected sum of finite copies of metric quotients of S3 and
S2 × S1. �

The final hurdle in proving the Poincaré conjecture is
Step 11. Finite time extinction of Ricci flow on simply connected

manifolds [P3].

Theorem 9.3.2 Let (M, g(0)) be a compact, orientable, normalized 3
manifold. Suppose the fundamental group of M is a free product of finite
groups and infinite cyclic groups, then the Ricci flow with (M, g(0)) as
the initial value, given by Theorem 9.3.1, becomes extinct in finite time
T0.

The idea of the proof is to use curve shortening flow and certain
minimax functional. See [MT] Chapter 18 for a detailed exposition
of [P3] and [CM] for a different proof using minimal surfaces.

Conclusion

When M is simply connected, the Ricci flow becomes extinct in finite
time. By Theorem 9.3.1 (v), the manifold M is diffeomorphic to S3, as
conjectured by Henri Poincaré. �
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Différentielle (Luminy, 1992), 205–232, Sémin. Congr., 1, Soc.
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nonlinear PDE perspective, arXiv:math/0610903



418 Bibliography

[Topo] Toponogov, V. A. The metric structure of Riemannian spaces
of nonnegative curvature containing straight lines. (Russian)
Sibirsk. Mat. Z. 5 (1964), 1358–1369.

[To] Topping, Peter. Lectures on the Ricci flow. London Mathe-
matical Society Lecture Note Series, 325. Cambridge Univer-
sity Press, Cambridge, 2006.

[Tr1] Trudinger, Neil S. On imbeddings into Orlicz spaces and some
applications. J. Math. Mech. 17 (1967), 473–483.

[Tr2] Trudinger, Neil S. Remarks concerning the conformal de-
formation of Riemannian structures on compact manifolds.
Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 265–274.

[Ya] Yamabe, Hidehiko. On a deformation of Riemannian struc-
tures on compact manifolds. Osaka Math. J. 12 (1960), 21–37.

[Y] Ye, Rugang. The Logarithmic Sobolev inequality along the
Ricci flow, arXiv: 0707.2424v4, 2007.

[Yu] Yudovich, V. I. Some estimates connected with integral oper-
ators and with solutions of elliptic equations. (Russian) Dokl.
Akad. Nauk SSSR 138 (1961), 805–808.

[Z1] Zhang, Qi S. Some gradient estimates for the heat equation on
domains and for an equation by Perelman. IMRN, vol. 2006,
Article ID 92314, 1–39, 2006.

[Z2] Zhang, Qi S. A uniform Sobolev inequality under Ricci flow.
International Math. Research Notices, Vol. 2007, article id:
rnm056, 1–17. ibid. erratum 2007.

[Z3] Zhang, Qi S. Addendum to: A uniform Sobolev inequality un-
der Ricci flow. International Math. Research Notices, 2007.

[Z4] Zhang, Qi S. Strong noncollapsing and uniform Sobolev in-
equalities for Ricci flow with surgeries. Pacific J. Math. 239
(2009), no. 1, 179–200. Announcement, CRAS, 2008.

[Z5] Zhang, Qi S. Heat kernel bounds, ancient κ solutions and the
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